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Editor’s foreword

E. T. Jaynes died April 30, 1998. Before his death he asked me to finish and publish his
book on probability theory. I struggled with this for some time, because there is no doubt in
my mind that Jaynes wanted this book finished. Unfortunately, most of the later chapters,
Jaynes’ intended volume 2 on applications, were either missing or incomplete, and some
of the early chapters also had missing pieces. I could have written these latter chapters and
filled in the missing pieces, but if I did so, the work would no longer be Jaynes’; rather, it
would be a Jaynes—Bretthorst hybrid with no way to tell which material came from which
author. In the end, I decided the missing chapters would have to stay missing — the work
would remain Jaynes’.

There were a number of missing pieces of varying length that Jaynes had marked by
inserting the phrase ‘MUCH MORE COMING’. I could have left these comments in the
text, but they were ugly and they made the book look very incomplete. Jaynes intended
this book to serve as both a reference and a text book. Consequently, there are question
boxes (Exercises) scattered throughout most chapters. In the end, I decided to replace the
‘MUCH MORE COMING’ comments by introducing ‘Editor’s” Exercises. If you answer these
questions, you will have filled in the missing material.

Jaynes wanted to include a series of computer programs that implemented some of the
calculations in the book. I had originally intended to include these programs. But, as time
went on, it became increasingly obvious that many of the programs were not available, and
the ones that were were written in a particularly obscure form of BASIC (it was the programs
that were obscure, not the BasicC). Consequently, I removed the references to these programs
and, where necessary, inserted a few sentences to direct people to the necessary software
tools to implement the calculations.

Numerous references were missing and had to be supplied. Usually the information
available, a last name and date, was sufficient to find one or more probable references. When
there were several good candidates, and I was unable to determine which Jaynes intended, 1
included multiple references and modified the citation. Sometimes the information was so
vague that no good candidates were available. Fortunately, I was able to remove the citation
with no detrimental effect. To enable readers to distinguish between cited works and other
published sources, Jaynes’ original annotated bibliography has been split into two sections:
a Reference list and a Bibliography.
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XViii Editor’s foreword

Finally, while I am the most obvious person who has worked on getting this book into
publication, I am not the only person to do so. Some of Jaynes’ closest friends have assisted
me in completing this work. These include Tom Grandy, Ray Smith, Tom Loredo, Myron
Tribus and John Skilling, and I would like to thank them for their assistance. I would also
like to thank Joe Ackerman for allowing me to take the time necessary to get this work
published.

G. Larry Bretthorst



Preface

The following material is addressed to readers who are already familiar with applied math-
ematics, at the advanced undergraduate level or preferably higher, and with some field,
such as physics, chemistry, biology, geology, medicine, economics, sociology, engineering,
operations research, etc., where inference is needed.! A previous acquaintance with proba-
bility and statistics is not necessary; indeed, a certain amount of innocence in this area may
be desirable, because there will be less to unlearn.

We are concerned with probability theory and all of its conventional mathematics, but
now viewed in a wider context than that of the standard textbooks. Every chapter after the
first has ‘new’ (i.e. not previously published) results that we think will be found interesting
and useful. Many of our applications lie outside the scope of conventional probability
theory as currently taught. But we think that the results will speak for themselves, and that
something like the theory expounded here will become the conventional probability theory
of the future.

History

The present form of this work is the result of an evolutionary growth over many years. My
interest in probability theory was stimulated first by reading the work of Harold Jeffreys
(1939) and realizing that his viewpoint makes all the problems of theoretical physics appear
in a very different light. But then, in quick succession, discovery of the work of R. T. Cox
(1946), Shannon (1948) and P6lya (1954) opened up new worlds of thought, whose explo-
ration has occupied my mind for some 40 years. In this much larger and permanent world
of rational thinking in general, the current problems of theoretical physics appeared as only
details of temporary interest.

The actual writing started as notes for a series of lectures given at Stanford University in
1956, expounding the then new and exciting work of George P6lya on ‘Mathematics and
Plausible Reasoning’. He dissected our intuitive ‘common sense’ into a set of elementary
qualitative desiderata and showed that mathematicians had been using them all along to

! By ‘inference’ we mean simply: deductive reasoning whenever enough information is at hand to permit it; inductive or plausible
reasoning when — as is almost invariably the case in real problems — the necessary information is not available. But if a problem
can be solved by deductive reasoning, probability theory is not needed for it; thus our topic is the optimal processing of incomplete
information.

XiX



XX Preface

guide the early stages of discovery, which necessarily precede the finding of a rigorous proof.
The results were much like those of James Bernoulli’s Art of Conjecture (1713), developed
analytically by Laplace in the late 18th century; but Pélya thought the resemblance to be
only qualitative.

However, Pélya demonstrated this qualitative agreement in such complete, exhaustive
detail as to suggest that there must be more to it. Fortunately, the consistency theorems of
R. T. Cox were enough to clinch matters; when one added Pé6lya’s qualitative conditions to
them the result was a proof that, if degrees of plausibility are represented by real numbers,
then there is a uniquely determined set of quantitative rules for conducting inference. That
is, any other rules whose results conflict with them will necessarily violate an elementary —
and nearly inescapable — desideratum of rationality or consistency.

But the final result was just the standard rules of probability theory, given already by
Daniel Bernoulli and Laplace; so why all the fuss? The important new feature was that
these rules were now seen as uniquely valid principles of logic in general, making no
reference to ‘chance’ or ‘random variables’; so their range of application is vastly greater
than had been supposed in the conventional probability theory that was developed in the
early 20th century. As a result, the imaginary distinction between ‘probability theory’ and
‘statistical inference’ disappears, and the field achieves not only logical unity and simplicity,
but far greater technical power and flexibility in applications.

In the writer’s lectures, the emphasis was therefore on the quantitative formulation of
Pélya’s viewpoint, so it could be used for general problems of scientific inference, almost
all of which arise out of incomplete information rather than ‘randomness’. Some personal
reminiscences about George Pdlya and this start of the work are in Chapter 5.

Once the development of applications started, the work of Harold Jeffreys, who had
seen so much of it intuitively and seemed to anticipate every problem I would encounter,
became again the central focus of attention. My debt to him is only partially indicated by the
dedication of this book to his memory. Further comments about his work and its influence
on mine are scattered about in several chapters.

In the years 1957-1970 the lectures were repeated, with steadily increasing content, at
many other universities and research laboratories.” In this growth it became clear gradually
that the outstanding difficulties of conventional ‘statistical inference’ are easily understood
and overcome. But the rules which now took their place were quite subtle conceptually, and
it required some deep thinking to see how to apply them correctly. Past difficulties, which
had led to rejection of Laplace’s work, were seen finally as only misapplications, arising
usually from failure to define the problem unambiguously or to appreciate the cogency of
seemingly trivial side information, and easy to correct once this is recognized. The various
relations between our ‘extended logic’ approach and the usual ‘random variable’ one appear
in almost every chapter, in many different forms.

2 Some of the material in the early chapters was issued in 1958 by the Socony-Mobil Oil Company as Number 4 in their series
‘Colloquium Lectures in Pure and Applied Science’.



Preface Xxi

Eventually, the material grew to far more than could be presented in a short series of
lectures, and the work evolved out of the pedagogical phase; with the clearing up of old
difficulties accomplished, we found ourselves in possession of a powerful tool for dealing
with new problems. Since about 1970 the accretion has continued at the same pace, but
fed instead by the research activity of the writer and his colleagues. We hope that the final
result has retained enough of its hybrid origins to be usable either as a textbook or as a
reference work; indeed, several generations of students have carried away earlier versions
of our notes, and in turn taught it to their students.

In view of the above, we repeat the sentence that Charles Darwin wrote in the Introduction
to his Origin of Species: ‘I hope that I may be excused for entering on these personal details,
as I give them to show that I have not been hasty in coming to a decision.” But it might
be thought that work done 30 years ago would be obsolete today. Fortunately, the work
of Jeffreys, Pdlya and Cox was of a fundamental, timeless character whose truth does
not change and whose importance grows with time. Their perception about the nature of
inference, which was merely curious 30 years ago, is very important in a half-dozen different
areas of science today; and it will be crucially important in all areas 100 years hence.

Foundations

From many years of experience with its applications in hundreds of real problems, our views
on the foundations of probability theory have evolved into something quite complex, which
cannot be described in any such simplistic terms as ‘pro-this’ or ‘anti-that’. For example,
our system of probability could hardly be more different from that of Kolmogorov, in style,
philosophy, and purpose. What we consider to be fully half of probability theory as it is
needed in current applications — the principles for assigning probabilities by logical analysis
of incomplete information — is not present at all in the Kolmogorov system.

Yet, when all is said and done, we find ourselves, to our own surprise, in agreement with
Kolmogorov and in disagreement with his critics, on nearly all technical issues. As noted in
Appendix A, each of his axioms turns out to be, for all practical purposes, derivable from
the Pélya—Cox desiderata of rationality and consistency. In short, we regard our system of
probability as not contradicting Kolmogorov’s; but rather seeking a deeper logical founda-
tion that permits its extension in the directions that are needed for modern applications. In
this endeavor, many problems have been solved, and those still unsolved appear where we
should naturally expect them: in breaking into new ground.

As another example, it appears at first glance to everyone that we are in very close
agreement with the de Finetti system of probability. Indeed, the writer believed this for
some time. Yet when all is said and done we find, to our own surprise, that little more than a
loose philosophical agreement remains; on many technical issues we disagree strongly with
de Finetti. It appears to us that his way of treating infinite sets has opened up a Pandora’s
box of useless and unnecessary paradoxes; nonconglomerability and finite additivity are
examples discussed in Chapter 15.



XXii Preface

Infinite-set paradoxing has become a morbid infection that is today spreading in a way
that threatens the very life of probability theory, and it requires immediate surgical removal.
In our system, after this surgery, such paradoxes are avoided automatically; they cannot arise
from correct application of our basic rules, because those rules admit only finite sets and
infinite sets that arise as well-defined and well-behaved limits of finite sets. The paradoxing
was caused by (1) jumping directly into an infinite set without specifying any limiting
process to define its properties; and then (2) asking questions whose answers depend on
how the limit was approached.

For example, the question: “What is the probability that an integer is even?’ can have any
answer we please in (0, 1), depending on what limiting process is used to define the ‘set
of all integers’ (just as a conditionally convergent series can be made to converge to any
number we please, depending on the order in which we arrange the terms).

In our view, an infinite set cannot be said to possess any ‘existence’ and mathematical
properties at all —at least, in probability theory — until we have specified the limiting process
that is to generate it from a finite set. In other words, we sail under the banner of Gauss,
Kronecker, and Poincaré rather than Cantor, Hilbert, and Bourbaki. We hope that readers
who are shocked by this will study the indictment of Bourbakism by the mathematician
Morris Kline (1980), and then bear with us long enough to see the advantages of our
approach. Examples appear in almost every chapter.

Comparisons

For many years, there has been controversy over ‘frequentist’ versus ‘Bayesian’ methods
of inference, in which the writer has been an outspoken partisan on the Bayesian side. The
record of this up to 1981 is given in an earlier book (Jaynes, 1983). In these old works
there was a strong tendency, on both sides, to argue on the level of philosophy or ideology.
We can now hold ourselves somewhat aloof from this, because, thanks to recent work, there
is no longer any need to appeal to such arguments. We are now in possession of proven
theorems and masses of worked-out numerical examples. As a result, the superiority of
Bayesian methods is now a thoroughly demonstrated fact in a hundred different areas. One
can argue with a philosophys; it is not so easy to argue with a computer printout, which says
to us: ‘Independently of all your philosophy, here are the facts of actual performance.” We
point this out in some detail whenever there is a substantial difference in the final results.
Thus we continue to argue vigorously for the Bayesian methods; but we ask the reader to
note that our arguments now proceed by citing facts rather than proclaiming a philosophical
or ideological position.

However, neither the Bayesian nor the frequentist approach is universally applicable, so
in the present, more general, work we take a broader view of things. Our theme is simply:
probability theory as extended logic. The ‘new’ perception amounts to the recognition that
the mathematical rules of probability theory are not merely rules for calculating frequencies
of ‘random variables’; they are also the unique consistent rules for conducting inference
(i.e. plausible reasoning) of any kind, and we shall apply them in full generality to that end.



Preface xxiii

It is true that all ‘Bayesian’ calculations are included automatically as particular cases of
our rules; but so are all ‘frequentist’ calculations. Nevertheless, our basic rules are broader
than either of these, and in many applications our calculations do not fit into either category.

To explain the situation as we see it presently: The traditional ‘frequentist’ methods which
use only sampling distributions are usable and useful in many particularly simple, idealized
problems; however, they represent the most proscribed special cases of probability theory,
because they presuppose conditions (independent repetitions of a ‘random experiment’ but
no relevant prior information) that are hardly ever met in real problems. This approach is
quite inadequate for the current needs of science.

In addition, frequentist methods provide no technical means to eliminate nuisance pa-
rameters or to take prior information into account, no way even to use all the information in
the data when sufficient or ancillary statistics do not exist. Lacking the necessary theoretical
principles, they force one to ‘choose a statistic’ from intuition rather than from probability
theory, and then to invent ad hoc devices (such as unbiased estimators, confidence intervals,
tail-area significance tests) not contained in the rules of probability theory. Each of these is
usable within the small domain for which it was invented but, as Cox’s theorems guarantee,
such arbitrary devices always generate inconsistencies or absurd results when applied to
extreme cases; we shall see dozens of examples.

All of these defects are corrected by use of Bayesian methods, which are adequate for what
we might call ‘well-developed’ problems of inference. As Harold Jeffreys demonstrated,
they have a superb analytical apparatus, able to deal effortlessly with the technical problems
on which frequentist methods fail. They determine the optimal estimators and algorithms
automatically, while taking into account prior information and making proper allowance
for nuisance parameters, and, being exact, they do not break down — but continue to yield
reasonable results — in extreme cases. Therefore they enable us to solve problems of far
greater complexity than can be discussed at all in frequentist terms. One of our main purposes
is to show how all this capability was contained already in the simple product and sum rules
of probability theory interpreted as extended logic, with no need for — indeed, no room for —
any ad hoc devices.

Before Bayesian methods can be used, a problem must be developed beyond the
‘exploratory phase’ to the point where it has enough structure to determine all the needed
apparatus (a model, sample space, hypothesis space, prior probabilities, sampling distribu-
tion). Almost all scientific problems pass through an initial exploratory phase in which we
have need for inference, but the frequentist assumptions are invalid and the Bayesian appa-
ratus is not yet available. Indeed, some of them never evolve out of the exploratory phase.
Problems at this level call for more primitive means of assigning probabilities directly out
of our incomplete information.

For this purpose, the Principle of maximum entropy has at present the clearest theoretical
justification and is the most highly developed computationally, with an analytical appara-
tus as powerful and versatile as the Bayesian one. To apply it we must define a sample
space, but do not need any model or sampling distribution. In effect, entropy maximization
creates a model for us out of our data, which proves to be optimal by so many different
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criteria® that it is hard to imagine circumstances where one would not want to use it in a
problem where we have a sample space but no model.

Bayesian and maximum entropy methods differ in another respect. Both procedures
yield the optimal inferences from the information that went into them, but we may choose
a model for Bayesian analysis; this amounts to expressing some prior knowledge — or some
working hypothesis — about the phenomenon being observed. Usually, such hypotheses
extend beyond what is directly observable in the data, and in that sense we might say that
Bayesian methods are — or at least may be — speculative. If the extra hypotheses are true,
then we expect that the Bayesian results will improve on maximum entropy; if they are
false, the Bayesian inferences will likely be worse.

On the other hand, maximum entropy is a nonspeculative procedure, in the sense that it
invokes no hypotheses beyond the sample space and the evidence that is in the available
data. Thus it predicts only observable facts (functions of future or past observations) rather
than values of parameters which may exist only in our imagination. It is just for that reason
that maximum entropy is the appropriate (safest) tool when we have very little knowledge
beyond the raw data; it protects us against drawing conclusions not warranted by the data.
But when the information is extremely vague, it may be difficult to define any appropriate
sample space, and one may wonder whether still more primitive principles than maximum
entropy can be found. There is room for much new creative thought here.

For the present, there are many important and highly nontrivial applications where
Maximum Entropy is the only tool we need. Part 2 of this work considers them in de-
tail; usually, they require more technical knowledge of the subject-matter area than do the
more general applications studied in Part 1. All of presently known statistical mechanics,
for example, is included in this, as are the highly successful Maximum Entropy spectrum
analysis and image reconstruction algorithms in current use. However, we think that in the
future the latter two applications will evolve into the Bayesian phase, as we become more
aware of the appropriate models and hypothesis spaces which enable us to incorporate more
prior information.

We are conscious of having so many theoretical points to explain that we fail to present
as many practical worked-out numerical examples as we should. Fortunately, three recent
books largely make up this deficiency, and should be considered as adjuncts to the present
work: Bayesian Spectrum Analysis and Parameter Estimation (Bretthorst, 1988), Maximum
Entropy in Action (Buck and Macaulay, 1991), and Data Analysis — A Bayesian Tutorial
(Sivia, 1996), are written from a viewpoint essentially identical to ours and present a wealth
of real problems carried through to numerical solutions. Of course, these works do not
contain nearly as much theoretical explanation as does the present one. Also, the Proceedings

3 These concern efficient information handling; for example, (1) the model created is the simplest one that captures all the
information in the constraints (Chapter 11); (2) it is the unique model for which the constraints would have been sufficient
statistics (Chapter 8); (3) if viewed as constructing a sampling distribution for subsequent Bayesian inference from new data D,
the only property of the measurement errors in D that are used in that subsequent inference are the ones about which that sampling
distribution contained some definite prior information (Chapter 7). Thus the formalism automatically takes into account all the
information we have, but avoids assuming information that we do not have. This contrasts sharply with orthodox methods, where
one does not think in terms of information at all, and in general violates both of these desiderata.
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volumes of the various annual MAXENT workshops since 1981 consider a great variety of
useful applications.

Mental activity

As one would expect already from Pélya’s examples, probability theory as extended logic
reproduces many aspects of human mental activity, sometimes in surprising and even dis-
turbing detail. In Chapter 5 we find our equations exhibiting the phenomenon of a person
who tells the truth and is not believed, even though the disbelievers are reasoning consis-
tently. The theory explains why and under what circumstances this will happen.

The equations also reproduce a more complicated phenomenon, divergence of opinions.
One might expect that open discussion of public issues would tend to bring about a general
consensus. On the contrary, we observe repeatedly that when some controversial issue has
been discussed vigorously for a few years, society becomes polarized into two opposite
extreme camps; it is almost impossible to find anyone who retains a moderate view. Prob-
ability theory as logic shows how two persons, given the same information, may have their
opinions driven in opposite directions by it, and what must be done to avoid this.

In such respects, it is clear that probability theory is telling us something about the way
our own minds operate when we form intuitive judgments, of which we may not have been
consciously aware. Some may feel uncomfortable at these revelations; others may see in
them useful tools for psychological, sociological, or legal research.

What is ‘safe’?

We are not concerned here only with abstract issues of mathematics and logic. One of
the main practical messages of this work is the great effect of prior information on the
conclusions that one should draw from a given data set. Currently, much discussed issues,
such as environmental hazards or the toxicity of a food additive, cannot be judged rationally
if one looks only at the current data and ignores the prior information that scientists have
about the phenomenon. This can lead one to overestimate or underestimate the danger.

A common error, when judging the effects of radioactivity or the toxicity of some sub-
stance, is to assume a linear response model without threshold (i.e. without a dose rate below
which there is no ill effect). Presumably there is no threshold effect for cumulative poisons
like heavy metal ions (mercury, lead), which are eliminated only very slowly, if at all. But
for virtually every organic substance (such as saccharin or cyclamates), the existence of a
finite metabolic rate means that there must exist a finite threshold dose rate, below which
the substance is decomposed, eliminated, or chemically altered so rapidly that it causes no
ill effects. If this were not true, the human race could never have survived to the present
time, in view of all the things we have been eating.

Indeed, every mouthful of food you and I have ever taken contained many billions of
kinds of complex molecules whose structure and physiological effects have never been
determined — and many millions of which would be toxic or fatal in large doses. We cannot
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doubt that we are daily ingesting thousands of substances that are far more dangerous than
saccharin — but in amounts that are safe, because they are far below the various thresholds
of toxicity. At present, there are hardly any substances, except some common drugs, for
which we actually know the threshold.

Therefore, the goal of inference in this field should be to estimate not only the slope
of the response curve, but, far more importantly, to decide whether there is evidence for
a threshold; and, if there is, to estimate its magnitude (the ‘maximum safe dose’). For
example, to tell us that a sugar substitute can produce a barely detectable incidence of
cancer in doses 1000 times greater than would ever be encountered in practice, is hardly an
argument against using the substitute; indeed, the fact that it is necessary to go to kilodoses
in order to detect any ill effects at all, is rather conclusive evidence, not of the danger, but of
the safety, of a tested substance. A similar overdose of sugar would be far more dangerous,
leading not to barely detectable harmful effects, but to sure, immediate death by diabetic
coma; yet nobody has proposed to ban the use of sugar in food.

Kilodose effects are irrelevant because we do not take kilodoses; in the case of a sugar
substitute the important question is: What are the threshold doses for toxicity of a sugar
substitute and for sugar, compared with the normal doses? If that of a sugar substitute is
higher, then the rational conclusion would be that the substitute is actually safer than sugar,
as a food ingredient. To analyze one’s data in terms of a model which does not allow even
the possibility of a threshold effect is to prejudge the issue in a way that can lead to false
conclusions, however good the data. If we hope to detect any phenomenon, we must use a
model that at least allows the possibility that it may exist.

We emphasize this in the Preface because false conclusions of just this kind are now
not only causing major economic waste, but also creating unnecessary dangers to public
health and safety. Society has only finite resources to deal with such problems, so any effort
expended on imaginary dangers means that real dangers are going unattended. Even worse,
the error is incorrectible by the currently most used data analysis procedures; a false premise
built into a model which is never questioned cannot be removed by any amount of new data.
Use of models which correctly represent the prior information that scientists have about the
mechanism at work can prevent such folly in the future.

Such considerations are not the only reasons why prior information is essential in infer-
ence; the progress of science itself is at stake. To see this, note a corollary to the preceding
paragraph: that new data that we insist on analyzing in terms of old ideas (that is, old models
which are not questioned) cannot lead us out of the old ideas. However many data we record
and analyze, we may just keep repeating the same old errors, missing the same crucially
important things that the experiment was competent to find. That is what ignoring prior in-
formation can do to us; no amount of analyzing coin tossing data by a stochastic model could
have led us to the discovery of Newtonian mechanics, which alone determines those data.

Old data, when seen in the light of new ideas, can give us an entirely new insight into
a phenomenon; we have an impressive recent example of this in the Bayesian spectrum
analysis of nuclear magnetic resonance data, which enables us to make accurate quantitative
determinations of phenomena which were not accessible to observation at all with the
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previously used data analysis by Fourier transforms. When a data set is mutilated (or, to use
the common euphemism, “filtered’) by processing according to false assumptions, important
information in it may be destroyed irreversibly. As some have recognized, this is happening
constantly from orthodox methods of detrending or seasonal adjustment in econometrics.
However, old data sets, if preserved unmutilated by old assumptions, may have a new lease
on life when our prior information advances.

Style of presentation

In Part 1, expounding principles and elementary applications, most chapters start with
several pages of verbal discussion of the nature of the problem. Here we try to explain
the constructive ways of looking at it, and the logical pitfalls responsible for past errors.
Only then do we turn to the mathematics, solving a few of the problems of the genre to the
point where the reader may carry it on by straightforward mathematical generalization. In
Part 2, expounding more advanced applications, we can concentrate from the start on the
mathematics.

The writer has learned from much experience that this primary emphasis on the logic of the
problem, rather than the mathematics, is necessary in the early stages. For modern students,
the mathematics is the easy part; once a problem has been reduced to a definite mathematical
exercise, most students can solve it effortlessly and extend it endlessly, without further help
from any book or teacher. It is in the conceptual matters (how to make the initial connection
between the real-world problem and the abstract mathematics) that they are perplexed and
unsure how to proceed.

Recent history demonstrates that anyone foolhardy enough to describe his own work as
‘rigorous’ is headed for a fall. Therefore, we shall claim only that we do not knowingly give
erroneous arguments. We are conscious also of writing for a large and varied audience, for
most of whom clarity of meaning is more important than ‘rigor’ in the narrow mathematical
sense.

There are two more, even stronger, reasons for placing our primary emphasis on logic
and clarity. Firstly, no argument is stronger than the premises that go into it, and, as Harold
Jeffreys noted, those who lay the greatest stress on mathematical rigor are just the ones who,
lacking a sure sense of the real world, tie their arguments to unrealistic premises and thus
destroy their relevance. Jeffreys likened this to trying to strengthen a building by anchoring
steel beams into plaster. An argument which makes it clear intuitively why a result is correct
is actually more trustworthy, and more likely of a permanent place in science, than is one
that makes a great overt show of mathematical rigor unaccompanied by understanding.

Secondly, we have to recognize that there are no really trustworthy standards of rigor in a
mathematics that has embraced the theory of infinite sets. Morris Kline (1980, p. 351) came
close to the Jeffreys simile: ‘Should one design a bridge using theory involving infinite sets
or the axiom of choice? Might not the bridge collapse?’ The only real rigor we have today
is in the operations of elementary arithmetic on finite sets of finite integers, and our own
bridge will be safest from collapse if we keep this in mind.
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Of course, it is essential that we follow this ‘finite sets’ policy whenever it matters for
our results; but we do not propose to become fanatical about it. In particular, the arts of
computation and approximation are on a different level than that of basic principle; and so
once a result is derived from strict application of the rules, we allow ourselves to use any
convenient analytical methods for evaluation or approximation (such as replacing a sum by
an integral) without feeling obliged to show how to generate an uncountable set as the limit
of a finite one.

We impose on ourselves a far stricter adherence to the mathematical rules of probabil-
ity theory than was ever exhibited in the ‘orthodox’ statistical literature, in which authors
repeatedly invoke the aforementioned intuitive ad hoc devices to do, arbitrarily and im-
perfectly, what the rules of probability theory would have done for them uniquely and
optimally. It is just this strict adherence that enables us to avoid the artificial paradoxes and
contradictions of orthodox statistics, as described in Chapters 15 and 17.

Equally important, this policy often simplifies the computations in two ways: (i) the
problem of determining the sampling distribution of a ‘statistic’ is eliminated, and the
evidence of the data is displayed fully in the likelihood function, which can be written
down immediately; and (ii) one can eliminate nuisance parameters at the beginning of a
calculation, thus reducing the dimensionality of a search algorithm. If there are several
parameters in a problem, this can mean orders of magnitude reduction in computation over
what would be needed with a least squares or maximum likelihood algorithm. The Bayesian
computer programs of Bretthorst (1988) demonstrate these advantages impressively, leading
in some cases to major improvements in the ability to extract information from data, over
previously used methods. But this has barely scratched the surface of what can be done with
sophisticated Bayesian models. We expect a great proliferation of this field in the near future.

A scientist who has learned how to use probability theory directly as extended logic
has a great advantage in power and versatility over one who has learned only a collection
of unrelated ad hoc devices. As the complexity of our problems increases, so does this
relative advantage. Therefore we think that, in the future, workers in all the quantitative
sciences will be obliged, as a matter of practical necessity, to use probability theory in the
manner expounded here. This trend is already well under way in several fields, ranging from
econometrics to astronomy to magnetic resonance spectroscopy; but, to make progress in a
new area, it is necessary to develop a healthy disrespect for tradition and authority, which
have retarded progress throughout the 20th century.

Finally, some readers should be warned not to look for hidden subtleties of meaning
which are not present. We shall, of course, explain and use all the standard technical jargon
of probability and statistics — because that is our topic. But, although our concern with the
nature of logical inference leads us to discuss many of the same issues, our language differs
greatly from the stilted jargon of logicians and philosophers. There are no linguistic tricks,
and there is no ‘meta-language’ gobbledygook; only plain English. We think that this will
convey our message clearly enough to anyone who seriously wants to understand it. In any
event, we feel sure that no further clarity would be achieved by taking the first few steps
down that infinite regress that starts with: “What do you mean by “exists”?’
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Principles and elementary applications
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Plausible reasoning

The actual science of logic is conversant at present only with things either
certain, impossible, or entirely doubtful, none of which (fortunately) we
have to reason on. Therefore the true logic for this world is the calculus
of Probabilities, which takes account of the magnitude of the probability
which is, or ought to be, in a reasonable man’s mind.

James Clerk Maxwell (1850)

Suppose some dark night a policeman walks down a street, apparently deserted. Suddenly he
hears a burglar alarm, looks across the street, and sees a jewelry store with a broken window.
Then a gentleman wearing a mask comes crawling out through the broken window, carrying
a bag which turns out to be full of expensive jewelry. The policeman doesn’t hesitate at all
in deciding that this gentleman is dishonest. But by what reasoning process does he arrive
at this conclusion? Let us first take a leisurely look at the general nature of such problems.

1.1 Deductive and plausible reasoning

A moment’s thought makes it clear that our policeman’s conclusion was not a logical
deduction from the evidence; for there may have been a perfectly innocent explanation
for everything. It might be, for example, that this gentleman was the owner of the jewelry
store and he was coming home from a masquerade party, and didn’t have the key with him.
However, just as he walked by his store, a passing truck threw a stone through the window,
and he was only protecting his own property.

Now, while the policeman’s reasoning process was not logical deduction, we will grant
that it had a certain degree of validity. The evidence did not make the gentleman’s dishonesty
certain, but it did make it extremely plausible. This is an example of a kind of reasoning
in which we have all become more or less proficient, necessarily, long before studying
mathematical theories. We are hardly able to get through one waking hour without facing
some situation (e.g. will it rain or won’t it?) where we do not have enough information to
permit deductive reasoning; but still we must decide immediately what to do.

In spite of its familiarity, the formation of plausible conclusions is a very subtle process.
Although history records discussions of it extending over 24 centuries, probably nobody has
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ever produced an analysis of the process which anyone else finds completely satisfactory.
In this work we will be able to report some useful and encouraging new progress, in which
conflicting intuitive judgments are replaced by definite theorems, and ad hoc procedures
are replaced by rules that are determined uniquely by some very elementary — and nearly
inescapable — criteria of rationality.

All discussions of these questions start by giving examples of the contrast between
deductive reasoning and plausible reasoning. As is generally credited to the Organon of
Aristotle (fourth century Bc)! deductive reasoning (apodeixis) can be analyzed ultimately
into the repeated application of two strong syllogisms:

if A is true, then B is true

A is true (1.1)

therefore, B is true,

and its inverse:
if A is true, then B is true

B is false (1.2)

therefore, A is false.

This is the kind of reasoning we would like to use all the time; but, as noted, in almost all
the situations confronting us we do not have the right kind of information to allow this kind
of reasoning. We fall back on weaker syllogisms (epagoge):

if A is true, then B is true

B is true (1.3)

therefore, A becomes more plausible.

The evidence does not prove that A is true, but verification of one of its consequences does
give us more confidence in A. For example, let

A = it will start to rain by 10 AM at the latest;
B = the sky will become cloudy before 10 AM.

Observing clouds at 9:45 am does not give us a logical certainty that the rain will follow;
nevertheless our common sense, obeying the weak syllogism, may induce us to change our
plans and behave as if we believed that it will, if those clouds are sufficiently dark.

This example shows also that the major premise, ‘if A then B’ expresses B only as a
logical consequence of A; and not necessarily a causal physical consequence, which could
be effective only at a later time. The rain at 10 AM is not the physical cause of the clouds at

! Today, several different views are held about the exact nature of Aristotle’s contribution. Such issues are irrelevant to our present
purpose, but the interested reader may find an extensive discussion of them in Lukasiewicz (1957).
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9:45 aM. Nevertheless, the proper logical connection is not in the uncertain causal direction
(clouds = rain), but rather (rain = clouds), which is certain, although noncausal.

We emphasize at the outset that we are concerned here with logical connections, because
some discussions and applications of inference have fallen into serious error through failure
to see the distinction between logical implication and physical causation. The distinction
is analyzed in some depth by Simon and Rescher (1966), who note that all attempts to
interpret implication as expressing physical causation founder on the lack of contraposition
expressed by the second syllogism (1.2). That is, if we tried to interpret the major premise
as ‘A is the physical cause of B’, then we would hardly be able to accept that ‘not-B is
the physical cause of not-A’. In Chapter 3 we shall see that attempts to interpret plausible
inferences in terms of physical causation fare no better.

Another weak syllogism, still using the same major premise, is

If A is true, then B is true

A is false (1.4)

therefore, B becomes less plausible.

In this case, the evidence does not prove that B is false; but one of the possible reasons for
its being true has been eliminated, and so we feel less confident about B. The reasoning of a
scientist, by which he accepts or rejects his theories, consists almost entirely of syllogisms
of the second and third kind.

Now, the reasoning of our policeman was not even of the above types. It is best described
by a still weaker syllogism:

If A is true, then B becomes more plausible

B is true (1.5)

therefore, A becomes more plausible.

But in spite of the apparent weakness of this argument, when stated abstractly in terms of A
and B, we recognize that the policeman’s conclusion has a very strong convincing power.
There is something which makes us believe that, in this particular case, his argument had
almost the power of deductive reasoning.

These examples show that the brain, in doing plausible reasoning, not only decides
whether something becomes more plausible or less plausible, but that it evaluates the degree
of plausibility in some way. The plausibility for rain by 10 aM depends very much on the
darkness of those clouds at 9:45. And the brain also makes use of old information as well
as the specific new data of the problem; in deciding what to do we try to recall our past
experience with clouds and rain, and what the weatherman predicted last night.

To illustrate that the policeman was also making use of the past experience of policemen
in general, we have only to change that experience. Suppose that events like these happened
several times every night to every policeman — and that in every case the gentleman turned
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out to be completely innocent. Very soon, policemen would learn to ignore such trivial
things.

Thus, in our reasoning we depend very much on prior information to help us in evaluating
the degree of plausibility in a new problem. This reasoning process goes on unconsciously,
almost instantaneously, and we conceal how complicated it really is by calling it common
sense.

The mathematician George Pdlya (1945, 1954) wrote three books about plausible rea-
soning, pointing out a wealth of interesting examples and showing that there are definite
rules by which we do plausible reasoning (although in his work they remain in qualitative
form). The above weak syllogisms appear in his third volume. The reader is strongly urged
to consult P6lya’s exposition, which was the original source of many of the ideas underlying
the present work. We show below how Pdlya’s principles may be made quantitative, with
resulting useful applications.

Evidently, the deductive reasoning described above has the property that we can go
through long chains of reasoning of the type (1.1) and (1.2) and the conclusions have just as
much certainty as the premises. With the other kinds of reasoning, (1.3)—(1.5), the reliability
of the conclusion changes as we go through several stages. But in their quantitative form we
shall find that in many cases our conclusions can still approach the certainty of deductive
reasoning (as the example of the policeman leads us to expect). Pélya showed that even
a pure mathematician actually uses these weaker forms of reasoning most of the time. Of
course, on publishing a new theorem, the mathematician will try very hard to invent an
argument which uses only the first kind; but the reasoning process which led to the theorem
in the first place almost always involves one of the weaker forms (based, for example, on
following up conjectures suggested by analogies). The same idea is expressed in a remark
of S. Banach (quoted by S. Ulam, 1957):

Good mathematicians see analogies between theorems; great mathematicians see analogies between
analogies.

As a first orientation, then, let us note some very suggestive analogies to another field —
which is itself based, in the last analysis, on plausible reasoning.

1.2 Analogies with physical theories

In physics, we learn quickly that the world is too complicated for us to analyze it all at once.
We can make progress only if we dissect it into little pieces and study them separately.
Sometimes, we can invent a mathematical model which reproduces several features of one
of these pieces, and whenever this happens we feel that progress has been made. These
models are called physical theories. As knowledge advances, we are able to invent better
and better models, which reproduce more and more features of the real world, more and more
accurately. Nobody knows whether there is some natural end to this process, or whether it
will go on indefinitely.
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In trying to understand common sense, we shall take a similar course. We won’t try
to understand it all at once, but we shall feel that progress has been made if we are
able to construct idealized mathematical models which reproduce a few of its features.
We expect that any model we are now able to construct will be replaced by more com-
plete ones in the future, and we do not know whether there is any natural end to this
process.

The analogy with physical theories is deeper than a mere analogy of method. Often, the
things which are most familiar to us turn out to be the hardest to understand. Phenomena
whose very existence is unknown to the vast majority of the human race (such as the differ-
ence in ultraviolet spectra of iron and nickel) can be explained in exhaustive mathematical
detail — but all of modern science is practically helpless when faced with the complications
of such a commonplace fact as growth of a blade of grass. Accordingly, we must not expect
too much of our models; we must be prepared to find that some of the most familiar features
of mental activity may be ones for which we have the greatest difficulty in constructing any
adequate model.

There are many more analogies. In physics we are accustomed to finding that any ad-
vance in knowledge leads to consequences of great practical value, but of an unpredictable
nature. Rontgen’s discovery of X-rays led to important new possibilities of medical diag-
nosis; Maxwell’s discovery of one more term in the equation for curl H led to practically
instantaneous communication all over the earth.

Our mathematical models for common sense also exhibit this feature of practical useful-
ness. Any successful model, even though it may reproduce only a few features of common
sense, will prove to be a powerful extension of common sense in some field of application.
Within this field, it enables us to solve problems of inference which are so involved in
complicated detail that we would never attempt to solve them without its help.

1.3 The thinking computer

Models have practical uses of a quite different type. Many people are fond of saying, “They
will never make a machine to replace the human mind — it does many things which no
machine could ever do.” A beautiful answer to this was given by J. von Neumann in a talk
on computers given in Princeton in 1948, which the writer was privileged to attend. In reply
to the canonical question from the audience (‘But of course, a mere machine can’t really
think, can it?’), he said:

You insist that there is something a machine cannot do. If you will tell me precisely what it is that a
machine cannot do, then I can always make a machine which will do just that!

In principle, the only operations which a machine cannot perform for us are those which
we cannot describe in detail, or which could not be completed in a finite number of steps.
Of course, some will conjure up images of Godel incompleteness, undecidability, Turing
machines which never stop, etc. But to answer all such doubts we need only point to the
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existence of the human brain, which does it. Just as von Neumann indicated, the only
real limitations on making ‘machines which think’ are our own limitations in not knowing
exactly what ‘thinking’ consists of.

But in our study of common sense we shall be led to some very explicit ideas about
the mechanism of thinking. Every time we can construct a mathematical model which
reproduces a part of common sense by prescribing a definite set of operations, this shows
us how to ‘build a machine’, (i.e. write a computer program) which operates on incomplete
information and, by applying quantitative versions of the above weak syllogisms, does
plausible reasoning instead of deductive reasoning.

Indeed, the development of such computer software for certain specialized problems of
inference is one of the most active and useful current trends in this field. One kind of problem
thus dealt with might be: given a mass of data, comprising 10000 separate observations,
determine in the light of these data and whatever prior information is at hand, the relative
plausibilities of 100 different possible hypotheses about the causes at work.

Our unaided common sense might be adequate for deciding between two hypotheses
whose consequences are very different; but, in dealing with 100 hypotheses which are not
very different, we would be helpless without a computer and a well-developed mathematical
theory that shows us how to program it. That is, what determines, in the policeman’s
syllogism (1.5), whether the plausibility for A increases by a large amount, raising it almost
to certainty; or only a negligibly small amount, making the data B almost irrelevant? The
object of the present work is to develop the mathematical theory which answers such
questions, in the greatest depth and generality now possible.

While we expect a mathematical theory to be useful in programming computers, the
idea of a thinking computer is also helpful psychologically in developing the mathematical
theory. The question of the reasoning process used by actual human brains is charged with
emotion and grotesque misunderstandings. It is hardly possible to say anything about this
without becoming involved in debates over issues that are not only undecidable in our
present state of knowledge, but are irrelevant to our purpose here.

Obviously, the operation of real human brains is so complicated that we can make no
pretense of explaining its mysteries; and in any event we are not trying to explain, much less
reproduce, all the aberrations and inconsistencies of human brains. That is an interesting and
important subject; but it is not the subject we are studying here. Our topic is the normative
principles of logic, and not the principles of psychology or neurophysiology.

To emphasize this, instead of asking, ‘How can we build a mathematical model of human
common sense?’, let us ask, ‘How could we build a machine which would carry out useful
plausible reasoning, following clearly defined principles expressing an idealized common
sense?’

1.4 Introducing the robot

In order to direct attention to constructive things and away from controversial irrelevancies,
we shall invent an imaginary being. Its brain is to be designed by us, so that it reasons
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according to certain definite rules. These rules will be deduced from simple desiderata
which, it appears to us, would be desirable in human brains; i.e. we think that a rational
person, on discovering that they were violating one of these desiderata, would wish to revise
their thinking.

In principle, we are free to adopt any rules we please; that is our way of defining which
robot we shall study. Comparing its reasoning with yours, if you find no resemblance you
are in turn free to reject our robot and design a different one more to your liking. But if you
find a very strong resemblance, and decide that you want and trust this robot to help you in
your own problems of inference, then that will be an accomplishment of the theory, not a
premise.

Our robot is going to reason about propositions. As already indicated above, we shall
denote various propositions by italicized capital letters, {A, B, C, etc.}, and for the time
being we must require that any proposition used must have, to the robot, an unambiguous
meaning and must be of the simple, definite logical type that must be either true or false. That
is, until otherwise stated, we shall be concerned only with two-valued logic, or Aristotelian
logic. We do not require that the truth or falsity of such an ‘Aristotelian proposition’ be
ascertainable by any feasible investigation; indeed, our inability to do this is usually just
the reason why we need the robot’s help. For example, the writer personally considers both
of the following propositions to be true:

A = Beethoven and Berlioz never met.
B = Beethoven’s music has a better sustained quality than that of
Berlioz, although Berlioz at his best is the equal of anybody.

Proposition B is not a permissible one for our robot to think about at present, whereas
proposition A is, although it is unlikely that its truth or falsity could be definitely established
today.> After our theory is developed, it will be of interest to see whether the present
restriction to Aristotelian propositions such as A can be relaxed, so that the robot might help
us also with more vague propositions such as B (see Chapter 18 on the A ,-distribution).®

1.5 Boolean algebra

To state these ideas more formally, we introduce some notation of the usual symbolic logic,
or Boolean algebra, so called because George Boole (1854) introduced a notation similar
to the following. Of course, the principles of deductive logic itself were well understood
centuries before Boole, and, as we shall see, all the results that follow from Boolean al-
gebra were contained already as special cases in the rules of plausible inference given

2 Their meeting is a chronological possibility, since their lives overlapped by 24 years; my reason for doubting it is the failure of
Berlioz to mention any such meeting in his memoirs — on the other hand, neither does he come out and say definitely that they
did not meet.

3 The question of how one is to make a machine in some sense ‘cognizant’ of the conceptual meaning that a proposition like A has
to humans, might seem very difficult, and much of the subject of artificial intelligence is devoted to inventing ad hoc devices to
deal with this problem. However, we shall find in Chapter 4 that for us the problem is almost nonexistent; our rules for plausible
reasoning automatically provide the means to do the mathematical equivalent of this.



10 Part 1 Principles and elementary applications

by (1812). The symbol
AB, (1.6)

called the logical product or the conjunction, denotes the proposition ‘both A and B are
true’. Obviously, the order in which we state them does not matter; AB and B A say the
same thing. The expression

A + B, (1.7)

called the logical sum or disjunction, stands for ‘at least one of the propositions, A, B is
true’ and has the same meaning as B + A. These symbols are only a shorthand way of
writing propositions, and do not stand for numerical values.

Given two propositions A, B, it may happen that one is true if and only if the other is true;
we then say that they have the same fruth value. This may be only a simple tautology (i.e.
A and B are verbal statements which obviously say the same thing), or it may be that only
after immense mathematical labor is it finally proved that A is the necessary and sufficient
condition for B. From the standpoint of logic it does not matter; once it is established,
by any means, that A and B have the same truth value, then they are logically equivalent
propositions, in the sense that any evidence concerning the truth of one pertains equally
well to the truth of the other, and they have the same implications for any further reasoning.

Evidently, then, it must be the most primitive axiom of plausible reasoning that two
propositions with the same truth value are equally plausible. This might appear almost too
trivial to mention, were it not for the fact that Boole himself (Boole, 1854, p. 286) fell into
error on this point, by mistakenly identifying two propositions which were in fact different —
and then failing to see any contradiction in their different plausibilities. Three years later,
Boole (1857) gave a revised theory which supersedes that in his earlier book; for further
comments on this incident, see Keynes (1921, pp. 167-168); Jaynes (1976, pp. 240-242).

In Boolean algebra, the equal sign is used to denote not equal numerical value, but equal
truth value: A = B, and the ‘equations’ of Boolean algebra thus consist of assertions that
the proposition on the left-hand side has the same truth value as the one on the right-hand
side. The symbol ‘=" means, as usual, ‘equals by definition’.

In denoting complicated propositions we use parentheses in the same way as in ordinary
algebra, i.e. to indicate the order in which propositions are to be combined (at times we shall
use them also merely for clarity of expression although they are not strictly necessary). In
their absence we observe the rules of algebraic hierarchy, familiar to those who use hand
calculators: thus AB + C denotes (AB) + C; and not A(B + C).

The denial of a proposition is indicated by a bar:

A = Ais false. (1.8)
The relation between A, A is a reciprocal one:

A = A is false, (1.9)
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and it does not matter which proposition we denote by the barred and which by the unbarred
letter. Note that some care is needed in the unambiguous use of the bar. For example,
according to the above conventions,

B = AB is false; (1.10)

‘A B = both A and B are false. (1.11)

These are quite different propositions; in fact, AB is not the logical product A B, but the
logical sum: AB = A + B.

With these understandings, Boolean algebra is characterized by some rather trivial and
obvious basic identities, which express the properties of:

AA=A
Idempotence:
A+A=A
. AB = BA
Commutativity:
A+B=B+A

Associativit A(BC) = (AB)C = ABC 0
ssoclativity: .
Y A+B+C)=(A+B)+C=A+B+C

A(B+C) = AB + AC

Distributivity:
istributivity A+ (BC)= (A + BYA+C)

IfC = AB,thenC = A+ B

Duality: .
y IfD=A+B,thenD =AB

but by their application one can prove any number of further relations, some highly non-
trivial. For example, we shall presently have use for the rather elementary theorem:

if B=ADthen AB=Band BA = A. (1.13)
Implication
The proposition
A=B (1.14)

to be read as ‘A implies B’, does not assert that either A or B is true; it means only that A B
is false, or, what is the same thing, (A + B) is true. This can be written also as the logical
equation A = AB. That is, given (1.14), if A is true then B must be true; or, if B is false
then A must be false. This is just what is stated in the strong syllogisms (1.1) and (1.2).
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On the other hand, if A is false, (1.14) says nothing about B: and if B is true, (1.14) says
nothing about A. But these are just the cases in which our weak syllogisms (1.3), (1.4) do
say something. In one respect, then, the term ‘weak syllogism’ is misleading. The theory
of plausible reasoning based on weak syllogisms is not a ‘weakened’ form of logic; it is
an extension of logic with new content not present at all in conventional deductive logic. It
will become clear in the next chapter (see (2.69) and (2.70)) that our rules include deductive
logic as a special case.

A tricky point

Note carefully that in ordinary language one would take ‘A implies B’ to mean that B
is logically deducible from A. But, in formal logic, ‘A implies B’ means only that the
propositions A and AB have the same truth value. In general, whether B is logically
deducible from A does not depend only on the propositions A and B; it depends on the
totality of propositions (A, A’, A”,...) that we accept as true and which are therefore
available to use in the deduction. Devinatz (1968, p. 3) and Hamilton (1988, p. 5) give the
truth table for the implication as a binary operation, illustrating that A = B is false only if
A is true and B is false; in all other cases A = B is true!

This may seem startling at first glance; however, note that, indeed, if A and B are both
true, then A = AB and so A = B is true; in formal logic every true statement implies
every other true statement. On the other hand, if A is false, then AQ is also false for all
O, thus A = AB and A = AB are both true, so A = B and A = B are both true; a false
proposition implies all propositions. If we tried to interpret this as logical deducibility
(i.e. both B and B are deducible from A), it would follow that every false proposition is
logically contradictory. Yet the proposition: ‘Beethoven outlived Berlioz’ is false but hardly
logically contradictory (for Beethoven did outlive many people who were the same age as
Berlioz).

Obviously, merely knowing that propositions A and B are both true does not provide
enough information to decide whether either is logically deducible from the other, plus
some unspecified ‘toolbox’ of other propositions. The question of logical deducibility of
one proposition from a set of others arises in a crucial way in the Godel theorem discussed at
the end of Chapter 2. This great difference in the meaning of the word ‘implies’ in ordinary
language and in formal logic is a tricky point that can lead to serious error if it is not properly
understood; it appears to us that ‘implication’ is an unfortunate choice of word, and that
this is not sufficiently emphasized in conventional expositions of logic.

1.6 Adequate sets of operations

We note some features of deductive logic which will be needed in the design of our robot.
We have defined four operations, or ‘connectives’, by which, starting from two propositions
A, B, other propositions may be defined: the logical product or conjunction A B, the logical
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sum or disjunction A + B, the implication A = B, and the negation A. By combining
these operations repeatedly in every possible way, one can generate any number of new
propositions, such as

C=(A+B)A+AB)+ AB(A+ B). (1.15)

Many questions then occur to us: How large is the class of new propositions thus generated?
Isitinfinite, or is there a finite set that is closed under these operations? Can every proposition
defined from A, B be thus represented, or does this require further connectives beyond the
above four? Or are these four already overcomplete so that some might be dispensed with?
What is the smallest set of operations that is adequate to generate all such ‘logic functions’
of A and B? If instead of two starting propositions A, B we have an arbitrary number
{Ay, ..., A}, is this set of operations still adequate to generate all possible logic functions
of {Ay,..., A,}?

All these questions are answered easily, with results useful for logic, probability theory,
and computer design. Broadly speaking, we are asking whether, starting from our present
vantage point, we can (1) increase the number of functions, (2) decrease the number of
operations. The first query is simplified by noting that two propositions, although they may
appear entirely different when written out in the manner (1.15), are not different propositions
from the standpoint of logic if they have the same truth value. For example, it is left for
the reader to verify that C in (1.15) is logically the same statement as the implication
C =(B = A).

Since we are, at this stage, restricting our attention to Aristotelian propositions, any logic
function C = f(A, B) such as (1.15) has only two possible ‘values’, true and false; and
likewise the ‘independent variables’ A and B can take on only those two values.

At this point, a logician might object to our notation, saying that the symbol A has
been defined as standing for some fixed proposition, whose truth cannot change; so if we
wish to consider logic functions, then instead of writing C = f(A, B) we should introduce
new symbols and write z = f(x, y), where x, y, z, are ‘statement variables’ for which
various specific statements A, B, C may be substituted. But if A stands for some fixed but
unspecified proposition, then it can still be either true or false. We achieve the same flexibility
merely by the understanding that equations like (1.15) which define logic functions are to
be true for all ways of defining A, B ; i.e. instead of a statement variable we use a variable
statement.

In relations of the form C = f(A, B), we are concerned with logic functions defined
on a discrete ‘space’ S consisting of only 2> = 4 points; namely those at which A and
B take on the ‘values’ {TT, TF, FT, FF}, respectively; and, at each point, the function
f(A, B) can take on independently either of two values {T, F}. There are, therefore, exactly
24 = 16 different logic functions f(A, B), and no more. Anexpression B = f(Ay, ..., A,)
involving n propositions is a logic function on a space S of M = 2" points; and there are
exactly 2™ such functions.
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In the case n = 1, there are four logic functions { f;{(A), ..., f4(A)}, which we can define
by enumeration, listing all their possible values in a truth table:

A T F
fi(A) T T
f2(A) T F
f3(A) F T
fa(A) F F

But it is obvious by inspection that these are just

A =A+A

A)=A

f2(A) A (1.16)

f(A)=A

fa(A) =A A,

so we prove by enumeration that the three operations: conjunction, disjunction, and negation
are adequate to generate all logic functions of a single proposition.

For the case of general n, consider first the special functions, each of which is true at one
and only one point of S. For n = 2 there are 2" = 4 such functions,

A, B TT TF FT FF
fi(A, B) T F F F
f2(A, B) F T F F
f3(A, B) F F T F
fi(A, B) F F F T

It is clear by inspection that these are just the four basic conjunctions,

fi(A,B)=AB
f2(A.B)=AB (1.17)
f(A,B)=A B
fi(A, B) = A B.

Consider now any logic function which is true on certain specified points of S; for example,
fs(A, B) and fs(A, B), defined by

A, B TT TF FT FF

fs(A, B) F T F T
fs(A, B) T F T T
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We assert that each of these functions is the logical sum of the conjunctions (1.17) that are
true on the same points (this is not trivial; the reader should verify it in detail). Thus,

f5(A, B) = f2(A, B) + fu(A, B)
=AB+AB
=(A+A)B
= B,

(1.18)

and, likewise,

fe(A, B) = fi(A, B) + f3(A, B) + fa(A, B)
—AB+AB+AB
=B+AB
=A+B.

(1.19)

That is, f¢(A, B) is the implication fs(A, B) = (A = B), with the truth table discussed
above. Any logic function f(A, B) thatis true on at least one point of S can be constructed in
this way as a logical sum of the basic conjunctions (1.17). There are 2* — 1 = 15 such func-
tions. For the remaining function, which is always false, it suffices to take the contradiction,
fis(A, B) = A A.

This method (called ‘reduction to disjunctive normal form’ in logic textbooks) will work
for any n. For example, in the case n = 5 there are 2° = 32 basic conjunctions,

{ABCDE, ABCDE, ABCDE,...,ABCDE), (1.20)

and 2% = 4294967 296 different logic functions f;(A, B, C, D, E); of which4 294967 295
can be written as logical sums of the basic conjunctions, leaving only the contradiction

f94967206(A, B,C, D, E) = A A. (1.21)
Thus one can verify by ‘construction in thought’ that the three operations
{conjunction, disjunction, negation}, i.e. {AND, OR, NOT}, (1.22)

suffice to generate all possible logic functions; or, more concisely, they form an
adequate set.

The duality property (1.12) shows that a smaller set will suffice; for disjunction of A, B
is the same as denying that they are both false:

A+ B=(AB). (1.23)

Therefore, the two operations (AND, NOT) already constitute an adequate set for deductive
logic.* This fact will be essential in determining when we have an adequate set of rules for
plausible reasoning; see Chapter 2.

4 For you to ponder: Does it follow that these two commands are the only ones needed to write any computer program?
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It is clear that we cannot now strike out either of these operations, leaving only the
other; i.e. the operation ‘AND’ cannot be reduced to negations; and negation cannot be
accomplished by any number of ‘AND’ operations. But this still leaves open the possibility
that both conjunction and negation might be reducible to some third operation, not yet
introduced, so that a single logic operation would constitute an adequate set.

It comes as a pleasant surprise to find that there is not only one but two such operations.
The operation ‘NAND?’ is defined as the negation of ‘AND’:

A1YB=AB=A+B (1.24)

which we can read as ‘A NAND B’. But then we have at once
A=A1A
AB=(A1B)t (A1 B) (1.25)
A+B= (A1 A1 (B"*B).

Therefore, every logic function can be constructed with NAND alone. Likewise, the
operation NOR defined by

AlB=A+B=AB (1.26)
is also powerful enough to generate all logic functions:

A=A]A
A+B=(AlB)|l(A]B) (1.27)
AB=(A] A)| (B B).

One can take advantage of this in designing computer and logic circuits. A ‘logic gate’ is a
circuit having, besides a common ground, two input terminals and one output. The voltage
relative to ground at any of these terminals can take on only two values; say +3 volts, or
‘up’, representing ‘true’; and O volts or ‘down’, representing ‘false’. A NAND gate is thus
one whose output is up if and only if at least one of the inputs is down; or, what is the same
thing, down if and only if both inputs are up; while for a NOR gate the output is up if and
only if both inputs are down.

One of the standard components of logic circuits is the ‘quad NAND gate’, an integrated
circuit containing four independent NAND gates on one semiconductor chip. Given a suffi-
cient number of these and no other circuit components, it is possible to generate any required
logic function by interconnecting them in various ways.

This short excursion into deductive logic is as far as we need go for our purposes. Further
developments are given in many textbooks; for example, a modern treatment of Aristotelian
logic is given by Copi (1994). For non-Aristotelian forms with special emphasis on Godel
incompleteness, computability, decidability, Turing machines, etc., see Hamilton (1988).

We turn now to our extension of logic, which is to follow from the conditions discussed
next. We call them ‘desiderata’ rather than ‘axioms’ because they do not assert that anything
is ‘true’ but only state what appear to be desirable goals. Whether these goals are attainable
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without contradictions, and whether they determine any unique extension of logic, are
matters of mathematical analysis, given in Chapter 2.

1.7 The basic desiderata

To each proposition about which it reasons, our robot must assign some degree of plausi-
bility, based on the evidence we have given it; and whenever it receives new evidence it
must revise these assignments to take that new evidence into account. In order that these
plausibility assignments can be stored and modified in the circuits of its brain, they must
be associated with some definite physical quantity, such as voltage or pulse duration or a
binary coded number, etc. — however our engineers want to design the details. For present
purposes, this means that there will have to be some kind of association between degrees
of plausibility and real numbers:

O Degrees of plausibility are represented by real numbers. (1.28)

Desideratum (I) is practically forced on us by the requirement that the robot’s brain must
operate by the carrying out of some definite physical process. However, it will appear
(Appendix A) that it is also required theoretically; we do not see the possibility of any
consistent theory without a property that is equivalent functionally to desideratum (I).

We adopt a natural but nonessential convention: that a greater plausibility shall correspond
to a greater number. It will also be convenient to assume a continuity property, which is hard
to state precisely at this stage; to say it intuitively: an infinitesimally greater plausibility
ought to correspond only to an infinitesimally greater number.

The plausibility that the robot assigns to some proposition A will, in general, depend on
whether we told it that some other proposition B is true. Following the notation of Keynes
(1921) and Cox (1961), we indicate this by the symbol

A|B, (1.29)

which we may call ‘the conditional plausibility that A is true, given that B is true’ or just
‘A given B’. It stands for some real number. Thus, for example,

A|BC (1.30)

(which we may read as ‘A given BC’) represents the plausibility that A is true, given that
both B and C are true. Or,

A+ B|CD (1.31)

represents the plausibility that at least one of the propositions A and B is true, given that
both C and D are true; and so on. We have decided to represent a greater plausibility by a
greater number, so

(A|B) > (C|B) (1.32)
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says that, given B, A is more plausible than C. In this notation, while the symbol for
plausibility is just of the form A|B without parentheses, we often add parentheses for
clarity of expression. Thus, (1.32) says the same thing as

A|B > C|B, (1.33)

but its meaning is clearer to the eye.

In the interest of avoiding impossible problems, we are not going to ask our robot to
undergo the agony of reasoning from impossible or mutually contradictory premises; there
could be no ‘correct’” answer. Thus, we make no attempt to define A|BC when B and C are
mutually contradictory. Whenever such a symbol appears, it is understood that B and C are
compatible propositions.

Also, we do not want this robot to think in a way that is directly opposed to the way you
and I think. So we shall design it to reason in a way that is at least qualitatively like the way
humans try to reason, as described by the above weak syllogisms and a number of other
similar ones.

Thus, if it has old information C which gets updated to C’ in such a way that the plausibility
for A is increased:

(AIC) > (A|C); (1.34)
but the plausibility for B given A is not changed:
(B|AC") = (B|AC). (1.35)

This can, of course, produce only an increase, never a decrease, in the plausibility that both
A and B are true:

(ABIC") = (ABI|C); (1.36)
and it must produce a decrease in the plausibility that A is false:
(A|IC) < (A|C). (1.37)

This qualitative requirement simply gives the ‘sense of direction’ in which the robot’s
reasoning is to go; it says nothing about how much the plausibilities change, except that
our continuity assumption (which is also a condition for qualitative correspondence with
common sense) now requires that if A|C changes only infinitesimally, it can induce only an
infinitesimal change in AB|C and A|C. The specific ways in which we use these qualitative
requirements will be given in the next chapter, at the point where it is seen why we need
them. For the present we summarize them simply as:

(IT)  Qualitative correspondence with common sense. (1.38)

Finally, we want to give our robot another desirable property for which honest people strive
without always attaining: that it always reasons consistently. By this we mean just the three
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common colloquial meanings of the word ‘consistent’:

If a conclusion can be reasoned out in more than one way, then

(IlT2) every possible way must lead to the same result. (1.392)
The robot always takes into account all of the evidence it has
(IlIb) relevant to a question. It does not arbitrarily ignore some of (1.39b)

the information, basing its conclusions only on what remains.
In other words, the robot is completely nonideological.

The robot always represents equivalent states of knowledge by
equivalent plausibility assignments. That is, if in two problems

(Ic) the robot’s state of knowledge is the same (except perhaps for (1.39¢)
the labeling of the propositions), then it must assign the same
plausibilities in both.

Desiderata (I), (I), and (IITa) are the basic ‘structural’ requirements on the inner workings
of our robot’s brain, while (Illb) and (IIlc) are ‘interface’ conditions which show how the
robot’s behavior should relate to the outer world.

At this point, most students are surprised to learn that our search for desiderata is at an end.
The above conditions, it turns out, uniquely determine the rules by which our robot must
reason; i.e. there is only one set of mathematical operations for manipulating plausibilities
which has all these properties. These rules are deduced in Chapter 2.

(At the end of most chapters, we insert a section of informal Comments in which are
collected various side remarks, background material, etc. The reader may skip them without
losing the main thread of the argument.)

1.8 Comments

As politicians, advertisers, salesmen, and propagandists for various political, economic,
moral, religious, psychic, environmental, dietary, and artistic doctrinaire positions know
only too well, fallible human minds are easily tricked, by clever verbiage, into committing
violations of the above desiderata. We shall try to ensure that they do not succeed with our
robot.

We emphasize another contrast between the robot and a human brain. By Desideratum
I, the robot’s mental state about any proposition is to be represented by a real number.
Now, it is clear that our attitude toward any given proposition may have more than one
‘coordinate’. You and I form simultaneous judgments about a proposition not only as to
whether it is plausible, but also whether it is desirable, whether it is important, whether it
is useful, whether it is interesting, whether it is amusing, whether it is morally right, etc.
If we assume that each of these judgments might be represented by a number, then a fully
adequate description of a human state of mind would be represented by a vector in a space
of a rather large number of dimensions.
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Not all propositions require this. For example, the proposition ‘The refractive index of
water is less than 1.3’ generates no emotions; consequently the state of mind which it
produces has very few coordinates. On the other hand, the proposition, “Your mother-in-
law just wrecked your new car’ generates a state of mind with many coordinates. Quite
generally, the situations of everyday life are those involving many coordinates. It is just for
this reason, we suggest, that the most familiar examples of mental activity are often the
most difficult to reproduce by a model. Perhaps we have here the reason why science and
mathematics are the most successful of human activities: they deal with propositions which
produce the simplest of all mental states. Such states would be the ones least perturbed by
a given amount of imperfection in the human mind.

Of course, for many purposes we would not want our robot to adopt any of these more
‘human’ features arising from the other coordinates. It is just the fact that computers do not
get confused by emotional factors, do not get bored with a lengthy problem, do not pursue
hidden motives opposed to ours, that makes them safer agents than men for carrying out
certain tasks.

These remarks are interjected to point out that there is a large unexplored area of possible
generalizations and extensions of the theory to be developed here; perhaps this may inspire
others to try their hand at developing ‘multidimensional theories’ of mental activity, which
would more and more resemble the behavior of actual human brains — not all of which
is undesirable. Such a theory, if successful, might have an importance beyond our present
ability to imagine.’

For the present, however, we shall have to be content with a much more modest undertak-
ing. Is it possible to develop a consistent ‘one-dimensional” model of plausible reasoning?
Evidently, our problem will be simplest if we can manage to represent a degree of plausibility
uniquely by a single real number, and ignore the other ‘coordinates’ just mentioned.

We stress that we are in no way asserting that degrees of plausibility in actual human
minds have a unique numerical measure. Our job is not to postulate — or indeed to conjecture
about — any such thing; it is to investigate whether it is possible, in our robot, to set up such
a correspondence without contradictions.

But to some it may appear that we have already assumed more than is necessary, thereby
putting gratuitous restrictions on the generality of our theory. Why must we represent degrees
of plausibility by real numbers? Would not a ‘comparative’ theory based on a system of
qualitative ordering relations such as (A|C) > (B|C) suffice? This point is discussed further
in Appendix A, where we describe other approaches to probability theory and note that some
attempts have been made to develop comparative theories which it was thought would be
logically simpler, or more general. But this turned out not to be the case; so, although it is
quite possible to develop the foundations in other ways than ours, the final results will not
be different.

3 Indeed, some psychologists think that as few as five dimensions might suffice to characterize a human personality; that is, that
we all differ only in having different mixes of five basic personality traits which may be genetically determined. But it seems to
us that this must be grossly oversimplified; identifiable chemical factors continuously varying in both space and time (such as
the distribution of glucose metabolism in the brain) affect mental activity but cannot be represented faithfully in a space of only
five dimensions. Yet it may be that five numbers can capture enough of the truth to be useful for many purposes.
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1.8.1 Common language vs. formal logic

We should note the distinction between the statements of formal logic and those of ordinary
language. It might be thought that the latter is only a less precise form of expression; but on
examination of details the relation appears different. It appears to us that ordinary language,
carefully used, need not be less precise than formal logic; but ordinary language is more
complicated in its rules and has consequently richer possibilities of expression than we
allow ourselves in formal logic.

In particular, common language, being in constant use for other purposes than logic, has
developed subtle nuances — means of implying something without actually stating it — that
are lost on formal logic. Mr A, to affirm his objectivity, says, ‘I believe what I see.” Mr B
retorts: ‘He doesn’t see what he doesn’t believe.” From the standpoint of formal logic, it
appears that they have said the same thing; yet from the standpoint of common language,
those statements had the intent and effect of conveying opposite meanings.

Here is a less trivial example, taken from a mathematics textbook. Let L be a straight line
in a plane, and S an infinite set of points in that plane, each of which is projected onto L.
Now consider the following statements:

(I) The projection of the limit is the limit of the projections.
(IT) The limit of the projections is the projection of the limit.

These have the grammatical structures ‘A is B’ and ‘B is A’, and so they might appear
logically equivalent. Yet in that textbook, (I) was held to be true, and (II) not true in general,
on the grounds that the limit of the projections may exist when the limit of the set does not.

As we see from this, in common language — even in mathematics textbooks — we have
learned to read subtle nuances of meaning into the exact phrasing, probably without realizing
it until an example like this is pointed out. We interpret ‘A is B’ as asserting first of all,
as a kind of major premise, that A exists; and the rest of the statement is understood to
be conditional on that premise. Put differently, in common grammar the verb ‘is’ implies
a distinction between subject and object, which the symbol ‘=" does not have in formal
logic or in conventional mathematics. (However, in computer languages we encounter such
statements as ‘J = J + 1°, which everybody seems to understand, but in which the ‘=" sign
has now acquired that implied distinction after all.)

Another amusing example is the old adage ‘knowledge is power’, which is a very cogent
truth, both in human relations and in thermodynamics. An ad writer for a chemical trade
journal® fouled this up into ‘power is knowledge’, an absurd — indeed, obscene — falsity.

These examples remind us that the verb ‘is’ has, like any other verb, a subject and a
predicate; but it is seldom noted that this verb has two entirely different meanings. A person
whose native language is English may require some effort to see the different meanings in
the statements: ‘The room is noisy’ and ‘There is noise in the room’. But in Turkish these
meanings are rendered by different words, which makes the distinction so clear that a visitor

® LC-CG Magazine, March 1988, p. 211.
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who uses the wrong word will not be understood. The latter statement is ontological, assert-
ing the physical existence of something, while the former is epistemological, expressing
only the speaker’s personal perception.

Common language — or, at least, the English language — has an almost universal tendency
to disguise epistemological statements by putting them into a grammatical form which sug-
gests to the unwary an ontological statement. A major source of error in current probability
theory arises from an unthinking failure to perceive this. To interpret the first kind of state-
ment in the ontological sense is to assert that one’s own private thoughts and sensations are
realities existing externally in Nature. We call this the ‘mind projection fallacy’, and note
the trouble it causes many times in what follows. But this trouble is hardly confined to prob-
ability theory; as soon as it is pointed out, it becomes evident that much of the discourse of
philosophers and Gestalt psychologists, and the attempts of physicists to explain quantum
theory, are reduced to nonsense by the author falling repeatedly into the mind projection
fallacy.

These examples illustrate the care that is needed when we try to translate the complex
statements of common language into the simpler statements of formal logic. Of course,
common language is often less precise than we should want in formal logic. But everybody
expects this and is on the lookout for it, so it is less dangerous.

It is too much to expect that our robot will grasp all the subtle nuances of common
language, which a human spends perhaps 20 years acquiring. In this respect, our robot will
remain like a small child — it interprets all statements literally and blurts out the truth without
thought of whom this may offend.

It is unclear to the writer how difficult — and even less clear how desirable — it would be
to design a newer model robot with the ability to recognize these finer shades of meaning.
Of course, the question of principle is disposed of at once by the existence of the human
brain, which does this. But, in practice, von Neumann’s principle applies; a robot designed
by us cannot do it until someone develops a theory of ‘nuance recognition’, which reduces
the process to a definitely prescribed set of operations. This we gladly leave to others.

In any event, our present model robot is quite literally real, because today it is almost
universally true that any nontrivial probability evaluation is performed by a computer. The
person who programmed that computer was necessarily, whether or not they thought of it
that way, designing part of the brain of a robot according to some preconceived notion of
how the robot should behave. But very few of the computer programs now in use satisfy all
our desiderata; indeed, most are intuitive ad hoc procedures that were not chosen with any
well-defined desiderata at all in mind.

Any such adhockery is presumably usable within some special area of application —
that was the criterion for choosing it — but as the proofs of Chapter 2 will show, any
adhockery which conflicts with the rules of probability theory must generate demonstrable
inconsistencies when we try to apply it beyond some restricted area. Our aim is to avoid
this by developing the general principles of inference once and for all, directly from the
requirement of consistency, and in a form applicable to any problem of plausible inference
that is formulated in a sufficiently unambiguous way.
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1.8.2 Nitpicking

As is apparent from the above, in the present work we use the term ‘Boolean algebra’ in its
long-established meaning as referring to two-valued logic in which symbols like ‘A’ stand
for propositions. A compulsive nitpicker has complained to us that some mathematicians
have used the term in a slightly different meaning, in which ‘A’ could refer to a class of
propositions. But the two usages are not in conflict; we recognize the broader meaning, but
just find no reason to avail ourselves of it.

The set of rules and symbols that we have called ‘Boolean algebra’ is sometimes called
‘the propositional calculus’. The term seems to be used only for the purpose of adding that
we need also another set of rules and symbols called ‘the predicate calculus’. However, these
new symbols prove to be only abbreviations for short and familiar phrases. The ‘universal
quantifier’ is only an abbreviation for ‘for all’; the ‘existential quantifier’ is an abbreviation
for ‘thereis a’. If we merely write our statements in plain English, we are using automatically
all of the predicate calculus that we need for our purposes, and doing it more intelligibly.

The validity of the second strong syllogism (in two-valued logic) is sometimes questioned.
However, it appears that in current mathematics it is still considered valid reasoning to say
that a supposed theorem is disproved by exhibiting a counterexample, that a set of statements
is considered inconsistent if we can derive a contradiction from them, and that a proposition
can be established by reductio ad absurdum, deriving a contradiction from its denial. This
is enough for us; we are quite content to follow this long tradition. Our feeling of security in
this stance comes from the conviction that, while logic may move forward in the future, it
can hardly move backward. A new logic might lead to new results about which Aristotelian
logic has nothing to say; indeed, that is just what we are trying to create here. But surely, if
anew logic was found to conflict with Aristotelian logic in an area where Aristotelian logic
is applicable, we would consider that a fatal objection to the new logic.

Therefore, to those who feel confined by two-valued deductive logic, we can say only:
‘By all means, investigate other possibilities if you wish to; and please let us know about it
as soon as you have found a new result that was not contained in two-valued logic or our
extension of it, and is useful in scientific inference.” Actually, there are many different and
mutually inconsistent multiple-valued logics already in the literature. But in Appendix A
we adduce arguments which suggest that they can have no useful content that is not already
in two-valued logic; that is, that an n-valued logic applied to one set of propositions is
either equivalent to a two-valued logic applied to an enlarged set, or else it contains internal
inconsistencies.

Our experience is consistent with this conjecture; in practice, multiple-valued logics
seem to be used not to find new useful results, but rather in attempts to remove supposed
difficulties with two-valued logic, particularly in quantum theory, fuzzy sets, and artificial
intelligence. But on closer study, all such difficulties known to us have proved to be only
examples of the mind projection fallacy, calling for direct revision of the concepts rather
than a new logic.
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The quantitative rules

Probability theory is nothing but common sense reduced to calculation.
Laplace, 1819

We have now formulated our problem, and it is a matter of straightforward mathematics to
work out the consequences of our desiderata, which may be stated broadly as follows:

(D Representation of degrees of plausibility by real numbers;
(II) Qualitative correspondence with common sense;
(III) Consistency.

The present chapter is devoted entirely to deduction of the quantitative rules for inference
which follow from these desiderata. The resulting rules have a long, complicated, and
astonishing history, full of lessons for scientific methodology in general (see the Comments
sections at the end of several chapters).

2.1 The product rule

We first seek a consistent rule relating the plausibility of the logical product AB to the
plausibilities of A and B separately. In particular, let us find AB|C. Since the reasoning is
somewhat subtle, we examine this from several different viewpoints.

As afirst orientation, note that the process of deciding that AB is true can be broken down
into elementary decisions about A and B separately. The robot can

(1) decide that B is true; (B|C)
(2) having accepted B as true, decide that A is true. (A|BC)

Or, equally well,

(1) decide that A is true; (AIC)
(2") having accepted A as true, decide that B is true. (BJAC)

In each case we indicate above the plausibility corresponding to that step.
Now let us describe the first procedure in words. In order for A B to be a true proposition,
itis necessary that B is true. Thus the plausibility B|C should be involved. In addition, if B

24
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is true, it is further necessary that A should be true; so the plausibility A|BC is also needed.
But if B is false, then of course A B is false independently of whatever one knows about A,
as expressed by A|B C; if the robot reasons first about B, then the plausibility of A will be
relevant only if B is true. Thus, if the robot has B|C and A|BC it will not need A|C. That
would tell it nothing about A B that it did not have already.

Similarly, A|B and B|A are not needed; whatever plausibility A or B might have in the
absence of information C could not be relevant to judgments of a case in which the robot
knows that C is true. For example, if the robot learns that the earth is round, then in judging
questions about cosmology today, it does not need to take into account the opinions it might
have (i.e. the extra possibilities that it would need to take into account) if it did not know
that the earth is round.

Of course, since the logical product is commutative, AB = B A, we could interchange A
and B in the above statements; i.e. knowledge of A|C and B|AC would serve equally well
to determine AB|C = BA|C. That the robot must obtain the same value for AB|C from
either procedure is one of our conditions of consistency, desideratum (IIIa).

We can state this in a more definite form. (AB|C) will be some function of B|C and
A|BC:

(AB|C) = F[(B|C), (A|BC)]. 2.1

Now, if the reasoning we went through here is not completely obvious, let us examine some
alternatives. We might suppose, for example, that

(AB|C) = F[(A|C), (B|O)] 2.2

might be a permissible form. But we can show easily that no relation of this form could
satisfy our qualitative conditions of desideratum (II). Proposition A might be very plausible
given C, and B might be very plausible given C; but AB could still be very plausible or
very implausible.

For example, it is quite plausible that the next person you meet has blue eyes and also
quite plausible that this person’s hair is black; and it is reasonably plausible that both are
true. On the other hand it is quite plausible that the left eye is blue, and quite plausible that
the right eye is brown; but extremely implausible that both of those are true. We would have
no way of taking such influences into account if we tried to use a formula of this kind. Our
robot could not reason the way humans do, even qualitatively, with that kind of functional
relation.

But other possibilities occur to us. The method of trying out all possibilities — a kind of
‘proof by exhaustion’ — can be organized as follows. Introduce the real numbers

u=(AB|C), v=(A|C), w=(BJAC), x=(B|C), y=(A|BC). 2.3)

If u is to be expressed as a function of two or more of v, w, x, y, there are 11 possibilities.
You can write out each of them, and subject each one to various extreme conditions, as in
the brown and blue eyes (which was the abstract statement: A implies that B is false). Other
extreme conditions are A = B, A = C, C = A, efc. Carrying out this somewhat tedious
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analysis, Tribus (1969) finds that all but two of the possibilities can exhibit qualitative
violations of common sense in some extreme case. The two which survive are u = F(x, y)
andu = F(w, v), just the two functional forms already suggested by our previous reasoning.

We now apply the qualitative requirement discussed in Chapter 1. Given any change in
the prior information C — C’, such that B becomes more plausible but A does not change,

B|C' > B|C, 2.4)

A|BC' = A|BC, (2.5)
common sense demands that A B could only become more plausible, not less:
AB|C’' > AB|C, (2.6)

with equality if and only if A|BC corresponds to impossibility. Likewise, given prior in-
formation C” such that

B|C" = B|C, 2.7
A|BC" > A|BC, (2.8)

we require that
AB|C" > AB|C, 2.9)

in which the equality can hold only if B is impossible, given C (for then AB might still
be impossible given C”, although A|BC is not defined). Furthermore, the function F(x, y)
must be continuous; for otherwise an arbitrarily small increase in one of the plausibilities
on the right-hand side of (2.1) could result in a large increase in AB|C.

In summary, F'(x, y) must be a continuous monotonic increasing function of both x and y.
If we assume it is differentiable (this is not necessary; see the discussion following (2.13)),
then we have

oF
Fix,y)=—=>0 (2.10a)
0x
with equality if and only if y represents impossibility; and also
oF
F(x,y)= . >0 (2.10b)
y

with equality permitted only if x represents impossibility. Note for later purposes that, in
this notation, F; denotes differentiation with respect to the ith argument of F, whatever it
may be.

Next we impose the desideratum (Illa) of ‘structural’ consistency. Suppose we try to find
the plausibility (A BC|D) that three propositions would be true simultaneously. Because of
the fact that Boolean algebra is associative: ABC = (AB)C = A(BC), we can do this in
two different ways. If the rule is to be consistent, we must get the same result for either
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order of carrying out the operations. We can say first that BC will be considered a single
proposition, and then apply (2.1):

(ABC|D) = F[(BC|D), (A|BCD)], (2.11)
and then in the plausibility (BC|D) we can again apply (2.1) to give
(ABC|D) = F{FI[(C|D),(B|CD)], (A|BCD)}. (2.12a)

But we could equally well have said that AB shall be considered a single proposition at
first. From this we can reason out in the other order to obtain a different expression:

(ABC|D) = F[(C|D), (AB|CD)] = F{(C|D), F[(B|CD), (A|BCD)]}.  (2.12b)

If this rule is to represent a consistent way of reasoning, the two expressions (2.12a) and
(2.12b) must always be the same. A necessary condition that our robot will reason consis-
tently in this case therefore takes the form of a functional equation,

F[F(x,y),z] = Flx, F(y, 2)]. (2.13)

This equation has along history in mathematics, starting from the work of N. H. Abel (1826).
Aczél (1966), in his monumental work on functional equations, calls it, very appropriately,
‘The Associativity Equation’, and lists a total of 98 references to works that discuss it or
use it. Acz€l derives the general solution (2.27), below, without assuming differentiability;
unfortunately, the proof fills 11 pages (pp. 256-267) of his book (see also Aczél, 1987). We
give here the shorter proof by R. T. Cox (1961), which assumes differentiability; see also
the discussion in Appendix B.

It is evident that (2.13) has a trivial solution, F(x, y) = const. But that violates our
monotonicity requirement (2.10), and is in any event useless for our purposes. Unless (2.13)
has a nontrivial solution, this approach will fail; so we seek the most general nontrivial
solution. Using the abbreviations

u=F(x,y), v=F(,2), (2.14)

but still considering (x, y, z) the independent variables, the functional equation to be
solved is

F(x,v) = F(u, 2). (2.15)
Differentiating with respect to x and y we obtain, in the notation of (2.10),

Fi(x,v) = Fi(u, 2)F1(x, y)

(2.16)
F(x,v)Fi(y,z2) = Fi(u, 2)F>2(x, y).

Elimination of F(u, z) from these equations yields

Gx,v)Fi(y,2) =G(x, y) (2.17)
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where we use the notation G(x, y) = F>(x, y)/Fi(x, y). Evidently, the left-hand side of
(2.17) must be independent of z. Now, (2.17) can be written equally well as

G(.X, U)FZ(y’ Z) = G(-xs )’)G(% Z)’ (218)

and denoting the left-hand sides of (2.17), (2.18) by U, V respectively, we verify that
dV/dy = dU/dz. Thus, G(x, y)G(y, z) must be independent of y. The most general func-
tion G(x, y) with this property is

H(x)
H(y)

where r is a constant and the function H(x) is arbitrary. In the present case, G > 0 by
monotonicity of F, and so we require that » > 0, and H(x) may not change sign in the
region of interest. Using (2.19), (2.17) and (2.18) become

Gx,y)=r

(2.19)

F _ B 2.20
1(y,2) = HO) (2.20)
_ H(v)
By, 0=r o) (2.21)
and the relation dv = dF(y, z) = F1dy + F,dz takes the form
dv dy dz
= 2.22
Hw ~ HO)  THE 2:22)
or, on integration,
wlF(y, 2)] = w) = wy)w'(2), (2.23)
where
(x) = / " _dx 224
w(x) = exp 7ol (2.24)

The absence of a lower limit on the integral signifies an arbitrary multiplicative factor in
w. But taking the function w(-) of (2.15) and applying (2.23), we obtain w(x)w"(v) =
w(u)w”(z); applying (2.23) again, our functional equation now reduces to

w)w MW = wE)w (w' (). (2.25)

Thus we obtain a nontrivial solution only if » = 1, and our final result can be expressed in
either of the two forms:

wlF(x, )] = w)w(y) (2.26)
or

F(x,y) = w fw@)w)l. (2.27)
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Associativity and commutativity of the logical product thus require that the relation sought
must take the functional form

w(AB|C) = w(A|BC)w(B|C) = w(B|AC)w(A|C), (2.28)

which we shall call henceforth the product rule. By its construction (2.24), w(x) must be a
positive continuous monotonic function, increasing or decreasing according to the sign of
H (x); at this stage it is otherwise arbitrary.

The result (2.28) has been derived as a necessary condition for consistency in the sense
of desideratum (IITa). Conversely, it is evident that (2.28) is also sufficient to ensure this
consistency for any number of joint propositions. For example, there are an enormous
number of different ways in which (ABCDE FG|H) could be expanded by successive
partitions in the manner of (2.12); but if (2.28) is satisfied, they will all yield the same
result.

The requirements of qualitative correspondence with common sense impose further con-
ditions on the function w(x). For example, in the first given form of (2.28) suppose that
A is certain, given C. Then in the ‘logical environment’ produced by knowledge of C, the
propositions AB and B are the same, in the sense that one is true if and only if the other
is true. By our most primitive axiom of all, discussed in Chapter 1, propositions with the
same truth value must have equal plausibility:

AB|C = B|C, (2.29)
and also we will have
A|BC = A|C (2.30)

because if A is already certain given C (i.e. C implies A), then, given any other information
B which does not contradict C, it is still certain. In this case, (2.28) reduces to

w(B|C) = w(A|C)w(B|C), 2.31)

and this must hold no matter how plausible or implausible B is to the robot. So our function
w(x) must have the property that

certainty is represented by w(A|C) = 1. (2.32)

Now suppose that A is impossible, given C. Then the proposition AB is also impossible
given C:

AB|C = A|C, (2.33)

andif A is already impossible given C (i.e. C implies A), then, given any further information
B which does not contradict C, A would still be impossible:

A|BC = A|C. (2.34)
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In this case, (2.28) reduces to
w(A|C) = w(A|C)w(B|C), (2.35)

and again this equation must hold no matter what plausibility B might have. There are only
two possible values of w(A|C) that could satisfy this condition: it could be zero or 400
(the choice —oo0 is ruled out because then by continuity w(B|C) would have to be capable
of negative values; (2.35) would then be a contradiction).

In summary, qualitative correspondence with common sense requires that w(x) be a
positive continuous monotonic function. It may be either increasing or decreasing. If it
is increasing, it must range from zero for impossibility up to one for certainty. If it is
decreasing, it must range from oo for impossibility down to one for certainty. Thus far, our
conditions say nothing at all about how it varies between these limits.

However, these two possibilities of representation are not different in content. Given any
function w;(x) which is acceptable by the above criteria and represents impossibility by
00, we can define a new function wy(x) = 1/w;(x), which will be equally acceptable and
represents impossibility by zero. Therefore, there will be no loss of generality if we now
adopt the choice 0 < w(x) < 1 as a convention; that is, as far as content is concerned, all
possibilities consistent with our desiderata are included in this form. (As the reader may
check, we could just as well have chosen the opposite convention; and the entire development
of the theory from this point on, including all its applications, would go through equally
well, with equations of a less familiar form but exactly the same content.)

2.2 The sum rule

Since the propositions now being considered are of the Aristotelian logical type which must
be either true or false, the logical product AA is always false, the logical sum A + A always
true. The plausibility that A is false must depend in some way on the plausibility that it is
true. If we define u = w(A|B), v = w(A|B), there must exist some functional relation

v = S(u). (2.36)

Evidently, qualitative correspondence with common sense requires that S(u) be a continuous
monotonic decreasing functionin 0 < u < 1, with extreme values S(0) = 1, S(1) = 0. But
it cannot be just any function with these properties, for it must be consistent with the fact
that the product rule can be written for either AB or AB:

w(AB|C) = w(A|C)w(B|AC) (2.37)
w(AB|C) = w(A|C)w(B|AC). (2.38)

Thus, using (2.36) and (2.38), Eq. (2.37) becomes

(2.39)

w(AB|C) = w(A|C)S[w(B|AC)] = w(A|C)S[w<AB|C>]'

w(A|C)
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Again, we invoke commutativity: w(AB|C) is symmetric in A, B, and so consistency
requires that

AB|C BA|C
wA|C)s| LABION _ L gioys| WBAIC) | (2.40)
w(A|C) w(B|C)
This must hold for all propositions A, B, C; in particular, (2.40) must hold when
B =AD, (2.41)

where D is any new proposition. But then we have the truth values noted before in (1.13):
AB =B, BA =A, (2.42)
and in (2.40) we may write

w(AB|C) = w(B|C) = S[w(B|C)]

_ _ (2.43)
w(BA|C) = w(A|C) = S[w(A|C)].
Therefore, using the abbreviations
x = w(A|C), y = w(B|C), (2.44)
(2.25) becomes a functional equation
S S 0<Sy) <
xS [—(y)} = yS[—(x)], =S =x (2.45)
X y 0<x<l1

which expresses a scaling property that S(x) must have in order to be consistent with the
product rule. In the special case y = 1, this reduces to

S[S(x)] = x, (2.46)

which states that S(x) is a self-reciprocal function; S(x) = S~!(x). Thus, from (2.36) it
follows also that u = S(v). But this expresses only the evident fact that the relationship
between A and A is a reciprocal one; it does not matter which proposition we denote by
the simple letter, which by the barred letter. We noted this before in (1.8); if it had not been
obvious before, we should be obliged to recognize it at this point.

The domain of validity given in (2.45) is found as follows. The proposition D is arbitrary,
and so by various choices of D we can achieve all values of w(D|AC) in

0 < w(D|AC) < 1. (2.47)

But S(y) = w(AD|C) = w(A|C)w(D|AC), and so (2.47) is just (0 < S(y) < x), as stated
in (2.45). This domain is symmetric in x, y; it can be written equally well with them
interchanged. Geometrically, it consists of all points in the xy plane lying in the unit square
(0 <x,y <1)and on or above the curve y = S(x).

Indeed, the shape of that curve is determined already by what (2.45) says for points lying
infinitesimally above it. For if we set y = S(x) + ¢, then as € — 0T two terms in (2.45)
tend to S(1) = 0, but at different rates. Therefore everything depends on the exact way
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in which S(1 — §) tends to zero as § — 0. To investigate this, we define a new variable
q(x, y) by

? =1 —exp{—q}. (2.48)

Then we may choose § = exp{—gq}, define the function J(q) by
S(1 —8) = S(1 —exp{—¢g} = exp{—J(q)}, (2.49)

and find the asymptotic form of J(g) as ¢ — oo.
Considering now x, ¢ as the independent variables, we have from (2.48)

S(y) = S[S(x)] + exp{—¢}S(x)S'[S(x)] + O(exp{—24}). (2.50)
Using (2.46) and its derivative S'[S(x)]S’(x) = 1, this reduces to
S(y)

- = 1 —exp{—(a + ¢)} + O(exp{—2¢g}), (2.51)
where
xS
alx) = 10g|: );(x()x)] >0 (2.52)
With these substitutions, our functional equation (2.45) becomes
X 0<qg <o
J(q+a)—J(q) =log| —— | +log(l —exp{—g}) + O(exp{—2g}),
S(x) 0<x <1
(2.53)

As g — oo the last two terms go to zero exponentially fast, so J(g) must be asymptotically
linear,

J(q) ~ a + bq + O(exp{—q}), (2.54)
with positive slope
b=a"log| — (2.55)
= g S| .

In (2.54) there is no periodic term with period «, because (2.53) must hold for a continuum
of different values of x, and therefore for a continuum of values of a(x). But, by definition,
J is a function of g only, so the right-hand side of (2.55) must be independent of x. This
gives, using (2.52),

X |:—xS’(x)

b
_ ] . 0<b<oo, (2.56)
S(x) S(x)

or, rearranging, S(x) must satisfy the differential equation

§m1ds 4+ x™dx = 0, (2.57)
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where m = 1/b is some positive constant. The only solution of this satisfying S(0) = 1 is

SOx) — sl /m 0<x<l1

(x) =1 —=x")"", (2.58)
0<m< o0

and, conversely, we verify at once that (2.58) is a solution of (2.45).

The result (2.58) was first derived by R. T. Cox (1946) by a different argument which
assumed S(x) twice differentiable. Again, Aczél (1966) derives the same result without
assuming differentiability. (But to assume differentiability in the present application seems
to us a very innocuous step, for if the functional equations had led us to nondifferentiable
functions, we would have rejected this whole theory as a qualitative violation of common
sense.) In any event, (2.58) is the most general function satisfying the functional equation
(2.45) and the left boundary condition S(0) = 1; whereupon we are encouraged to find that
it automatically satisfies the right boundary condition S(1) = 0.

Since our derivation of the functional equation (2.45) used the special choice (2.41) for B,
we have shown thus far only that (2.58) is a necessary condition to satisfy the general con-
sistency requirement (2.40). To check its sufficiency, substitute (2.58) into (2.40). We obtain

w™(A|C) — w™(AB|C) = w"™(B|C) — w"(BA|C), (2.59)

a trivial identity by virtue of (2.28) and (2.38). Therefore, (2.58) is the necessary and
sufficient condition on S(x) for consistency in the sense (2.40).

Our results up to this point can be summarized as follows. Associativity of the logical
product requires that some monotonic function w(x) of the plausibility x = A|B must obey
the product rule (2.28). Our result (2.58) states that this same function must also obey a
sum rule:

w™(A|B) + w"(A|B) =1 (2.60)
for some positive m. Of course, the product rule itself can be written equally well as
w"(AB|C) = w"(A|C)w™(B|AC) = w™(B|C)w™ (A|BC), (2.61)

but then we see that the value of m is actually irrelevant; for whatever value is chosen, we
can define a new function

px) = w"(x), (2.62)

and our rules take the form
P(ABI|C) = p(A|C)p(B|AC) = p(B|C)p(A|BC), (2.63)
p(A|B) + p(A|B) = 1. (2.64)

In fact, this entails no loss of generality, for the only requirement we have imposed on
the function w(x) is that it is a continuous monotonic increasing function ranging from
w = 0 for impossibility to w = 1 for certainty. But if w(x) satisfies this, then so also does
w™(x), 0 < m < oo. Therefore, to say that we could use different values of m does not give
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us any freedom that we did not have already in the arbitrariness of w(x). All possibilities
allowed by our desiderata are contained in (2.63) and (2.64), in which p(x) is any continuous
monotonic increasing function with the range 0 < p(x) < 1.

Are further relations needed to yield a complete set of rules for plausible inference,
adequate to determine the plausibility of any logic function f(Aj,..., A,) from those
of {A|,..., A,}? We have, in the product rule (2.63) and sum rule (2.64), formulas for
the plausibility of the conjunction AB and the negation A. However, we have noted, in the
discussion following (1.23), that conjunction and negation are an adequate set of operations,
from which all logic functions can be constructed.

Therefore, one would conjecture that our search for basic rules should be finished; it
ought to be possible, by repeated applications of the product rule and sum rule, to arrive at
the plausibility of any proposition in the Boolean algebra generated by {A, ..., A,}.

To verify this, we seek first a formula for the logical sum A + B. Applying the product
rule and sum rule repeatedly, we have

P(A+ B|C) =1~ p(AB|C) = 1 — p(A|C)p(B|AC)
=1 - p(A|O)[1 — p(BJAC)] = p(A|C) + p(ABIC) (2.65)
= p(AIC) + p(BIC)p(A|BC) = p(A|C) + p(BIO)[1 — p(A|BC)]

and finally
p(A+ B|C) = p(A|C) + p(B|C) — p(AB|C). (2.66)

This generalized sum rule is one of the most useful in applications. Evidently, the primitive
sum rule (2.64) is a special case of (2.66), with the choice B = A.

Exercise 2.1. Is it possible to find a general formula for p(C|A + B), analogous to
(2.66), from the product and sum rules? If so, derive it; if not, explain why this cannot
be done.

Exercise 2.2. Now suppose we have a set of propositions {Ay, ..., A,} which on in-
formation X are mutually exclusive: p(A; A;|X) = p(A;|X)§;;. Show that p(C|(A; +
Ar + -+ A, X) is a weighted average of the separate plausibilities p(C|A; X):

> p(AilX) p(C|A; X)

Zi p(A;|1X)
(2.67)

pCI(AL + -+ A X)=p(CIA X + A2 X +-- -+ A, X) =

To extend the result (2.66), we noted following (1.17) that any logic function other than the
trivial contradiction can be expressed in disjunctive normal form, as a logical sum of the
basic conjunctions such as (1.17). Now the plausibility of any one of the basic conjunctions
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{Q;, 1 <i <2"} is determined by repeated applications of the product rule; and then
repeated application of (2.66) will yield the plausibility of any logical sum of the Q;. In
fact, these conjunctions are mutually exclusive, so we shall find (see (2.85) below) that this
reduces to a simple sum ), p(Q;|C) of at most (2" — 1) terms.

So, just as conjunction and negation are an adequate set of operations for deductive
logic, the above product and sum rules are an adequate set for plausible inference, in
the following sense. Whenever the background information is enough to determine the
plausibilities of the basic conjunctions, our rules are adequate to determine the plausibility
of every proposition in the Boolean algebra generated by {Ay, ..., A,}. Thus, in the case
n = 4 we need the plausibilities of 2* = 16 basic conjunctions, whereupon our rules will
determine the plausibility of each of the 2'® = 65 536 propositions in the Boolean algebra.

But this is almost always more than we need in a real application; if the background
information is enough to determine the plausibility of a few of the basic conjunctions, this
may be adequate for the small part of the Boolean algebra that is of concern to us.

2.3 Qualitative properties

Now let us check to see how the theory based on (2.63) and (2.64) is related to the theory of
deductive logic and the various qualitative syllogisms from which we started in Chapter 1.
In the first place it is obvious that in the limit as p(A|B) — 0 or p(A|B) — 1, the sum rule
(2.64) expresses the primitive postulate of Aristotelian logic: if A is true, then A must be
false, etc.

Indeed, all of that logic consists of the two strong syllogisms (1.1), (1.2) and all that
follows from them; using now the implication sign (1.14) to state the major premise:

A= B A= B
A is true B is false (2.68)
B is true A is false

and the endless stream of their consequences. If we let C stand for their major premise:
C=A=2B (2.69)
then these syllogisms correspond to our product rule (2.63) in the forms
AB|C - ABI|C
PABIC) — ABC) = PABIO) (2.70)
p(A|C) p(B|C)

respectively. But from (2.68) we have p(AB|C) = p(A|C) and p(AE|C) = 0, and so0 (2.70)
reduces to

pP(BIAC) =

p(BIAC)=1,  p(A|BC)=0, Q271

as stated in the syllogisms (2.68). Thus the relation is simply: Aristotelian deductive logic
is the limiting form of our rules for plausible reasoning, as the robot becomes more and
more certain of its conclusions.
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But our rules have also what is not contained in deductive logic: a quantitative form of the
weak syllogisms (1.3) and (1.4). To show that those original qualitative statements always
follow from the present rules, note that the first weak syllogism

A= B

B is true (2.72)

therefore, A becomes more plausible

corresponds to the product rule (2.63) in the form

p(B|AC)
p(AIBC) = p(AlO)" 2 2.73)
p(B|C)
But from (2.68), p(B|AC) = 1, and since p(B|C) < 1, (2.73) gives
pP(A|BC) = p(A|C), (2.74)
as stated in the syllogism. Likewise, the syllogism (1.4)
A= B
A is false (2.75)
therefore, B becomes less plausible
corresponds to the product rule in the form
= p(A|BC)
P(BIAC) = p(BIC)—=——. (2.76)
P(A|C)
But from (2.74) it follows that p(KlBC) < p(Z|C); and so (2.76) gives
p(BIAC) < p(B|C), (2.77)

as stated in the syllogism.

Finally, the policeman’s syllogism (1.5), which seemed very weak when stated abstractly,
is also contained in our product rule, stated in the form (2.73). Letting C now stand for the
background information (not noted explicitly in (1.5) because the need for it was not yet ap-
parent), the major premise, ‘If A is true, then B becomes more plausible’, now takes the form

P(BIAC) > p(B|C), (2.78)
and (2.73) gives at once
P(A|BC) > p(A|C), (2.79)

as stated in the syllogism.

Now we have more than the mere qualitative statement (2.79). In Chapter 1 we wondered,
without answering: What determines whether the evidence B elevates A almost to certainty,
or has a negligible effect on its plausibility? The answer from (2.73) is that, since p(B|AC)
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cannot be greater than unity, a large increase in the plausibility of A can occur only when
p(B|C) is very small. Observing the gentleman’s behavior (B) makes his guilt (A) seem
virtually certain, because that behavior is otherwise so very unlikely on the background
information; no policeman has ever seen an innocent person behaving that way. On the
other hand, if knowing that A is true can make only a negligible increase in the plausibility
of B, then observing B can in turn make only a negligible increase in the plausibility of A.

We could give many more comparisons of this type; indeed, the complete qualitative
correspondence of these rules with common sense has been noted and demonstrated by
many writers, including Keynes (1921), Jeffreys (1939), Pélya (1945, 1954), R. T. Cox
(1961), Tribus (1969), de Finetti (1974a,b), and Rosenkrantz (1977). The treatment of
Pélya was described briefly in our Preface and Chapter 1, and we have just recounted that
of Cox more fully. However, our aim now is to push ahead to quantitative applications; so
we return to the basic development of the theory.

2.4 Numerical values

We have found so far the most general consistent rules by which our robot can manipulate
plausibilities, granted that it must associate them with real numbers, so that its brain can
operate by the carrying out of some definite physical process. While we are encouraged by
the familiar formal appearance of these rules and their qualitative properties just noted, two
evident circumstances show that our job of designing the robot’s brain is not yet finished.

In the first place, while the rules (2.63), (2.64) place some limitations on how plau-
sibilities of different propositions must be related to each other, it would appear that
we have not yet found any unique rules, but rather an infinite number of possible rules
by which our robot can do plausible reasoning. Corresponding to every different choice
of a monotonic function p(x), there seems to be a different set of rules, with different
content.

Secondly, nothing given so far tells us what actual numerical values of plausibility should
be assigned at the beginning of a problem, so that the robot can get started on its calculations.
How is the robot to make its initial encoding of the background information into definite
numerical values of plausibilities? For this we must invoke the ‘interface’ desiderata (IIIb),
(IIIc) of (1.39), not yet used.

The following analysis answers both of these questions, in a way both interesting and
unexpected. Let us ask for the plausibility (A; + A, + Az|B) that at least one of three
propositions {A, A;, A3} is true. We can find this by two applications of the extended sum
rule (2.66), as follows. The first application gives

P(A1 + Az + A3|B) = p(A1 + Az2|B) + p(A3|B) — p(A1As + A2As3|B) (2.80)
where we first considered (A + A») as a single proposition, and used the logical relation

(A] + A2)As = A A; + ArAs. (2.81)
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Applying (2.66) again, we obtain seven terms which can be grouped as follows:

p(A| + Ay + A3|B) = p(A(|B) + p(Az2|B) + p(As3|B)
— p(AAz|B) — p(A2A3|B) — p(A3A(|B) (2.82)
+ p(A1A2A3|B).

Now suppose these propositions are mutually exclusive; i.e. the evidence B implies that no
two of them can be true simultaneously:

P(AiAj|B) = p(AilB)Si;. (2.83)

Then the last four terms of (2.82) vanish, and we have

P(A1 + Az + A3|B) = p(A1|B) + P(Az|B) + P(A3]B). (2.84)

Adding more propositions Ay, As, etc., it is easy to show by induction that if we have n
mutually exclusive propositions {A, ..., A,}, (2.84) generalizes to

P(Ai+---+AulB)=)_ p(AilB), 1<m<n, (2.85)

i=1
a rule which we will be using constantly from now on.

In conventional expositions, Eq. (2.85) is usually introduced first as the basic but, as far
as one can see, arbitrary axiom of the theory. The present approach shows that this rule
is deducible from simple qualitative conditions of consistency. The viewpoint which sees
(2.85) as the primitive, fundamental relation is one which we are particularly anxious to
avoid (see Comments section at the end of this chapter).

Now suppose that the propositions {Ay, ..., A,} are not only mutually exclusive but also
exhaustive; i.e. the background information B stipulates that one and only one of them must
be true. In that case, the sum (2.85) for m = n must be unity:

> p(AilB) = 1. (2.86)
i=1

This alone is not enough to determine the individual numerical values p(A;|B). Depending
on further details of the information B, many different choices might be appropriate, and in
general finding the p(A;|B) by logical analysis of B can be a difficult problem. It is, in fact,
an open-ended problem, since there is no end to the variety of complicated information that
might be contained in B; and therefore no end to the complicated mathematical problems
of translating that information into numerical values of p(A;|B). As we shall see, this is
one of the most important current research problems; every new principle we can discover
for translating information B into numerical values of p(A;|B) will open up a new class of
useful applications of this theory.

There is, however, one case in which the answer is particularly simple, requiring only
direct application of principles already given. But we are entering now into a very delicate
area, a cause of confusion and controversy for over a century. In the early stages of this
theory, as in elementary geometry, our intuition runs so far ahead of logical analysis that
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the point of the logical analysis is often missed. The trouble is that intuition leads us to
the same final conclusions far more quickly, but without any correct appreciation of their
range of validity. The result has been that the development of this theory has been retarded
for some 150 years because various workers have insisted on debating these issues on the
basis, not of demonstrative arguments, but of their conflicting intuitions.

At this point, therefore, we must ask the reader to suppress all intuitive feelings you may
have, and allow yourself to be guided solely by the following logical analysis. The point we
are about to make cannot be developed too carefully; and, unless it is clearly understood,
we will be faced with tremendous conceptual difficulties from here on.

Consider two different problems. Problem I is the one just formulated: we have a given
set of mutually exclusive and exhaustive propositions {Ay, ..., A,} and we seek to evaluate
p(A;|B);. Problem II differs in that the labels A, A, of the first two propositions have been
interchanged. These labels are, of course, entirely arbitrary; it makes no difference which
proposition we choose to call A; and which A;. In Problem II, therefore, we also have a set

of mutually exclusive and exhaustive propositions {A], ..., A}, }, given by
A/l = Az,
A, = Ay, (2.87)

A=Ay, 3<k<n,

and we seek to evaluate the quantities p(A|B);;, i = 1,2,...,n.

In interchanging the labels, we have generated a different but closely related problem. It
is clear that, whatever state of knowledge the robot had about A; in Problem I, it must have
the same state of knowledge about A), in Problem II, for they are the same proposition, the
given information B is the same in both problems, and it is contemplating the same totality
of propositions {Aj, ..., A,} in both problems. Therefore we must have

p(A11B); = p(A3| B, (2.88)
and similarly
p(A2|B); = p(A{|B);. (2.89)

We will call these the transformation equations. They describe only how the two problems
are related to each other, and therefore they must hold whatever the information B might
be; in particular, however plausible or implausible the propositions A;, A, might seem to
the robot in Problem I.

Now suppose that information B is indifferent between propositions A; and A,; i.e.
if it says something about one, it says the same thing about the other, and so it contains
nothing that would give the robot any reason to prefer either one over the other. In this
case, Problems I and II are not merely related, but entirely equivalent; i.e. the robot is in
exactly the same state of knowledge about the set of propositions {A], ..., A} } in Problem
I, including their labeling, as it is about the set {A, ..., A,} in Problem 1.

Now we invoke our desideratum of consistency in the sense (IIlc) in (1.39). This stated that
equivalent states of knowledge must be represented by equivalent plausibility assignments.
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In equations, this statement is
P(Ai|B)r = p(A[|B)r, i=12...,n, (2.90)

which we shall call the symmetry equations. But now, combining (2.88), (2.89), and (2.90),
we obtain

p(Ai|B); = p(Az|B);. (2.91)

In other words, propositions A; and A, must be assigned equal plausibilities in Problem I
(and, of course, also in Problem II).

At this point, depending on your personality and background in this subject, you will
be either greatly impressed or greatly disappointed by the result (2.91). The argument we
have just given is the first ‘baby’ version of the group invariance principle for assigning
plausibilities; it will be extended greatly in Chapter 6, when we consider the general problem
of assigning ‘noninformative priors’.

More generally, let {A7, ..., A}} be any permutation of {A}, ..., A,} and let Problem III
be that of determining the p(A/|B). If the permutation is such that A} = A;, there will be
n transformation equations of the form

P(Ai|B); = p(A{|B)i11 (2.92)

which show how Problems I and III are related to each other; these relations will hold
whatever the given information B.

But if information B is now indifferent between all the propositions A;, then the robot
is in exactly the same state of knowledge about the set of propositions {Af, ..., A’} in
Problem III as it was about the set {A;, ..., A,} in Problem I; and again our desidera-
tum of consistency demands that it assign equivalent plausibilities in equivalent states of
knowledge, leading to the n symmetry conditions

p(Ax|B); = p(A{1B)11r, k=1,2,....n. (2.93)
From (2.92) and (2.93) we obtain n equations of the form
P(AilB); = p(Ak|B);. (2.94)

Now, these relations must hold whatever the particular permutation we used to define Prob-
lem III. There are n! such permutations, and so there are actually n! equivalent problems
among which, for given i, the index k will range over all of the (n — 1) others in (2.94).
Therefore, the only possibility is that all of the p(A;|B); be equal (indeed, this is re-
quired already by consideration of a single permutation if it is cyclic of order n). Since the
{Aq, ..., A,} are exhaustive, (2.86) will hold, and the only possibility is therefore

p(A;|B); = % (1<i<n), (2.95)

and we have finally arrived at a set of definite numerical values! Following Keynes (1921),
we shall call this result the principle of indifference.
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Perhaps, in spite of our admonitions, the reader’s intuition had already led to just this
conclusion, without any need for the rather tortuous reasoning we have just been through.
If so, then at least that intuition is consistent with our desiderata. But merely writing down
(2.95) intuitively gives one no appreciation of the importance and uniqueness of this result.
To see the uniqueness, note that if the robot were to assign any values different from (2.95),
then by a mere permutation of labels we could exhibit a second problem in which the robot’s
state of knowledge is the same, but in which it is assigning different plausibilities.

To see the importance, note that (2.95) actually answers both of the questions posed
at the beginning of this section. It shows — in one particular case which can be greatly
generalized — how the information given the robot can lead to definite numerical values,
so that a calculation can start. But it also shows something even more important because it
is not at all obvious intuitively; the information given the robot determines the numerical
values of the quantities p(x) = p(A;|B), and not the numerical values of the plausibilities
x = A;|B from which we started. This, also, will be found to be true in general.

Recognizing this gives us a beautiful answer to the first question posed at the beginning
of this section; after having found the product and sum rules, it still appeared that we had not
found any unique rules of reasoning, because every different choice of a monotonic function
p(x) would lead to a different set of rules (i.e. a set with different content). But now we see
that no matter what function p(x) we choose, we shall be led to the same result (2.95), and
the same numerical value of p. Furthermore, the robot’s reasoning processes can be carried
out entirely by manipulation of the quantities p, as the product and sum rules show; and the
robot’s final conclusions can be stated equally well in terms of the p’s instead of the x’s.

So, we now see that different choices of the function p(x) correspond only to different
ways we could design the robot’s internal memory circuits. For each proposition A; about
which it is to reason, it will need a memory address in which it stores some number
representing the degree of plausibility of A;, on the basis of all the data it has been given.
Of course, instead of storing the number p; it could equally well store any strict monotonic
function of p;. But no matter what function it used internally, the externally observable
behavior of the robot would be just the same.

As soon as we recognize this, it is clear that, instead of saying that p(x) is an arbitrary
monotonic function of x, it is much more to the point to turn this around and say that:

The plausibility x = A|B is an arbitrary monotonic function of p,
definedin (0 < p <1).

Itis p that is rigidly fixed by the data, not x.

The question of uniqueness is therefore disposed of automatically by the result (2.95);
in spite of first appearances, there is actually only one consistent set of rules by which our
robot can do plausible reasoning, and, for all practical purposes, the plausibilities x = A|B
from which we started have faded entirely out of the picture! We will just have no further
use for them.

Having seen that our theory of plausible reasoning can be carried out entirely in terms
of the quantities p, we finally introduce their technical names; from now on, we will call
these quantities probabilities. The word ‘probability’ has been studiously avoided up to this
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point, because, whereas the word does have a colloquial meaning to the proverbial ‘man
on the street’, it is for us a technical term, which ought to have a precise meaning. But
until it had been demonstrated that these quantities are uniquely determined by the data of
a problem, we had no grounds for supposing that the quantities p were possessed of any
precise meaning.

We now see that the quantities p define a particular scale on which degrees of plausibility
can be measured. Out of all possible monotonic functions which could, in principle, serve
this purpose equally well, we choose this particular one, not because it is more ‘correct’,
but because it is more convenient; i.e. it is the quantities p that obey the simplest rules of
combination, the product and sum rules. Because of this, numerical values of p are directly
determined by our information.

This situation is analogous to that in thermodynamics, where out of all possible empirical
temperature scales 7, which are monotonic functions of each other, we finally decide to use
the Kelvin scale T'; not because it is more ‘correct’ than others but because it is more
convenient; i.e. the laws of thermodynamics take their simplest form [dU = TdS — PdV,
dG = —8dT + VdP, etc.] in terms of this particular scale. Because of this, numerical
values of temperatures on the kelvin scale are ‘rigidly fixed’ in the sense of being directly
measurable in experiments, independently of the properties of any particular substance like
water or mercury.

Another rule, equally appealing to our intuition, follows at once from (2.95). Consider
the traditional ‘Bernoulli urn’ of probability theory; ours is known to contain ten balls of
identical size and weight, labeled {1, 2, ..., 10}. Three balls (numbers 4, 6, 7) are black,
the other seven are white. We are to shake the urn and draw one ball blindfolded. The
background information B in (2.95) consists of the statements in the last two sentences.
What is the probability that we draw a black one?

Define the propositions: A; = ‘the ith ball is drawn’, (1 < i < 10). Since the background
information is indifferent to these ten possibilities, (2.95) applies, and the robot assigns

1
p(AilB) = 10’ 1 <i<l0. (2.96)

The statement that we draw a black ball is that we draw number 4, 6, or 7,

p(black|B) = p(A4 + Ag + Aq|B). (2.97)

But these are mutually exclusive propositions (i.e. they assert mutually exclusive events),
so (2.85) applies, and the robot’s conclusion is

3
black|B) = —, 2.98
p(black|B) = -o (2.98)

as intuition had told us already. More generally, if there are N such balls, and the proposition
A is defined to be true on any specified subset of M of them, (0 < M < N), false on the
rest, we have

Apy =Y 2.99
P(AlB) = = (2.99)
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This was the original mathematical definition of probability, as given by James Bernoulli
(1713) and used by most writers for the next 150 years. For example, Laplace’s great Théorie
Analytique des Probabilités (1812) opens with this sentence:

The Probability for an event is the ratio of the number of cases favorable to it, to the number of all
cases possible when nothing leads us to expect that any one of these cases should occur more than
any other, which renders them, for us, equally possible.

Exercise 2.3. Assoon as we have the numerical valuesa = P(A|C)andb = P(B|C),
the product and sum rules place some limits on the possible numerical values for their
conjunction and disjunction. Supposing that a < b, show that the probability for the
conjunction cannot exceed that of the least probable proposition: 0 < P(AB|C) < a,
and the probability for the disjunction cannot be less than that of the most prob-
able proposition: b < P(A + B|C) < 1. Then show that, if a + b > 1, there is a
stronger inequality for the conjunction; and if a + b < 1 there is a stronger one for
the disjunction. These necessary general inequalities are helpful in detecting errors in
calculations.

2.5 Notation and finite-sets policy

Now we can introduce the notation to be used in the remainder of this work (discussed more
fully in Appendix B). Henceforth, our formal probability Symbols, will use the capital P:

P(A|B), (2.100)

which signifies that the arguments are propositions. Probabilities whose arguments are
numerical values are generally denoted by other functional symbols, such as

S (rinp), (2.101)

which denote ordinary mathematical functions. The reason for making this distinction is to
avoid ambiguity in the meaning of our symbols, which has been a recent problem in this
field. However, in agreement with the customary loose notation in the existing literature,
we sometimes relax our standards enough to allow the probability symbols with small
p: p(x|y) or p(A|B) or p(x|B) to have arguments which can be either propositions or
numerical values, in any mix. Thus the meaning of expressions with small p can be judged
only from the surrounding context.

It is very important to note that our consistency theorems have been established only
for probabilities assigned on finite sets of propositions. In principle, every problem must
start with such finite-set probabilities; extension to infinite sets is permitted only when this
is the result of a well-defined and well-behaved limiting process from a finite set. More
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generally, in any mathematical operations involving infinite sets, the safe procedure is the
finite-sets policy:
Apply the ordinary processes of arithmetic and analysis only to expressions with a finite
number of terms. Then, after the calculation is done, observe how the resulting finite
expressions behave as the number of terms increases indefinitely.
In laying down this rule of conduct, we are only following the policy that mathematicians
from Archimedes to Gauss have considered clearly necessary for nonsense avoidance in
all of mathematics. But, more recently, the popularity of infinite-set theory and measure
theory have led some to disregard it and seek shortcuts which purport to use measure theory
directly. Note, however, that this rule of conduct is consistent with the original Lebesgue
definition of measure, and when a well-behaved limit exists it leads us automatically to
correct ‘measure theoretic’ results. Indeed, this is how Lebesgue found his first results.

The danger is that the present measure theory notation presupposes the infinite limit
already accomplished, but contains no symbol indicating which limiting process was used.
Yet, as noted in our Preface, different limiting Processes — equally well-behaved — lead in
general to different results. When there is no well-behaved limit, any attempt to go directly
to the limit can result in nonsense, the cause of which cannot be seen as long as one looks
only at the limit, and not at the limiting process.

This little ‘sermon’ is an introduction to Chapter 15 on infinite-set paradoxes, where we
shall see some of the results that have been produced by those who ignored this rule of
conduct, and tried to calculate probabilities directly on an infinite set without considering
any limit from a finite set. The results are at best ambiguous, at worst nonsensical.

2.6 Comments

It has taken us two chapters of close reasoning to get back to the point (2.99) from which
Laplace started some 180 years ago. We shall try to understand the intervening period, as a
weird episode of history, throughout the rest of the present work. The story is so complicated
that we can unfold it only gradually, over the next ten chapters. To make a start on this,
let us consider some of the questions often raised about the use of probability theory as an
extension of logic.

2.6.1 ‘Subjective’ vs. ‘objective’

These words are abused so much in probability theory that we try to clarify our use of them.
In the theory we are developing, any probability assignment is necessarily ‘subjective’
in the sense that it describes only a state of knowledge, and not anything that could be
measured in a physical experiment. Inevitably, someone will demand to know: ‘Whose
state of knowledge?” The answer is always: ‘That of the robot — or of anyone else who is
given the same information and reasons according to the desiderata used in our derivations
in this chapter.’

Anyone who has the same information, but comes to a different conclusion than our robot,
is necessarily violating one of those desiderata. While nobody has the authority to forbid
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such violations, it appears to us that arational person, should he discover that he was violating
one of them, would wish to revise his thinking (in any event, he would surely have difficulty
in persuading anyone else, who was aware of that violation, to accept his conclusions).

Now, it was just the function of our interface desiderata (IIb), (ITlc) to make these prob-
ability assignments completely ‘objective’ in the sense that they are independent of the
personality of the user. They are a means of describing (or, what is the same thing, of
encoding) the information given in the statement of a problem, independently of whatever
personal feelings (hopes, fears, value judgments, etc.) you or I might have about the propo-
sitions involved. It is ‘objectivity’ in this sense that is needed for a scientifically respectable
theory of inference.

2.6.2 Godel’s theorem

To answer another inevitable question, we recapitulate just what has and what has not been
proved in this chapter. The main constructive requirement which determined our product
and sum rules was the desideratum (IIla) of ‘structural consistency’. Of course, this does
not mean that our rules have been proved consistent; it means only that any other rules
which represent degrees of plausibility by real numbers, but which differ in content from
ours, will lead necessarily either to inconsistencies or violations of our other desiderata.

A famous theorem of Kurt Godel (1931) states that no mathematical system can provide
a proof of its own consistency. Does this prevent us from ever proving the consistency of
probability theory as logic? We are not prepared to answer this fully, but perhaps we can
clarify the situation a little.

Firstly, let us be sure that ‘inconsistency’ means the same thing to us and to a logician.
What we had in mind was that if our rules were inconsistent, then it would be possible
to derive contradictory results from valid application of them; for example, by applying
the rules in two equally valid ways, one might be able to derive both P(A|BC) = 1/3 and
P(A|BC) =2/3. Cox’s functional equations sought to guard against this. Now, when a
logician says that a system of axioms {A, A,, ..., A,} is inconsistent, he means that a
contradiction can be deduced from them; i.e. some proposition Q and its denial Q are both
deducible. Indeed, this is not really different from our meaning.

To understand the above Godel result, the essential point is the principle of ele-
mentary logic that a contradiction A A implies all propositions, true and false. (Given
any two propositions A and B, we have A = (A + B), therefore A A = A(A+ B) =
AA+AB= B)Thenlet A={A}, A,, ..., A,} be the system of axioms underlying a
mathematical theory and T any proposition, or theorem, deducible from them:'

A=T. (2.102)

! In Chapter 1 we noted the tricky distinction between the weak property of formal implication and the strong one of logical
deducibility; by ‘implications of a proposition C’ we really mean ‘propositions logically deducible from C and the totality of
other background information’. Conventional expositions of Aristotelian logic are, in our view, flawed by their failure to make
explicit mention of background information, which is usually essential to our reasoning, whether inductive or deductive. But, in
the present argument, we can understand A as including all the propositions that constitute that background information; then
‘implication’ and ‘logical deducibility’ are the same thing.
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Now, whatever T may assert, the fact that 7' can be deduced from the axioms cannot prove
that there is no contradiction in them, since, if there were a contradiction, 7' could certainly
be deduced from them!

This is the essence of the Godel theorem, as it pertains to our problems. As noted by Fisher
(1956), it shows us the intuitive reason why Godel’s result is true. We do not suppose that
any logician would accept Fisher’s simple argument as a proof of the full Godel theorem;
yet for most of us it is more convincing than Godel’s long and complicated proof.?

Now suppose that the axioms contain an inconsistency. Then the opposite of T and
therefore the contradiction 7' T can also be deduced from them:

A=T. (2.103)

So, if there is an inconsistency, its existence can be proved by exhibiting any proposition
T and its opposite 7 that are both deducible from the axioms. However, in practice it may
not be easy to find a 7' for which one sees how to prove both 7' and 7.

Evidently, we could prove the consistency of a set of axioms if we could find a feasible
procedure which is guaranteed to locate an inconsistency if one exists; so Godel’s theorem
seems to imply that no such procedure exists. Actually, it says only that no such procedure
derivable from the axioms of the system being tested exists.

We shall find that probability theory comes close to this; it is a powerful analytical tool
which can search out a set of propositions and detect a contradiction in them if one exists.
The principle is that probabilities conditional on contradictory premises do not exist (the
hypothesis space is reduced to the empty set). Therefore, put our robot to work; i.e. write
a computer program to calculate probabilities p(B|E) conditional on a set of propositions
E =(E| E, ... E,). Even though no contradiction is apparent from inspection, if there is
a contradiction hidden in E, the computer program will crash.

We discovered this ‘empirically’, and, after some thought, realized that it is not a reason
for dismay, but rather a valuable diagnostic tool that warns us of unforeseen special cases
in which our formulation of a problem can break down.

If the computer program does not crash, but prints out valid numbers, then we know that
the conditioning propositions E; are mutually consistent, and we have accomplished what
one might have thought to be impossible in view of Godel’s theorem. But of course our use
of probability theory appeals to principles not derivable from the propositions being tested,
so there is no difficulty; it is important to understand what Godel’s theorem does and does
not prove.

When Godel’s theorem first appeared, with its more general conclusion that a mathe-
matical system may contain certain propositions that are undecidable within that system,
it seems to have been a great psychological blow to logicians, who saw it at first as a dev-
astating obstacle to what they were trying to achieve. Yet a moment’s thought shows us

2 The 1957 edition of Harold Jeffreys’ Scientific Inference (see Jeffreys, 1931) has a short summary of Gédel’s original reasoning
which is far clearer and easier to read than any other ‘explanation” we have seen. The full theorem refers to other matters of
concern in 1931 but of no interest to us right now; the above discussion has abstracted the part of it that we need to understand
for our present purposes.
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that many quite simple questions are undecidable by deductive logic. There are situations
in which one can prove that a certain property must exist in a finite set, even though it is
impossible to exhibit any member of the set that has that property. For example, two persons
are the sole witnesses to an event; they give opposite testimony about it and then both die.
Then we know that one of them was lying, but it is impossible to determine which one.

In this example, the undecidability is not an inherent property of the proposition or the
event; it signifies only the incompleteness of our own information. But this is equally true
of abstract mathematical systems; when a proposition is undecidable in such a system, that
means only that its axioms do not provide enough information to decide it. But new axioms,
external to the original set, might supply the missing information and make the proposition
decidable after all.

In the future, as science becomes more and more oriented to thinking in terms of informa-
tion content, Godel’s result will be seen as more of a platitude than a paradox. Indeed, from
our viewpoint ‘undecidability’ merely signifies that a problem is one that calls for inference
rather than deduction. Probability theory as extended logic is designed specifically for such
problems.

These considerations seem to open up the possibility that, by going into a wider field by
invoking principles external to probability theory, one might be able to prove the consistency
of our rules. At the moment, this appears to us to be an open question.

Needless to say, no inconsistency has ever been found from correct application of our
rules, although some of our calculations will put them to a severe test. Apparent inconsis-
tencies have always proved, on closer examination, to be misapplications of the rules. On
the other hand, guided by Cox’s theorems, which tell us where to look, we have never had
the slightest difficulty in exhibiting the inconsistencies in the ad hoc rules which abound
in the literature, which differ in content from ours and whose sole basis is the intuitive
judgment of their inventors. Examples are found throughout this book, but particularly in
Chapters 5, 15, and 17.

2.6.3 Venn diagrams

Doubtless, some readers will ask, ‘After the rather long and seemingly unmotivated deriva-
tion of the extended sum rule (2.66), which in our new notation now takes the form

P(A 4 B|C) = P(A|C) + P(B|C) — P(AB|C), (2.104)

why did we not illustrate it by the Venn diagram? That makes its meaning so much clearer.’
(Here we draw two circles labeled A and B, with intersection labeled A B, all within a
circle C.)

The Venn diagram is indeed a useful device, illustrating — in one special case — why
the negative term appears in (2.104). But it can also mislead, because it suggests to our
intuition more than the actual content of (2.104). Looking at the Venn diagram, we are
encouraged to ask, “What do the points in the diagram mean?’ If the diagram is intended to
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illustrate (2.104), then the probability for A is, presumably, represented by the area of circle
A; for then the total area covered by circles A, B is the sum of their separate areas, minus
the area of overlap, corresponding exactly to (2.104).

Now, the circle A can be broken down into nonoverlapping subregions in many different
ways; what do these subregions mean? Since their areas are additive, if the Venn diagram
is to remain applicable they must represent a refinement of A into the disjunction of some
mutually exclusive subpropositions. We can — if we have no mathematical scruples about
approaching infinite limits — imagine this subdivision carried down to the individual points
in the diagram. Therefore these points must represent some ultimate ‘elementary’ proposi-
tions w; into which A can be resolved.? Of course, consistency then requires us to suppose
that B and C can also be resolved into these same propositions w;.

We have already jumped to the conclusion that the propositions to which we assign
probabilities correspond to sets of points in some space, that the logical disjunction A + B
stands for the union of the sets, the conjunction A B for their intersection, and that the prob-
abilities are an additive measure over those sets. But the general theory we are developing
has no such structure; all these things are properties only of the Venn diagram.

In developing our theory of inference we have taken special pains to avoid restrictive
assumptions which would limit its scope; it is to apply, in principle, to any propositions
with unambiguous meaning. In the special case where those propositions happen to be
statements about sets, the Venn diagram is an appropriate illustration of (2.104). But most
of the propositions about which we reason, for example,

A = it will rain today, (2.105)

B = the roof will leak, (2.106)

are simply declarative statements of fact, which may or may not be resolvable into a dis-
junction of more elementary propositions within the context of our problem.

Of course, one can always force such a resolution by introducing irrelevancies; for ex-
ample, even though the above-defined B has nothing to do with penguins, we could still
resolve it into the disjunction

B = BC, + BC,+ BC3 +---+ BCy, (2.107)

where C; = the number of penguins in Antarctica is k. By choosing N sufficiently large,
we will surely be making a valid statement of Boolean algebra; but this is idle, and it cannot
help us to reason about a leaky roof.

Even if a meaningful resolution exists in our problem, it may not be of any use to us.
For example, the proposition ‘rain today’ could be resolved into an enumeration of every
conceivable trajectory of each individual raindrop; but we do not see how this could help a
meteorologist trying to forecast rain. In real problems, there is a natural end to this resolving,
beyond which it serves no purpose and degenerates into an empty formal exercise. We shall

3 A physicist refuses to call them ‘atomic’ propositions, for obvious reasons.
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give an explicit demonstration of this later (Chapter 8), in the scenario of ‘Sam’s broken
thermometer’: does the exact way in which it broke matter for the conclusions that Sam
should draw from his corrupted data?

In some cases there is a resolution so relevant to the context of the problem that it
becomes a useful calculational device; Eq. (2.98) was a trivial example. We shall be glad
to take advantage of this whenever we can, but we cannot expect it in general.

Even when both A and B can be resolved in a way meaningful and useful in our problem,
it would seldom be the case that they are resolvable into the same set of elementary propo-
sitions w;. And we always reserve the right to enlarge our context by introducing more
propositions D, E, F, ... into the discussion; and we could hardly ever expect that all of
them would continue to be expressible as disjunctions of the same original set of elementary
propositions w;. To assume this would be to place a quite unnecessary restriction on the
generality of our theory.

Therefore, the conjunction A B should be regarded simply as the statement that both A and
B are true; it is a mistake to try to read any more detailed meaning, such as an intersection
of sets, into it in every problem. Then p(AB|C) should also be regarded as an elementary
quantity in its own right, not necessarily resolvable into a sum of still more elementary ones
(although if it is so resolvable this may be a good way of calculating it). We have adhered
to the original notation A 4+ B, AB of Boole, instead of the more common A vV B, A A B,
or AU B, AN B, which everyone associates with a set theory context, in order to head off
this confusion as much as possible.

So, rather than saying that the Venn diagram justifies or explains (2.104), we prefer to
say that (2.104) explains and justifies the Venn diagram, in one special case. But the Venn
diagram has played a major role in the history of probability theory, as we note next.

2.6.4 The ‘Kolmogorov axioms’

In 1933, A. N. Kolmogorov presented an approach to probability theory phrased in the
language of set theory and measure theory (Kolmogorov, 1933). This language was just
then becoming so fashionable that today many mathematical results are named, not for
the discoverer, but for the one who first restated them in that language. For example, in
the theory of continuous groups the term ‘Hurwitz invariant integral’ disappeared, to be
replaced by ‘Haar measure’. Because of this custom, some modern works — particularly by
mathematicians — can give one the impression that probability theory started with
Kolmogorov.

Kolmogorov formalized and axiomatized the picture suggested by the Venn diagram,
which we have just described. At first glance, this system appears so totally different
from ours that some discussion is needed to see the close relationship between them. In
Appendix A we describe the Kolmogorov system and show that, for all practical pur-
poses, the four axioms concerning his probability measure, first stated arbitrarily (for which
Kolmogorov has been criticized), have all been derived in this chapter as necessary to meet
our consistency requirements. As a result, we shall find ourselves defending Kolmogorov
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against his critics on many technical points. The reader who first learned probability theory
on the Kolmogorov basis is urged to read Appendix A at this point.

Our system of probability, however, differs conceptually from that of Kolmogorov in
that we do not interpret propositions in terms of sets, but we do interpret probability distri-
butions as carriers of incomplete information. Partly as a result, our system has analytical
resources not present at all in the Kolmogorov system. This enables us to formulate and solve
many problems — particularly the so-called ‘ill posed” problems and ‘generalized inverse’
problems — that would be considered outside the scope of probability theory according to
the Kolmogorov system. These problems are just the ones of greatest interest in current
applications.



3

Elementary sampling theory

At this point, the mathematical material we have available consists of the basic product and
sum rules

P(AB|C) = P(A|BC)P(B|C) = P(B|AC)P(A|C) 3.1)

P(A|B)+ P(A|B) =1 (3.2)
from which we derived the extended sum rule
P(A+ B|C) = P(A|C)+ P(B|C)— P(AB|C) (3.3)

and with the desideratum (IIIc) of consistency, the principle of indifference: if on background
information B the hypotheses (H;, H,, ..., Hy) are mutually exclusive and exhaustive, and
B does not favor any one of them over any other, then

1
P(H;|B) = IR 1<i<N. 3.4)

From (3.3) and (3.4) we then derived the Bernoulli urn rule: if B specifies that A is true on
some subset of M of the H;, and false on the remaining (N — M), then

M
P(AIB) = . 3.5)

It is important to realize how much of probability theory can be derived from no more than
this.

In fact, essentially all of conventional probability theory as currently taught, plus many
important results that are often thought to lie beyond the domain of probability theory, can
be derived from the above foundation. We devote the next several chapters to demonstrating
this in some detail, and then in Chapter 11 we resume the basic development of our robot’s
brain, with a better understanding of what additional principles are needed for advanced
applications.

The first applications of the theory given in this chapter are, to be sure, rather simple and
naive compared with the serious scientific inference that we hope to achieve later. Neverthe-
less, our reason for considering them in close detail is not mere pedagogical form. Failure
to understand the logic of these simplest applications has been one of the major factors

51
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retarding the progress of scientific inference — and therefore of science itself — for many
decades. Therefore we urge the reader, even one who is already familiar with elementary
sampling theory, to digest the contents of this chapter carefully before proceeding to more
complicated problems.

3.1 Sampling without replacement

Let us make the Bernoulli urn scenario a little more specific by defining the following
propositions.

B = An urn contains N balls, identical in every respect except that they carry
numbers (1, 2, ..., N)and Mof them are colored red, with the remaining
(N — M) white, 0 < M < N. We draw a ball from the urn blindfolded,
observe and record its color, lay it aside, and repeat the process until n
balls have been drawn, 0 <n < N.
R; = Red ball on the ith draw.
W; = White ball on the ith draw.

Since, according to B, only red or white can be drawn, we have
P(R;|B) + P(W;|B) =1, l<i=<N, (3.6)

which amounts to saying that, in the ‘logical environment’ created by knowledge of B, the
propositions are related by negation:

R =W, W: =R, 3.7

and, for the first draw, (3.5) becomes

M
P(Ri|B) = . (3.8)

P(W|B)=1 M 3.9
1|1B) = N 3.9

Let us understand clearly what this means. The probability assignments (3.8) and (3.9) are
not assertions of any physical property of the urn or its contents; they are a description
of the state of knowledge of the robot prior to the drawing. Indeed, were the robot’s state of
knowledge different from B as just defined (for example, if it knew the actual positions of
the red and white balls in the urn, or if it did not know the true values of N and M), then
its probability assignments for R; and W, would be different; but the real properties of the
urn would be just the same.

It is therefore illogical to speak of ‘verifying’ (3.8) by performing experiments with the
urn; that would be like trying to verify a boy’s love for his dog by performing experiments
on the dog. At this stage, we are concerned with the logic of consistent reasoning from
incomplete information; not with assertions of physical fact about what will be drawn
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from the urn (which are in any event impossible just because of the incompleteness of the
information B).

Eventually, our robot will be able to make some very confident physical predictions
which can approach, but (except in degenerate cases) not actually reach, the certainty of
logical deduction; but the theory needs to be developed further before we are in a position
to say what quantities can be well predicted, and what kind of information is needed for
this. Put differently, relations between probabilities assigned by the robot in various states
of knowledge, and observable facts in experiments, may not be assumed arbitrarily; we
are justified in using only those relations that can be deduced from the rules of probability
theory, as we now seek to do.

Changes in the robot’s state of knowledge appear when we ask for probabilities referring
to the second draw. For example, what is the robot’s probability for red on the first two
draws? From the product rule, this is

P(R\R2|B) = P(R||B)P(R2|R,B). (3.10)
In the last factor, the robot must take into account that one red ball has been removed at the
first draw, so there remain (N — 1) balls of which (M — 1) are red. Therefore

MM-—1
P(RiRy|B) = — ———. (3.11)
NN-1

Continuing in this way, the probability for red on the first » consecutive draws is

MM —=1)---(M—r+1)

PRy Re\B) = G T v =r 1)

M\(N —r)! G12)
- <M.

T Mm—nN> TS

The restriction » < M is not necessary if we understand that we define factorials by the
gamma functionrelationn! = I'(n + 1), for then the factorial of a negative integer is infinite,
and (3.12) is zero automatically when r > M.
The probability for white on the first w draws is similar but for the interchange of M and
(N — M):
(N — M)I(N — w)!

P(WiW, -+ W,|B) = T (3.13)

Then, the probability for white on draws (r + 1,7 + 2, ..., r + w) given that we got red
on the first r draws, is given by (3.13), taking into account that N and M have been reduced
to (N —r)and (M — r), respectively:

(N — M)UN — r — w)!
(N—M—w)(N —r)!’

P(WH—I"'WH—wlRl"'RrB): (3.14)
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and so, by the product rule, the probability for obtaining r red followed by w = n — r white
in n draws is, from (3.12) and (3.14),

MI(N — M)\(N —n)!
(M —r)(N —M —w)!N!"

PRy ---RW,4---W,|B) = (3.15)

aterm (N — r)! having cancelled out.

Although this result was derived for a particular order of drawing red and white balls,
the probability for drawing exactly r red balls in any specified order in n draws is the same.
To see this, write out the expression (3.15) more fully, in the manner

M: 1 1 3.16
——=MM-1)---(M — .
G = MM =DM = ) (3.16)
and similarly for the other ratios of factorials in (3.15). The right-hand side becomes
MM-1)---M—-—r+1D(N-MN-M~-1)---(N—-—M—-w+1)
NIN—-1)---(N—n+1) ’

(3.17)

Now suppose that  red and (n — r) = w white are drawn, in any other order. The probability
for this is the product of n factors; every time red is drawn there is a factor (number of red
balls in urn)/(total number of balls), and similarly for drawing a white one. The number of
balls in the urn decreases by one at each draw; therefore for the kth draw a factor (N — k + 1)
appears in the denominator, whatever the colors of the previous draws.

Just before the kth red ball is drawn, whether this occurs at the kth draw or any later one,
there are (M — k + 1) red balls in the urn; thus, drawing the kth one places a factor (M —
k 4 1) in the numerator. Just before the kth white ball is drawn, there are (N — M — k + 1)
white balls in the urn, and so drawing the kth white one places a factor (N — M — k + 1) in
the numerator, regardless of whether this occurs at the kth draw or any later one. Therefore,
by the time all  balls have been drawn, of which r were red, we have accumulated exactly
the same factors in numerator and denominator as in (3.17); different orders of drawing
them only permute the order of the factors in the numerator. The probability for drawing
exactly r balls in any specified order in n draws is therefore given by (3.15).

Note carefully that in this result the product rule was expanded in a particular way
that showed us how to organize the calculation into a product of factors, each of which is a
probability at one specified draw, given the results of all the previous draws. But the product
rule could have been expanded in many other ways, which would give factors conditional
on other information than the previous draws; the fact that all these calculations must lead to
the same final result is a nontrivial consistency property, which the derivations of Chapter 2
sought to ensure.

Next, we ask: What is the robot’s probability for drawing exactly r red balls in n draws,
regardless of order? Different orders of appearance of red and white balls are mutually
exclusive possibilities, so we must sum over all of them; but since each term is equal to
(3.15), we merely multiply it by the binomial coefficient

n n!
() = o (3-18)



3 Elementary sampling theory 55

which represents the number of possible orders of drawing r red balls in n draws, or, as we
shall call it, the multiplicity of the event r. For example, to get three red in three draws can

happen in only
3
=1 3.19
() (.19)

way, namely R; R, Rj3; the event r = 3 has a multiplicity of 1. But to get two red in three

draws can happen in
3
=3 3.20
() (3.20)

ways, namely Ry R, W3, Ry W, R3, Wi R, R3, so the event » = 2 has a multiplicity of 3.

Exercise 3.1. Why isn’t the multiplicity factor (3.18) just n!? After all, we started this
discussion by stipulating that the balls, in addition to having colors, also carry labels
(1,2, ..., N), so that different permutations of the red balls among themselves, which
give the r! in the denominator of (3.18), are distinguishable arrangements.

Hint: In (3.15) we are not specifying which red balls and which white ones are to be
drawn.

Taking the product of (3.15) and (3.18), the many factorials can be reorganized into three
binomial coefficients. Defining A = ‘Exactly r red balls in n draws, in any order’ and the
function

h(r|N,M,n) = P(A|B), 3.21)

(00

r n—r

NN (3.22)
(3)

which we shall usually abbreviate to i(r). By the convention x! = I'(x + 1) it vanishes

automatically when r > M, orr > n,or (n —r) > (N — M), as it should.

We are here doing a little notational acrobatics for reasons explained in Appendix B. The
point is that in our formal probability symbols P(A|B) with the capital P, the arguments
A, B always stand for propositions, which can be quite complicated verbal statements. If
we wish to use ordinary numbers for arguments, then for consistency we should define new
functional symbols such as h(r|N, M, n). Attempts to try to use a notation like P(r|N Mn),
thereby losing sight of the qualitative stipulations contained in A and B, have led to se-
rious errors from misinterpretation of the equations (such as the marginalization paradox
discussed later). However, as already indicated in Chapter 2, we follow the custom of most
contemporary works by using probability symbols of the form p(A|B), or p(r|n) with small

we have

h(rIN,M,n) =
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p, in which we permit the arguments to be either propositions or algebraic variables; in this
case, the meaning must be judged from the context.

The fundamental result (3.22) is called the hypergeometric distribution because it is
related to the coefficients in the power series representation of the Gauss hypergeometric
function

X T'(a +r)THB+rI(c) "

F(a’b’c;t):r; NORONCES

(3.23)

If either a or b is a negative integer, the series terminates and this is a polynomial. It is
easily verified that the generating function

G(t) = Zh(r|N, M, n)t" (3.24)
r=0

is equal to
F(_M7 —n, C; t)
F(—M, —n,c;1)’
withc = N — M — n + 1. The evident relation G(1) = 1 is, from (3.24), just the statement
that the hypergeometric distribution is correctly normalized. In consequence of (3.25),
G(¢) satisfies the second-order hypergeometric differential equation and has many other
properties useful in calculations.

Although the hypergeometric distribution /(r) appears complicated, it has some surpris-

ingly simple properties. The most probable value of r is found to within one unit by setting
h(r") = h(r’ — 1) and solving for r’. We find

o m+ DM+

- N+2

If ' is an integer, then 7’ and r’ — 1 are jointly the most probable values. If 7" is not an
integer, then there is a unique most probable value

G(t) = (3.25)

(3.26)

# = INT(), (3.27)

that is, the next integer below r’. Thus, the most probable fraction f = r/n of red balls in
the sample drawn is nearly equal to the fraction F = M /N originally in the urn, as one
would expect intuitively. This is our first crude example of a physical prediction: a relation
between a quantity F specified in our information and a quantity f measurable in a physical
experiment derived from the theory.

The width of the distribution A (r) gives an indication of the accuracy with which the robot
can predict . Many such questions are answered by calculating the cumulative probability
distribution, which is the probability for finding R or fewer red balls. If R is an integer,
this is

R
H(R) = Zh(r), (3.28)
r=0
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but for later formal reasons we define H(x) to be a staircase function for all non-negative
real x; thus H(x) = H(R), where R = INT(x) is the greatest integer <x.

The median of a probability distribution such as 4(r) is defined to be a number m such that
equal probabilities are assigned to the propositions (r < m) and (r > m). Strictly speaking,
according to this definition a discrete distribution has in general no median. If there is an
integer R for which H(R — 1) =1 — H(R) and H(R) > H(R — 1), then R is the unique
median. If there is an integer R for which H(R) = 1/2, then any r in (R <r < R')is a
median, where R’ is the next higher jump point of H(x); otherwise there is none.

But for most purposes we may take a more relaxed attitude and approximate the strict
definition. If n is reasonably large, then it makes reasonably good sense to call that value
of R for which H(R) is closest to 1/2, the ‘median’. In the same relaxed spirit, the values
of R for which H(R) is closest to 1/4, 3/4, may be called the ‘lower quartile’ and ‘upper
quartile’, respectively, and if n >> 10 we may call the value of R for which H(R) is closest
to k/10 the ‘kth decile’, and so on. Asn — 00, these loose definitions come into conformity
with the strict one.

Usually, the fine details of H(R) are unimportant, and for our purposes it is sufficient
to know the median and the quartiles. Then the (median) & (interquartile distance) will
provide a good enough idea of the robot’s prediction and its probable accuracy. That is,
on the information given to the robot, the true value of r is about as likely to lie in this
interval as outside it. Likewise, the robot assigns a probability of (5/6) — (1/6) = 2/3 (in
other words, odds of 2 : 1) that r lies between the first and fifth hexile, oddsof 8 : 2 =4 : 1
that it is bracketed by the first and ninth decile, and so on.

Although one can develop rather messy approximate formulas for these distributions
which were much used in the past, it is easier today to calculate the exact distribution by
computer. For example W. H. Press et al. (1986) list two routines that will calculate the
generalized complex hypergeometric distribution for any values of a, b and c. Tables 3.1
and 3.2 give the hypergeometric distribution for N = 100, M = 50, n = 10, and N = 100,
M = 10, n = 50, respectively. In the latter case, it is not possible to draw more than ten red
balls, sothe entries forr > 10areall i(r) = 0, H(r) = 1, and are not tabulated. One is struck
immediately by the fact that the entries for positive i(r) are identical; the hypergeometric
distribution has the symmetry property

h(r|N,M,n) = h(r|N,n, M) (3.29)

under interchange of M and n. Whether we draw ten balls from an urn containing 50 red
ones, or 50 from an urn containing ten red ones, the probability for finding r red ones in
the sample drawn is the same. This is readily verified by closer inspection of (3.22), and it
is evident from the symmetry in a, b of the hypergeometric function (3.23).

Another symmetry evident from Tables 3.1 and 3.2 is the symmetry of the distribution
about its peak: 2(r|100, 50, 10) = A(10 — r|100, 50, 10). However, this is not so in general;
changing N to 99 results in a slightly unsymmetrical peak, as we see from Table 3.3. The
symmetric peak in Table 3.1 arises as follows: if we interchange M and (N — M) and at the
same time interchange r and (n — r) we have in effect only interchanged the words ‘red’
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Table 3.1. Hypergeometric distribution;
N, M,n = 100, 10, 50.

r h(r) H(r)
0 0.000593 0.000593
1 0.007237 0.007830
2 0.037993 0.045824
3 0.113096 0.158920
4 0.211413 0.370333
5 0.259334 0.629667
6 0.211413 0.841080
7 0.113096 0.954177
8 0.037993 0.992170
9 0.007237 0.999407

10 0.000593 1.000000

Table 3.2. Hypergeometric distribution;
N, M,n = 100, 50, 10.

r h(r) H(r)
0 0.000593 0.000593
1 0.007237 0.007830
2 0.037993 0.045824
3 0.113096 0.158920
4 0.211413 0.370333
5 0.259334 0.629667
6 0.211413 0.841080
7 0.113096 0.954177
8 0.037993 0.992170
9 0.007237 0.999407

10 0.000593 1.000000

and ‘white’, so the distribution is unchanged:

h(n —r|N,N — M,n)=h(r|N, M, n).

But when M = N /2, this reduces to the symmetry

h(n —r|N,M,n) = h(r|N, M, n)

observed in Table 3.1. By (3.29) the peak must be symmetric also when n = N /2.

(3.30)

(3.31)
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Table 3.3. Hypergeometric distribution;
N,M,n=299,50,10.

r h(r) H(r)
0 0.000527 0.000527
1 0.006594 0.007121
2 0.035460 0.042581
3 0.108070 0.150651
4 0.206715 0.357367
5 0.259334 0.616700
6 0.216111 0.832812
7 0.118123 0.950934
8 0.040526 0.991461
9 0.007880 0.999341

10 0.000659 1.000000
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The hypergeometric distribution has two more symmetries not at all obvious intuitively
or even visible in (3.22). Let us ask the robot for its probability P(R,|B) of red on the
second draw. This is not the same calculation as (3.8), because the robot knows that, just
prior to the second draw, there are only (N — 1) balls in the urn, not N. But it does not
know what color of ball was removed on the first draw, so it does not know whether the
number of red balls now in the urn is M or (M — 1). Then the basis for the Bernoulli urn
result (3.5) is lost, and it might appear that the problem is indeterminate.

Yet it is quite determinate after all; the following is our first example of one of the useful
techniques in probability calculations, which derives from the resolution of a proposition
into disjunctions of simpler ones, as discussed in Chapters 1 and 2. The robot knows that
either R or W is true; therefore using Boolean algebra we have

Ry = (R + W)Ry = R Ry + W(R;.

We apply the sum rule and the product rule to get

P(Ry|B) = P(R\Rz|B) + P(W\Rz|B)

= P(R3|R;B)P(R{|B) + P(R:|WB)P(W|B).

P(R,|W,B) = M
2 1 _N—l’

M N-M M

But
P(RR By = X1
N —1
and so
P(Ry By =L~ M
N

INTNZTTTN TN

(3.32)

(3.33)

(3.34)

(3.35)
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The complications cancel out, and we have the same probability for red on the first and
second draws. Let us see whether this continues. For the third draw we have

Ry = (Ry + W) (Ry + Wo)R3 = R{RyR3 + RiWaR3 + Wi Ry Rz + W WL R3,  (3.36)

and so

MM—-1M~-2 MN-MM-1
P(R3|B)= ——————— p —
NN-1IN-2 NN-1N-2

N-M M M—1 N-MN-M-1 M

3.37
N N—lN—2+ N N—-1 N-=-2 ( )

Again all the complications cancel out. The robot’s probability for red at any draw, if it does
not know the result of any other draw, is always the same as the Bernoulli urn result (3.5).
This is the first nonobvious symmetry. We shall not prove this in generality here, because
it is contained as a special case of a still more general result; see Eq. (3.118) below.

The method of calculation illustrated by (3.32) and (3.36) is as follows: resolve the
quantity whose probability is wanted into mutually exclusive subpropositions, then apply
the sum rule and the product rule. If the subpropositions are well chosen (i.e. if they have
some simple meaning in the context of the problem), their probabilities are often calculable.
If they are not well chosen (as in the example of the penguins at the end of Chapter 2), then
of course this procedure cannot help us.

3.2 Logic vs. propensity

The results of Section 3.1 present us with a new question. In finding the probability for
red at the kth draw, knowledge of what color was found at some earlier draw is clearly
relevant because an earlier draw affects the number M of red balls in the urn for the kth
draw. Would knowledge of the color for a later draw be relevant? At first glance, it seems
that it could not be, because the result of a later draw cannot influence the value of M.
For example, a well-known exposition of statistical mechanics (Penrose, 1979) takes it as a
fundamental axiom that probabilities referring to the present time can depend only on what
happened earlier, not on what happens later. The author considers this to be a necessary
physical condition of ‘causality’.

Therefore we stress again, as we did in Chapter 1, that inference is concerned with logical
connections, which may or may not correspond to causal physical influences. To show why
knowledge of later events is relevant to the probabilities of earlier ones, consider an urn
which is known (background information B) to contain only one red and one white ball:
N =2, M = 1. Given only this information, the probability for red on the first draw is
P(R{|B) = 1/2. But then if the robot learns that red occurs on the second draw, it becomes
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certain that it did not occur on the first:
P(R||RyB) = 0. (3.38)
More generally, the product rule gives us
P(R;jR¢|B) = P(Rj|RyB)P(R|B) = P(R¢|R;B)P(R;|B). (3.39)
But we have just seen that P(R;|B) = P(R¢|B) = M/N forall j, k, so
P(R;|RB) = P(R¢|R;B), all j, k. (3.40)

Probability theory tells us that the results of later draws have precisely the same relevance
as do the results of earlier ones! Even though performing the later draw does not physically
affect the number M}, of red balls in the urn at the kth draw, information about the result of a
later draw has the same effect on our state of knowledge about what could have been taken
on the kth draw, as does information about an earlier one. This is our second nonobvious
symmetry.

This result will be quite disconcerting to some schools of thought about the ‘meaning of
probability’. Although it is generally recognized that logical implication is not the same as
physical causation, nevertheless there is a strong inclination to cling to the idea anyway, by
trying to interpret a probability P(A|B) as expressing some kind of partial causal influence of
B on A. This is evident not only in the aforementioned work of Penrose, but more strikingly
in the ‘propensity’ theory of probability expounded by the philosopher Karl Popper.!

It appears to us that such a relation as (3.40) would be quite inexplicable from a propensity
viewpoint, although the simple example (3.38) makes its logical necessity obvious. In any
event, the theory of logical inference that we are developing here differs fundamentally,
in outlook and in results, from the theory of physical causation envisaged by Penrose
and Popper. It is evident that logical inference can be applied in many problems where
assumptions of physical causation would not make sense.

This does not mean that we are forbidden to introduce the notion of ‘propensity’ or
physical causation; the point is rather that logical inference is applicable and useful whether
or not a propensity exists. If such anotion (i.e. that some such propensity exists) is formulated
as a well-defined hypothesis, then our form of probability theory can analyze its implications.
‘We shall do this in Section 3.10 below. Also, we can test that hypothesis against alternatives

! In his presentation at the Ninth Colston Symposium, Popper (1957) describes his propensity interpretation as ‘purely objective’
but avoids the expression ‘physical influence’. Instead, he would say that the probability for a particular face in tossing a die
is not a physical property of the die (as Cramér (1946) insisted), but rather is an objective property of the whole experimental
arrangement, the die plus the method of tossing. Of course, that the result of the experiment depends on the entire arrangement
and procedure is only a truism. It was stressed repeatedly by Niels Bohr in connection with quantum theory, but presumably
no scientist from Galileo on has ever doubted it. However, unless Popper really meant ‘physical influence’, his interpretation
would seem to be supernatural rather than objective. In a later article (Popper, 1959) he defines the propensity interpretation
more completely; now a propensity is held to be ‘objective’ and ‘physically real’ even when applied to the individual trial. In the
following we see by mathematical demonstration some of the logical difficulties that result from a propensity interpretation.
Popper complains that in quantum theory one oscillates between ‘. . . an objective purely statistical interpretation and a subjective
interpretation in terms of our incomplete knowledge’, and thinks that the latter is reprehensible and the propensity interpretation
avoids any need for it. He could not possibly be more mistaken. In Chapter 9 we answer this in detail at the conceptual level;
obviously, incomplete knowledge is the only working material a scientist has! In Chapter 10 we consider the detailed physics of
coin tossing, and see just how the method of tossing affects the results by direct physical influence.
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in the light of the evidence, just as we can test any well-defined hypothesis. Indeed, one of
the most common and important applications of probability theory is to decide whether there
is evidence for a causal influence: is a new medicine more effective, or a new engineering
design more reliable? Does a new anticrime law reduce the incidence of crime? Our study
of hypothesis testing starts in Chapter 4.

In all the sciences, logical inference is more generally applicable. We agree that physical
influences can propagate only forward in time; but logical inferences propagate equally
well in either direction. An archaeologist uncovers an artifact that changes his knowledge
of events thousands of years ago; were it otherwise, archaeology, geology, and paleontology
would be impossible. The reasoning of Sherlock Holmes is also directed to inferring, from
presently existing evidence, what events must have transpired in the past. The sounds
reaching your ears from a marching band 600 meters distant change your state of knowledge
about what the band was playing two seconds earlier. Listening to a Toscanini recording
of a Beethoven symphony changes your state of knowledge about the sounds Toscanini
elicited from his orchestra many years ago.

As this suggests, and as we shall verify later, a fully adequate theory of nonequilibrium
phenomena, such as sound propagation, also requires that backward logical inferences be
recognized and used, although they do not express physical causes. The point is that the best
inferences we can make about any phenomenon — whether in physics, biology, economics,
or any other field — must take into account all the relevant information we have, regardless
of whether that information refers to times earlier or later than the phenomenon itself; this
ought to be considered a platitude, not a paradox. At the end of this chapter (Exercise 3.6),
the reader will have an opportunity to demonstrate this directly, by calculating a backward
inference that takes into account a forward causal influence.

More generally, consider a probability distribution p(x; - - - x,|B), where x; denotes the
result of the ith trial, and could take on not just two values (red or white) but, say, the
values x; = (1,2, ..., k) labeling k different colors. If the probability is invariant under
any permutation of the x;, then it depends only on the sample numbers (#; - - - n) denoting
how many times the result x; = 1 occurs, how many times x; = 2 occurs, etc. Such a
distribution is called exchangeable; as we shall find later, exchangeable distributions have
many interesting mathematical properties and important applications.

Returning to our urn problem, it is clear already from the fact that the hypergeometric
distribution is exchangeable that every draw must have just the same relevance to every
other draw, regardless of their time order and regardless of whether they are near or far
apart in the sequence. But this is not limited to the hypergeometric distribution; it is true
of any exchangeable distribution (i.e. whenever the probability for a sequence of events is
independent of their order). So, with a little more thought, these symmetries, so inexplicable
from the standpoint of physical causation, become obvious after all as propositions of logic.

Let us calculate this effect quantitatively. Supposing j < k, the proposition R; Ry (red at
both draws j and k) is in Boolean algebra the same as

RiRy =R+ W) (Ri-1 + Wi_)D Ri(Rj1 + Wip1) - (Rt + Wi R, (3.41)
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which we could expand in the manner of (3.36) into a logical sum of
271 x kil = k2 (3.42)
propositions, each specifying a full sequence, such as
WiR,Ws3---Rj--- Ry (3.43)

of k results. The probability P(R; Ri|B) is the sum of all their probabilities. But we know
that, given B, the probability for any one sequence is independent of the order in which
red and white appear. Therefore we can permute each sequence, moving R; to the first
position, and Ry to the second. That is, we can replace the sequence (W;---R;---) by
(Ry---W;---), etc. Recombining them, we have (R R;) followed by every possible result
for draws (3,4, ..., k). In other words, the probability for R; Ry is the same as that of

Ri{Ry(R3 + W3) - - (R + Wi) = Ri Ry, (3.44)
and we have
P(R;Ry|B) = P(R,R,|B) = M@ — 1) (3.45)
SRR R TN =) '
and likewise
P(W;Ri|B) = P(W,Ry|B) = vV — M)M (3.46)
L T T '
Therefore by the product rule
P(R;R|B) M —1
P(R¢|R;B) = = (3.47)
P(R;|B) N -1
and
P(W;:R,|B M
P(R(|W;B) = (W;Ri|B) _ (3.48)

P(W;|B) N-—1

for all j < k. By (3.40), the results (3.47) and (3.48) are true for all j # k.

Since as noted this conclusion appears astonishing to many people, we shall belabor the
point by explaining it still another time in different words. The robot knows that the urn
originally contained M red balls and (N — M) white ones. Then, learning that an earlier
draw gave red, it knows that one less red ball is available for the later draws. The problem
becomes the same as if we had started with an urn of (N — 1) balls, of which (M — 1) are
red; (3.47) corresponds just to the solution (3.37) adapted to this different problem.

But why is knowing the result of a later draw equally cogent? Because if the robot knows
that red will be drawn at any later time, then in effect one of the red balls in the urn must be
‘set aside’ to make this possible. The number of red balls which could have been taken in
earlier draws is reduced by one, as a result of having this information. The above example
(3.38) is an extreme special case of this, where the conclusion is particularly obvious.
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3.3 Reasoning from less precise information

Now let us try to apply this understanding to a more complicated problem. Suppose the
robot learns that red will be found at least once in later draws, but not at which draw or
draws this will occur. That is, the new information is, as a proposition of Boolean algebra,

Rigter = Rir1 + Repo + -+ + Ry, (3.49)

This information reduces the number of red available for the kth draw by at least one, but
it is not obvious whether Ry, has exactly the same implications as does R,,. To investigate
this we appeal again to the symmetry of the product rule:

P(Ry Riaer| B) = P(Ry|Riater B) P(Riaier| B) = P(Riaier| R B) P(Rk | B), (3.50)

which gives us

P(Rlater | Rk B)

P(Ry|Riater B) = P(Ri|B) ; (3.51)
‘ P(Riger| B)
and all quantities on the right-hand side are easily calculated.
Seeing (3.49), one might be tempted to reason as follows:
P(Rue|B)= ) P(R;|B), (3.52)

j=k+1

but this is not correct because, unless M = 1, the events R; are not mutually exclusive,
and, as we see from (2.82), many more terms would be needed. This method of calculation
would be very tedious.

To organize the calculation better, note that the denial of Ry, is the statement that white
occurs at all the later draws:

Riger = Wier1 Wiga -+ W (3.53)

So P(Eater| B) is the probability for white at all the later draws, regardless of what happens
at the earlier ones (i.e. when the robot does not know what happens at the earlier ones).
By exchangeability this is the same as the probability for white at the first (n — k) draws,
regardless of what happens at the later ones; from (3.13),

— (N — M)!(N —n+k)! N—M\/ N \'
P(Riyer| B) = NN —M —n +k)! :<n—k)<n—k> . (3.54)

Likewise, P(Eater|Rk B) is the same result for the case of (N — 1) balls, (M — 1) of which
are red:

-1
P(Ruw|RiB) = N =MDt (N mnt k= D (N_M) (N_ 1) (355
(N=1D! (N—M —n+k)! n—=k n—k
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(o) - (o)

M n—k n—k

X . 3.56

N—-—n+k N N-M (3.56)
n—k n—=k

As a check, note that if n = k + 1, this reduces to (M — 1)/(N — 1), as it should.

At the moment, however, our interest in (3.56) is not so much in the numerical values, but
in understanding the logic of the result. So let us specialize it to the simplest case that is not
entirely trivial. Suppose we draw n = 3 times from an urn containing N = 4 balls, M =2
of which are white, and ask how knowledge that red occurs at least once on the second

and third draws affects the probability for red at the first draw. This is given by (3.56) with
N=4, M=2 n=3, k=1:

Now (3.51) becomes

P(Rk | RlaterB) =

P(Ri|R, + R B)—6_2—2— 1y 1=1/3 (3.57)
RS T n  Ts T \2)1-1/6 '
the last form corresponding to (3.51). Compare this to the previously calculated probabili-
ties:

1 1
P(R,|B) = X P(Ri|R;B) = P(R;|RB) = 3 (3.58)
What seems surprising is that
P(Ri|RigerB) > P(R1|R2B). (3.59)

Most people guess at first that the inequality should go the other way; i.e. knowing that red
occurs at least once on the later draws ought to decrease the chances of red at the first draw
more than does the information R,. But in this case the numbers are so small that we can
check the calculation (3.51) directly. To find P(Ry,.r|B) by the extended sum rule (2.82)
now requires only one extra term:

P(Riger| B) = P(Ry|B) + P(R3|B) — P(RyR3|B)
1 1 1 1 5 (3.60)

X == -,
2 2 2 3 6
We could equally well resolve Ry, into mutually exclusive propositions and calculate

P(Riuer|B) = P(RyW3|B) + P(W2R3|B) + P(RyR3|B)
1 2 1 2 1 1 5 3.61)

273723733 ¢

The denominator (1 — 1/6) in (3.57) has now been calculated in three different ways, with
the same result. If the three results were not the same, we would have found an inconsistency
in our rules, of the kind we sought to prevent by Cox’s functional equation arguments in
Chapter 2. This is a good example of what ‘consistency’ means in practice, and it shows
the trouble we would be in if our rules did not have it.
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Likewise, we can check the numerator of (3.51) by an independent calculation:

P(Rier|R1B) = P(R2|R1B) + P(R3|R1B) — P(R2R3|R, B)
I 1 1 0 2 (3.62)
=37373*"=%

and the result (3.57) is confirmed. So we have no choice but to accept the inequality (3.59)
and try to understand it intuitively. Let us reason as follows. The information R, reduces the
number of red balls available for the first draw by one, and it reduces the number of balls in
the urn available for the first draw by one, giving P(R|R;B) = (M — 1)/(N — 1) = 1/3.
The information Ry, reduces the ‘effective number of red balls’ available for the first draw
by more than one, but it reduces the number of balls in the urn available for the first draw
by two (because it assures the robot that there are two later draws in which two balls are
removed). So let us try tentatively to interpret the result (3.57) as

(M)est
P(Ri|RiaerB) = 17—, (3.63)
although we are not quite sure what this means. Given Ry, it is certain that at least one
red ball is removed, and the probability that two are removed is, by the product rule:

P(R2R3Rlaler|B) _ P(R2R3|B)

P(RyR3| Rigter B) =

P(Rlater|B) B P(RlaterlB)
(3.64)
CW2)x3) 1
N 5/6 5

because R, R; implies Rjuer; i.€. a relation of Boolean algebra is (Ry R3Rjager = R2R3).
Intuitively, given Rj; there is probability 1/5 that two red balls are removed, so the effective
number removed is 1 4 (1/5) = 6/5. The ‘effective’ number remaining for draw one is 4/5.
Indeed, (3.63) then becomes

4/5
2

in agreement with our better motivated, but less intuitive, calculation (3.57).

2
P(Rl |RlaterB) g, (365)

3.4 Expectations

Another way of looking at this result appeals more strongly to our intuition and generalizes
far beyond the present problem. We can hardly suppose that the reader is not already familiar
with the idea of expectation, but this is the first time it has appeared in the present work, so

we pause to define it. If a variable quantity X can take on the particular values (x, ..., x,)
in n mutually exclusive and exhaustive situations, and the robot assigns corresponding
probabilities (pi, pa, ..., p,) to them, then the quantity

(X) = E(X) = Z pixi (3.66)
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is called the expectation (in the older literature, mathematical expectation or expectation
value) of X. It is a weighted average of the possible values, weighted according to their
probabilities. Statisticians and mathematicians generally use the notation E(X); but physi-
cists, having already pre-empted E to stand for energy and electric field, use the bracket
notation (X). We shall use both notations here; they have the same meaning, but sometimes
one is easier to read than the other.

Like most of the standard terms that arose out of the distant past, the term ‘expectation’
seems singularly inappropriate to us; for it is almost never a value that anyone ‘expects’ to
find. Indeed, it is often known to be an impossible value. But we adhere to it because of
centuries of precedent.

Given Ry,.r, What is the expectation of the number of red balls in the urn for draw number
one? There are three mutually exclusive possibilities compatible with Ry,

RyWs3, WaR3, RoR; (3.67)

for which M is (1, 1, 0), respectively, and for which the probabilities are as in (3.64) and
(3.65):

P(R,WsB)  (1/2) x (2/3) 2

P(RyW;3|Rjgter B) = = =z, 3.68
( 2 3| later ) P(Rlater|B) (5/6) 5 ( )

2
P(W2R3|RlaterB) = g’ (369)

1
P(R2R3|RlaterB) = g (370)

So
(M) =1 2 ixZioxiod (3.71)
= X = X = X = = —. .
5 5 5 5

Thus, what we called intuitively the ‘effective’ value of M in (3.63) is really the expectation
of M.

We can now state (3.63) in a more cogent way: when the fraction F = M /N of red balls
is known, then the Bernoulli urn rule applies and P(R;|B) = F. When F is unknown, the
probability for red is the expectation of F':

P(R,|B) = (F) = E(F). (3.72)

If M and N are both unknown, the expectation is over the joint probability distribution for
M and N.

That a probability is numerically equal to the expectation of a fraction will prove to be a
general rule that holds as well in thousands of far more complicated situations, providing
one of the most useful and common rules for physical prediction. We leave it as an exercise
for the reader to show that the more general result (3.56) can also be calculated in the way
suggested by (3.72).
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3.5 Other forms and extensions

The hypergeometric distribution (3.22) can be written in various ways. The nine factorials
can be organized into binomial coefficients also as follows:

()=
r)\M —r
—_— 3.73
S (3.73)
M
But the symmetry under exchange of M and n is still not evident; to see it we must write
out (3.22) or (3.73) in full, displaying all the individual factorials.

We may also rewrite (3.22), as an aid to memory, in amore symmetric form: the probability
for drawing exactly r red balls and w white onesinn = r + w draws, from an urn containing

R red and W white, is
() ()

r w
h(r) = —+——-,

= —rrw

r+w
and in this form it is easily generalized. Suppose that, instead of only two colors, there are
k different colors of balls in the urn, Ny of color 1, N, of color 2, ..., Ny of color k. The

probability for drawing r; balls of color 1, , of color2, ..., rp of colork inn = )_ r; draws
is, as the reader may verify, the generalized hypergeometric distribution:

()~ ()
AN/ AR (3.75)

()

3.6 Probability as a mathematical tool

h(r|N,M,n) =

(3.74)

h(rl"‘rk|N1"'Nk):

From the result (3.75) one may obtain a number of identities obeyed by the binomial
coefficients. For example, we may decide not to distinguish between colors 1 and 2; i.e. a
ball of either color is declared to have color ‘a’. Then from (3.75) we must have, on the one

hand,
()G ()
B(ras P3s - 15| Ngs N3, ooy Njp) = 2 %Ni Tk (3.76)
(57)
with

N, = N + N,, tao=r1+r. (3.77)
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But the event r, can occur for any values of ry, r, satisfying (3.77), and so we must have
also, on the other hand,

h(ra, 73, 1%INay Nay oo, NeY =D h(ri,ra = 11,73, re Ny o N (B78)

ry =0

Then, comparing (3.76) and (3.78), we have the identity

N, “\ (N N
()-50)2)
Ta =0 r Ya — 711
Continuing in this way, we can derive a multitude of more complicated identities obeyed
by the binomial coefficients. For example,

Ny + N, + N3> LI (Nl) (Nz)( N3 )
= . 3.80
( Fa rlz:;);) r rn ) \ta =7 —n ( )

In many cases, probabilistic reasoning is a powerful tool for deriving purely mathematical
results; more examples of this are given by Feller (1950, Chap. 2 & 3) and in later chapters
of the present work.

3.7 The binomial distribution

Although somewhat complicated mathematically, the hypergeometric distribution arises
from a problem that is very clear and simple conceptually; there are only a finite number of
possibilities and all the above results are exact for the problems as stated. As an introduction
to a mathematically simpler, but conceptually far more difficult, problem, we examine a
limiting form of the hypergeometric distribution.

The complication of the hypergeometric distribution arises because it is taking into ac-
count the changing contents of the urn; knowing the result of any draw changes the prob-
ability for red for any other draw. But if the number N of balls in the urn is very large
compared with the number drawn (N >> n), then this probability changes very little, and
in the limit N — oo we should have a simpler result, free of such dependencies. To verify
this, we write the hypergeometric distribution (3.22) as

w(O)=0))]

1 /N
N*\ n
The first factor is

/M MM 1\(M 2 M or—1
_( >:__<___)(_——)---<—— ) (3.82)
N \r r' N \ N N N N N N

h(r|IN,M,n) = |:

(3.81)
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and in the limit N — oo, M — oo, M/N — f, we have

L<M> — ﬂ (3.83)
N"\'r r!
Likewise,
! <M B 1) L A= f)n_r, (3.84)
Nt=—"\n—r (n—r)!
1 (N 1
W(n) — mt (3.85)

In principle, we should, of course, take the limit of the product in (3.81), not the product of
the limits. But in (3.81) we have defined the factors so that each has its own independent
limit, so the result is the same; the hypergeometric distribution goes into
h(rIN,M,n) — b(r|n, f) = (n>f’(1 - (3.86)
r
called the binomial distribution, because evaluation of the generating function (3.24) now
reduces to

GW)y= ) b(rln, /i =1 = f+ f1)", (3.87)
r=0
an example of Newton’s binomial theorem.
Figure 3.1 compares three hypergeometric distributions with N = 15,30, 100 and
M/N = 0.4, n = 10 to the binomial distribution withn = 10, f = 0.4. All have their peak

0.5
15
0.4 4
P
R -
0]
B 0.3 30
A
B i 0
I 0
L 0.2+
I
T -
Y
0.1
0.0 ¢ w w w w w * T
0 1 2 3 4 5 6 7 8 9
r —

Fig. 3.1. The hypergeometric distribution for N = 15, 30, 100, co.
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atr = 4, and all distributions have the same first moment (r) = E(r) = 4, but the binomial
distribution is broader.

The N = 15 hypergeometric distribution is zero for r = 0 and r > 6, since on drawing
ten balls from an urn containing only six red and nine white, it is not possible to get fewer
than one or more than six red balls. When N > 100 the hypergeometric distribution agrees
so closely with the binomial that for most purposes it would not matter which one we used.
Analytical properties of the binomial distribution are collected in Chapter 7. In Chapter 9
we find, in connection with significance tests, situations where the binomial distribution is
exact for purely combinatorial reasons in a finite sample space, Eq. (9.46).

We can carry out a similar limiting process on the generalized hypergeometric distribution
(3.75). It is left as an exercise to show that in the limit where all N; — oo in such a way
that the fractions

N;

fi = (3.88)
2 N;
tend to constants, (3.75) goes into the multinomial distribution
r! r ¥
m(ry-rel fioo fi) = ——— f1' - fi (3.89)
rileeerg!

where r = ) r;. And, as in (3.87), we can define a generating function of (k — 1) variables,
from which we can prove that (3.89) is correctly normalized and derive many other useful
results.

Exercise 3.2. Suppose an urn contains N = »_ N; balls, N; of color 1, N, of color
2, ..., Ni of color k. We draw m balls without replacement; what is the probability
that we have at least one of each color? Supposing k = 5, all N; = 10, how many do
we need to draw in order to have at least a 90% probability for getting a full set?

Exercise 3.3. Suppose that in the previous exercise k is initially unknown, but we
know that the urn contains exactly 50 balls. Drawing out 20 of them, we find three
different colors; now what do we know about k? We know from deductive reasoning
(i.e. with certainty) that 3 < k < 33; but can you set narrower limits k; < k < k, within
which it is highly likely to be?

Hint: This question goes beyond the sampling theory of this chapter because, like
most real scientific problems, the answer depends to some degree on our common
sense judgments; nevertheless, our rules of probability theory are quite capable of
dealing with it, and persons with reasonable common sense cannot differ appreciably
in their conclusions.
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Exercise 3.4. The M urns are now numbered 1 to M, and M balls, also numbered
1 to M, are thrown into them, one in each urn. If the numbers of a ball and its urn are
the same, we have a match. Show that the probability for at least one match is

M
h = Z(—nk“/k! (3.90)
k=1

As M — oo, this converges to 1 — 1/e = 0.632. The result is surprising to many,
because, however large M is, there remains an appreciable probability for no match
at all.

Exercise 3.5. N balls are tossed into M urns; there are evidently MY ways this can
be done. If the robot considers them all equally likely, what is the probability that each
urn receives at least one ball?

3.8 Sampling with replacement

Up to now, we have considered only the case where we sample without replacement; and
that is evidently appropriate for many real situations. For example, in a quality control
application, what we have called simply ‘drawing a ball’ might consist of taking a manu-
factured item, such as an electric light bulb, from a carton of similar light bulbs and testing
it to destruction. In a chemistry experiment, it might consist of weighing out a sample of
an unknown protein, then dissolving it in hot sulfuric acid to measure its nitrogen content.
In either case, there can be no thought of ‘drawing that same ball’ again.

But suppose now that, being less destructive, we sample balls from the urn and, after
recording the ‘color’ (i.e. the relevant property) of each, we replace it in the urn before
drawing the next ball. This case, of sampling with replacement, is enormously more com-
plicated conceptually, but, with some assumptions usually made, ends up being simpler
mathematically than sampling without replacement. Let us go back to the probability for
drawing two red balls in succession. Denoting by B’ the same background information as
before, except for the added stipulation that the balls are to be replaced, we still have an
equation like (3.9):

P(R\R:|B") = P(R|B)P(R:| R, B') (3.91)

and the first factor is still, evidently, (M /N); but what is the second one?

Answering this would be, in general, a very difficult problem, requiring much additional
analysis if the background information B’ includes some simple but highly relevant common
sense information that we all have. What happens to that red ball that we put back in the
urn? If we merely dropped it into the urn, and immediately drew another ball, then it was
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left lying on the top of the other balls (or in the top layer of balls), and so it is more likely to
be drawn again than any other specified ball whose location in the urn is unknown. But this
upsets the whole basis of our calculation, because the probability for drawing any particular
(ith) ball is no longer given by the Bernoulli urn rule which led to (3.11).

3.8.1 Digression: a sermon on reality vs. models

The difficulty we face here is that many things which were irrelevant from symmetry, as
long as the robot’s state of knowledge was invariant under any permutation of the balls,
suddenly become relevant, and, by one of our desiderata of rationality, the robot must take
into account all the relevant information it has. But the probability for drawing any particular
ball now depends on such details as the exact size and shape of the urn, the size of the balls,
the exact way in which the first one was tossed back in, the elastic properties of balls and urn,
the coefficients of friction between balls and between ball and urn, the exact way you reach
in to draw the second ball, etc. In a symmetric situation, all of these details are irrelevant.

Even if all these relevant data were at hand, we do not think that a team of the world’s best
scientists and mathematicians, backed up by all the world’s computing facilities, would be
able to solve the problem; or would even know how to get started on it. Still, it would not
be quite right to say that the problem is unsolvable in principle; only so complicated that it
is not worth anybody’s time to think about it. So what do we do?

In probability theory there is a very clever trick for handling a problem that becomes too
difficult. We just solve it anyway by:

(1) making it still harder;

(2) redefining what we mean by ‘solving’ it, so that it becomes something we can do;

(3) inventing a dignified and technical-sounding word to describe this procedure, which has the
psychological effect of concealing the real nature of what we have done, and making it appear
respectable.

In the case of sampling with replacement, we apply this strategy as follows.

(1) Suppose that, after tossing the ball in, we shake up the urn. However complicated the problem was
initially, it now becomes many orders of magnitude more complicated, because the solution now
depends on every detail of the precise way we shake it, in addition to all the factors mentioned
above.

(2) We now assert that the shaking has somehow made all these details irrelevant, so that the problem
reverts back to the simple one where the Bernoulli urn rule applies.

(3) Weinvent the dignified-sounding word randomization to describe what we have done. This term is,
evidently, a euphemism, whose real meaning is: deliberately throwing away relevant information
when it becomes too complicated for us to handle.

We have described this procedure in laconic terms, because an antidote is needed for the
impression created by some writers on probability theory, who attach a kind of mystical
significance to it. For some, declaring a problem to be ‘randomized’ is an incantation with
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the same purpose and effect as those uttered by an exorcist to drive out evil spirits; i.e. it
cleanses their subsequent calculations and renders them immune to criticism. We agnostics
often envy the True Believer, who thus acquires so easily that sense of security which is
forever denied to us.

However, in defense of this procedure, we have to admit that it often leads to a useful
approximation to the correct solution; i.e. the complicated details, while undeniably rele-
vant in principle, might nevertheless have little numerical effect on the answers to certain
particularly simple questions, such as the probability for drawing r red balls in #n trials
when n is sufficiently small. But from the standpoint of principle, an element of vagueness
necessarily enters at this point; for, while we may feel intuitively that this leads to a good
approximation, we have no proof of this, much less a reliable estimate of the accuracy of
the approximation, which presumably improves with more shaking.

The vagueness is evident particularly in the fact that different people have widely di-
vergent views about how much shaking is required to justify step (2). Witness the minor
furor surrounding a US Government-sponsored and nationally televized game of chance
some years ago, when someone objected that the procedure for drawing numbers from a
fish bowl to determine the order of call-up of young men for Military Service was ‘unfair’
because the bowl hadn’t been shaken enough to make the drawing ‘truly random’, whatever
that means. Yet if anyone had asked the objector: “To whom is it unfair?’ he could not have
given any answer except, ‘To those whose numbers are on top; I don’t know who they are.’
But after any amount of further shaking, this will still be true! So what does the shaking
accomplish?

Shaking does not make the result ‘random’, because that term is basically meaningless
as an attribute of the real world; it has no clear definition applicable in the real world. The
belief that ‘randomness’ is some kind of real property existing in Nature is a form of the
mind projection fallacy which says, in effect, ‘I don’t know the detailed causes — therefore —
Nature does not know them.” What shaking accomplishes is very different. It does not affect
Nature’s workings in any way; it only ensures that no human is able to exert any wilful
influence on the result. Therefore, nobody can be charged with ‘fixing’ the outcome.

At this point, you may accuse us of nitpicking, because you know that after all this
sermonizing, we are just going to go ahead and use the randomized solution like everybody
else does. Note, however, that our objection is not to the procedure itself, provided that
we acknowledge honestly what we are doing; i.e. instead of solving the real problem, we
are making a practical compromise and being, of necessity, content with an approximate
solution. That is something we have to do in all areas of applied mathematics, and there is
no reason to expect probability theory to be any different.

Our objection is to the belief that by randomization we somehow make our subsequent
equations exact; so exact that we can then subject our solution to all kinds of extreme
conditions and believe the results, when applied to the real world. The most serious and
most common error resulting from this belief is in the derivation of limit theorems (i.e.
when sampling with replacement, nothing prevents us from passing to the limit n — oo
and obtaining the usual ‘laws of large numbers’). If we do not recognize the approximate
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nature of our starting equations, we delude ourselves into believing that we have proved
things (such as the identity of probability and limiting frequency) that are just not true in
real repetitive experiments.

The danger here is particularly great because mathematicians generally regard these limit
theorems as the most important and sophisticated fruits of probability theory, and have a
tendency to use language which implies that they are proving properties of the real world.
Our point is that these theorems are valid properties of the abstract mathematical model
that was defined and analyzed. The issue is: to what extent does that model resemble the
real world? It is probably safe to say that no limit theorem is directly applicable in the real
world, simply because no mathematical model captures every circumstance that is relevant
in the real world. Anyone who believes that he is proving things about the real world, is a
victim of the mind projection fallacy.

Let us return to the equations. What answer can we now give to the question posed after
Eq. (3.91)? The probability P(R;|R;B’) of drawing a red ball on the second draw clearly
depends not only on N and M, but also on the fact that a red one has already been drawn and
replaced. But this latter dependence is so complicated that we can’t, in real life, take it into
account; so we shake the urn to ‘randomize’ the problem, and then declare R, to be irrelevant:
P(R;|RB’) = P(Ry|B’) = M/N. After drawing and replacing the second ball, we again
shake the urn, declare it ‘randomized,” and set P(R3|R,R{B’) = P(R3|B’) = M /N, etc. In
this approximation, the probability for drawing a red ball at any trial is M/N.

This is not just a repetition of what we learned in (3.37); what is new here is that the
result now holds whatever information the robot may have about what happened in the
other trials. This leads us to write the probability for drawing exactly r red balls in # trials,

regardless of order, as
n\ (M\" (N —M\""
() (57) 652
r N N

which is just the binomial distribution (3.86). Randomized sampling with replacement from
an urn with finite N has approximately the same effect as passage to the limit N — oo
without replacement.

Evidently, for small n, this approximation will be quite good; but for large n these small
errors can accumulate (depending on exactly how we shake the urn, etc.) to the point where
(3.92) is misleading. Let us demonstrate this by a simple, but realistic, extension of the
problem.

3.9 Correction for correlations

Suppose that, from an intricate logical analysis, drawing and replacing a red ball increases
the probability for a red one at the next draw by some small amount € > 0, while drawing
and replacing a white one decreases the probability for a red one at the next draw by a
(possibly equal) small quantity § > 0; and that the influence of earlier draws than the last
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one is negligible compared with € or §. You may call this effect a small ‘propensity’ if
you like; at least it expresses a physical causation that operates only forward in time. Then,
letting C stand for all the above background information, including the statements just made
about correlations and the information that we draw n balls, we have
P(R¢|R-1C)=p+e€, P(Re|Wi—1C) = p—3,
(3.93)
P(WilRk—1C)=1—p—€, PWi W1 C)=1—p+3,

where p = M/N. From this, the probability for drawing » red and (n — r) white balls in
any specified order is easily seen to be

PP+ (p—8)°(1—p+8“(1l—p—e" (3.94)

if the first draw is red; whereas, if the first is white, the first factor in (3.94) should be
(1 — p). Here, c is the number of red draws preceded by red ones, ¢’ the number of red
preceded by white, w the number of white draws preceded by white, and w’ the number of
white preceded by red. Evidently,

, r—1 , n—r
c+c = , w4+ w = , (3.95)
r n—r—1

the upper and lower cases holding when the first draw is red or white, respectively.
When r and (n — r) are small, the presence of € and § in (3.94) makes little difference,
and the equation reduces for all practical purposes to

prad—=p", (3.96)
as in the binomial distribution (3.92). But, as these numbers increase, we can use relations
of the form

€\ €c
(1 + —> ~ exp {—} , (3.97)
p p
and (3.94) goes into
_, ec —8c  Sw—ew
ﬂﬂ—m”ew{ T, } (3.98)

The probability for drawing r red and (n — r) white balls now depends on the order in which
red and white appear, and, for a given €, when the numbers ¢, ¢, w, w’ become sufficiently
large, the probability can become arbitrarily large (or small) compared with (3.92).

We see this effect most clearly if we suppose that N = 2M, p = 1/2, in which case we
will surely have € = §. The exponential factor in (3.98) then reduces to

exp {2¢[(c — ) + (w — w)l}. (3.99)

This shows that (i) as the number n of draws tends to infinity, the probability for results
containing ‘long runs’ (i.e. long strings of red (or white) balls in succession), becomes
arbitrarily large compared with the value given by the ‘randomized’ approximation; (ii) this
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effect becomes appreciable when the numbers (ec), etc., become of order unity. Thus, if
€ = 1072, the randomized approximation can be trusted reasonably well as long as n <
100; beyond that, we might delude ourselves by using it. Indeed, it is notorious that in
real repetitive experiments where conditions appear to be the same at each trial, such
runs — although extremely improbable on the randomized approximation — are nevertheless
observed to happen.

Now let us note how the correlations expressed by (3.93) affect some of our previous
calculations. The probabilities for the first draw are of course the same as (3.8); we now use
the notation

= P(R |C)—M =1 —P(W|C)—N_ (3.100)
p= 1 =N q= p= 1 =N .
But for the second trial we have instead of (3.35)
P(R|C) = P(RyR|C) + P(RyW1|C)
= P(R3|R|C) P(R{|C) + P(R,|W,C) P(W;|C
(R2|R1C) P(R,|C) (R2|W,C) P(W,|C) (3.101)

=(p+ep+(p—23yg
= p+ (pe — qé),

and continuing for the third trial

P(R3|C) = P(R3|R2C)P(R,|C) + P(R3|W>C)P(W,|C)
=(p+e)p+ pe—qd)+(p—3)g— pe+qd) (3.102)
=p+(1+€+8)(pe — qd).

We see that P(R|C) is no longer independent of k; the correlated probability distribution
is no longer exchangeable. But does P(R;|C) approach some limit as k — 00?

It would be almost impossible to guess the general P(R;|C) by induction, following the
method in (3.101) and (3.102) a few steps further. For this calculation we need a more
powerful method. If we write the probabilities for the kth trial as a vector,

| P(R|C)
Vi = , (3.103)
P(Wi|C)
then (3.93) can be expressed in matrix form:
Vi=MV;_q, (3.104)
with
[p+el [p—34]
M = . (3.105)
[g —€]l [g+3]

This defines a Markov chain of probabilities, and M is called the transition matrix. Now
the slow induction of (3.101) and (3.102) proceeds instantly to any distance we please:

Vi = My, (3.106)
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So, to have the general solution, we need only to find the eigenvectors and eigenvalues of
M. The characteristic polynomial is

C(A) =det(M;; — A8;;) = 2> — A(1 + € +8) + (e +6) (3.107)

so the roots of C(A) = 0 are the eigenvalues

A =1
(3.108)
)\2 =€+ J.
Now, for any 2 x 2 matrix
b
M= (“ ) (3.109)
c d
with an eigenvalue A, the corresponding (non-normalized) right eigenvector is
x=(br—a), (3.110)

for which we have at once Mx = Ax. Therefore, our eigenvectors are

x1=(p_8>, x2=< 1). (.111)
q—c¢ —1

These are not orthogonal, since M is not a symmetric matrix. Nevertheless, if we use (3.111)
to define the transformation matrix

[p—3] 1 )
S = , 3.112
([q —€] -1 ( )
we find its inverse to be
1 1 1
§'=—-— , 3.113
l—e—5<[q_€] —[p—8]) G119
and we can verify by direct matrix multiplication that
A O
Ms=a=("! 114
S S 0 i) (3.114)

where A is the diagonalized matrix. Then we have for any r, positive, negative, or even
complex:

M = SA'S7! (3.115)
or
1 (p—5+[e+8]’[q—6] [p—8][1—(6+5)’]>
M =— . (3.116)
l—e=38\ [g—elll —(e+8)] q—e+[e+8T[p—34]
and since

Vv, = (p> (3.117)
q
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the general solution (3.106) sought is

(p —8) — (€ +8)'(pe — ¢9)

l—e—396 '
We can check that this agrees with (3.100), (3.101) and (3.102). From examining (3.118)
it is clear why it would have been almost impossible to guess the general formula by
induction. When € = § = 0, this reduces to P(Ry|C) = p, supplying the proof promised
after Eq. (3.37).

Although we started this discussion by supposing that € and § were small and positive, we
have not actually used that assumption, and so, whatever their values, the solution (3.118) is
exact for the abstract model that we have defined. This enables us to include two interesting
extreme cases. If not small, € and § must be at least bounded, because all quantities in (3.93)
must be probabilities (i.e. in [0, 1]). This requires that

P(R|C) =

(3.118)

—-p<e€e=<gq, —q <6 =<p, (3.119)
or
—1<e48<l. (3.120)

But from (3.119), ¢ + 6 = lifand only if ¢ = ¢, § = p, in which case the transition matrix

reduces to the unit matrix
1 0
M = 121
(0 1 ) (3.121)

and there are no ‘transitions’. This is a degenerate case in which the positive correlations
are so strong that whatever color happens to be drawn on the first trial is certain to be drawn
also on all succeeding ones:

P(R;|C) = p, all k. (3.122)
Likewise, if € + § = —1, then the transition matrix must be
0 1
M = (1 O) (3.123)

and we have nothing but transitions; i.e. the negative correlations are so strong that the
colors are certain to alternate after the first draw:

p,  kodd }

.  even (3.124)

P(R|C) = {
This case is unrealistic because intuition tells us rather strongly that € and § should be
positive quantities; surely, whatever the logical analysis used to assign the numerical value
of €, leaving a red ball in the top layer must increase, not decrease, the probability of red
on the next draw. But if € and § must not be negative, then the lower bound in (3.120) is
really zero, which is achieved only when € = § = 0. Then M in (3.105) becomes singular,
and we revert to the binomial distribution case already discussed.



80 Part 1 Principles and elementary applications

In the intermediate and realistic cases where 0 < |€ 4+ 8| < 1, the last term of (3.118)
attenuates exponentially with &, and in the limit

p—

P(R:|C _
(Rl )_>l—e—8

(3.125)
But although these single-trial probabilities settle down to steady values as in an exchange-
able distribution, the underlying correlations are still at work and the limiting distribution
is not exchangeable. To see this, let us consider the conditional probabilities P(Ri|R;C).
These are found by noting that the Markov chain relation (3.104) holds whatever the vector
Vi—1; i.e. whether or not it is the vector generated from V) as in (3.106). Therefore, if we
are given that red occurred on the jth trial, then

v, = ((1)) (3.126)

and we have from (3.104)
Vi =M, j <k, (3.127)
from which, using (3.115),

(p—8)+(e+8 T (g—e)

P(R|R;C) = P

) Jj <Kk, (3.128)

which approaches the same limit (3.125). The forward inferences are about what we might
expect; the steady value (3.125) plus a term that decays exponentially with distance. But
the backward inferences are different; note that the general product rule holds, as always:

P(RiR;|C) = P(R(IR;C) P(R;|C) = P(R;|R;C) P(R|C). (3.129)
Therefore, since we have seen that P(R;|C) # P(R;|C), it follows that
P(R;|RcC) # P(R|R;C). (3.130)

The backward inference is still possible, but it is no longer the same formula as the forward
inference as it would be in an exchangeable sequence.

As we shall see later, this example is the simplest possible ‘baby’ version of a very
common and important physical problem: an irreversible process in the ‘Markovian ap-
proximation’. Another common technical language would call it an autoregressive model
of first order. It can be generalized greatly to the case of matrices of arbitrary dimension and
many-step or continuous, rather than single-step, memory influences. But for reasons noted
earlier (confusion of inference and causality in the literature of statistical mechanics), the
backward inference part of the solution is almost always missed. Some try to do backward
inference by extrapolating the forward solution backward in time, with quite bizarre and
unphysical results. Therefore the reader is, in effect, conducting new research in doing the
following exercise.
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Exercise 3.6. Find the explicit formula P(R;|R;C) for the backward inference cor-
responding to the result (3.128) by using (3.118) and (3.129). (a) Explain the reason
for the difference between forward and backward inferences in simple intuitive terms.
(b) In what way does the backward inference differ from the forward inference extrap-
olated backward? Which is more reasonable intuitively? (c) Do backward inferences
also decay to steady values? If so, is a property somewhat like exchangeability restored
for events sufficiently separated? For example, if we consider only every tenth draw or
every hundredth draw, do we approach an exchangeable distribution on this subset?

3.10 Simplification

The above formulas (3.100)—(3.130) hold for any €, § satisfying the inequalities (3.119).
But, on surveying them, we note that a remarkable simplification occurs if they satisfy

pg:q& (3.131)

For then we have

p—24 q—¢€

€
_ . 5=, 3.132
l—e—s 7 T—e—s 1 cto= (3.132)

and our main results (3.118) and (3.128) collapse to

P(R,|C)=p, allk, (3.133)

[k—jl
P(R(|R;C) = P(R;|R,C) = p+q (—) . allk, . (3.134)
q

The distribution is still not exchangeable, since the conditional probabilities (3.134) still
depend on the separation |k — j| of the trials; but the symmetry of forward and backward
inferences is restored, even though the causal influences €, § operate only forward. Indeed,
we see from our derivation of (3.40) that this forward—backward symmetry is a necessary
consequence of (3.133), whether or not the distribution is exchangeable.

What is the meaning of this magic condition (3.131)? It does not make the matrix M
assume any particularly simple form, and it does not turn off the effect of the correlations.
What it does is to make the solution (3.133) invariant; that is, the initial vector (3.117)
is then equal but for normalization to the eigenvector x; in (3.111), so the initial vector
remains unchanged by the matrix (3.105).

In general, of course, there is no reason why this simplifying condition should hold.
Yet in the case of our urn, we can see a kind of rationale for it. Suppose that when the
urn has initially N balls, they are in L layers. Then, after withdrawing one ball, there are
about n = (N — 1)/L of them in the top layer, of which we expect about np to be red,
nqg = n(l — p) white. Now we toss the drawn ball back in. If it was red, the probability of
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getting red at the next draw if we do not shake the urn is about

np +1 1—p 1
—p+—P 4o (—) 3.135
n+1 P+ n + n? ( )
and if it is white the probability for getting white at the next draw is about
n(dl—p)+1 P 1
L —i-p+Lio(5). 3.136
n+1 P+ n + n? ( )
Comparing with (3.93) we see that we could estimate € and § by
€ex~q/n, d~p/n (3.137)

whereupon our magic condition (3.131) is satisfied. Of course, the argument just given is
too crude to be called a derivation, but at least it indicates that there is nothing inherently
unreasonable about (3.131). We leave it for the reader to speculate about what significance
and use this curious fact might have, and whether it generalizes beyond the Markovian
approximation.

We have now had a first glimpse of some of the principles and pitfalls of standard sampling
theory. All the results we have found will generalize greatly, and will be useful parts of our
‘toolbox’ for the applications to follow.

3.11 Comments

In most real physical experiments we are not, literally, drawing from any ‘urn’. Neverthe-
less, the idea has turned out to be a useful conceptual device, and in the 250 years since
Bernoulli’s Ars Conjectandi it has appeared to scientists that many physical measurements
are very much like ‘drawing from Nature’s urn’. But to some the word ‘urn’ has gruesome
connotations, and in much of the literature one finds such expressions as ‘drawing from a
population’.

In a few cases, such as recording counts from a radioactive source, survey sampling, and
industrial quality control testing, one is quite literally drawing from a real, finite population,
and the urn analogy is particularly apt. Then the probability distributions just found, and
their limiting forms and generalizations noted in Chapter 7, will be appropriate and useful.
In some cases, such as agricultural experiments or testing the effectiveness of a new medical
procedure, our credulity can be strained to the point where we see a vague resemblance to
the urn problem.

In other cases, such as flipping a coin, making repeated measurements of the temperature
and wind velocity, the position of a planet, the weight of a baby, or the price of a commodity,
the urn analogy seems so farfetched as to be dangerously misleading. Yet in much of
the literature one still uses urn distributions to represent the data probabilities, and tries
to justify that choice by visualizing the experiment as drawing from some ‘hypothetical
infinite population’ which is entirely a figment of our imagination. Functionally, the main
consequence of this is strict independence of successive draws, regardless of all other
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circumstances. Obviously, this is not sound reasoning, and a price must be paid eventually
in erroneous conclusions.

This kind of conceptualizing often leads one to suppose that these distributions represent
not just our prior state of knowledge about the data, but the actual long-run variability of
the data in such experiments. Clearly, such a belief cannot be justified; anyone who claims
to know in advance the long-run results in an experiment that has not been performed is
drawing on a vivid imagination, not on any fund of actual knowledge of the phenomenon.
Indeed, if that infinite population is only imagined, then it seems that we are free to imagine
any population we please.

From a mere act of the imagination we cannot learn anything about the real world.
To suppose that the resulting probability assignments have any real physical meaning is
just another form of the mind projection fallacy. In practice, this diverts our attention to
irrelevancies and away from the things that really matter (such as information about the
real world that is not expressible in terms of any sampling distribution, or does not fit
into the urn picture, but which is nevertheless highly cogent for the inferences we want to
make). Usually, the price paid for this folly is missed opportunities; had we recognized that
information, more accurate and/or more reliable inferences could have been made.

Urn-type conceptualizing is capable of dealing with only the most primitive kind of
information, and really sophisticated applications require us to develop principles that go
far beyond the idea of urns. But the situation is quite subtle, because, as we stressed before
in connection with Godel’s theorem, an erroneous argument does not necessarily lead to a
wrong conclusion. In fact, as we shall find in Chapter 9, highly sophisticated calculations
sometimes lead us back to urn-type distributions, for purely mathematical reasons that have
nothing to do conceptually with urns or populations. The hypergeometric and binomial
distributions found in this chapter will continue to reappear, because they have a fundamental
mathematical status quite independent of arguments that we used to find them here.?

On the other hand, we could imagine a different problem in which we would have full
confidence in urn-type reasoning leading to the binomial distribution, although it probably
never arises in the real world. If we had a large supply {U;, Ua, ..., U,} of urns known to
have identical contents, and those contents are known with certainty in advance — and then
we used a fresh new urn for each draw — then we would assign P(A) = M /N for every
draw, strictly independently of what we know about any other draw. Such prior information
would take precedence over any amount of data. If we did not know the contents (M, N)
of the urns — but we knew they all had identical contents — this strict independence would
be lost, because then every draw from one urn would tell us something about the contents
of the other urns, although it does not physically influence them.

From this we see once again that logical dependence is in general very different from
causal physical dependence. We belabor this point so much because it is not recognized
at all in most expositions of probability theory, and this has led to errors, as is suggested

2 In a similar way, exponential functions appear in all parts of analysis because of their fundamental mathematical properties,
although their conceptual basis varies widely.
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by Exercise 3.6. In Chapter 4 we shall see a more serious error of this kind (see the
discussion following Eq. (4.29)). But even when one manages to avoid actual error, to
restrict probability theory to problems of physical causation is to lose its most important
applications. The extent of this restriction — and the magnitude of the missed opportunity —
does not seem to be realized by those who are victims of this fallacy.

Indeed, most of the problems we have solved in this chapter are not considered to be
within the scope of probability theory, and do not appear at all in those expositions which
regard probability as a physical phenomenon. Such a view restricts one to a small subclass of
the problems which can be dealt with usefully by probability theory as logic. For example,
in the ‘physical probability’ theory it is not even considered legitimate to speak of the
probability for an outcome at a specified trial; yet that is exactly the kind of thing about
which it is necessary to reason in conducting scientific inference. The calculations of this
chapter have illustrated this many times.

In summary: in each of the applications to follow, one must consider whether the experi-
ment is really ‘like’ drawing from an urn; if it is not, then we must go back to first principles
and apply the basic product and sum rules in the new context. This may or may not yield
the urn distributions.

3.11.1 A look ahead

The probability distributions found in this chapter are called sampling distributions, or direct
probabilities, which indicate that they are of the following form: Given some hypothesis H
about the phenomenon being observed (in the case just studied, the contents (M, N) of the
urn), what is the probability that we shall obtain some specified data D (in this case, some
sequence of red and white balls)? Historically, the term ‘direct probability’ has long had the
additional connotation of reasoning from a supposed physical cause to an observable effect.
But we have seen that not all sampling distributions can be so interpreted. In the present
work we shall not use this term, but use ‘sampling distribution’ in the general sense of
reasoning from some specified hypothesis to potentially observable data, whether the link
between hypothesis and data is logical or causal.

Sampling distributions make predictions, such as the hypergeometric distribution (3.22),
about potential observations (for example, the possible values and relative probabilities
of different values of r). If the correct hypothesis is indeed known, then we expect the
predictions to agree closely with the observations. If our hypothesis is not correct, they may
be very different; then the nature of the discrepancy gives us a clue toward finding a better
hypothesis. This is, very broadly stated, the basis for scientific inference. Just how wide the
disagreement between prediction and observation must be in order to justify our rejecting
the present hypothesis and seeking a new one, is the subject of significance tests. It was the
need for such tests in astronomy that led Laplace and Gauss to study probability theory in
the 18th and 19th centuries.

Although sampling theory plays a dominant role in conventional pedagogy, in the real
world such problems are an almost negligible minority. In virtually all real problems of
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scientific inference we are in just the opposite situation; the data D are known but the correct
hypothesis H is not. Then the problem facing the scientist is of the inverse type: Given the
data D, what is the probability that some specified hypothesis H is true? Exercise 3.3
above was a simple introduction to this kind of problem. Indeed, the scientist’s motivation
for collecting data is usually to enable him to learn something about the phenomenon in
this way.

Therefore, in the present work our attention will be directed almost exclusively to the
methods for solving the inverse problem. This does not mean that we do not calculate
sampling distributions; we need to do this constantly and it may be a major part of our
computational job. But it does mean that for us the finding of a sampling distribution is
almost never an end in itself.

Although the basic rules of probability theory solve such inverse problems just as readily
as sampling problems, they have appeared quite different conceptually to many writers.
A new feature seems present, because it is obvious that the question: ‘“What do you know
about the hypothesis H after seeing the data D?’ cannot have any defensible answer unless
we take into account: “What did you know about H before seeing D?” But this matter of
previous knowledge did not figure in any of our sampling theory calculations. When we
asked: “What do you know about the data given the contents (M, N) of the urn?’ we did
not seem to consider: “What did you know about the data before you knew (M, N)?’

This apparent dissymmetry, it will turn out, is more apparent than real; it arises mostly
from some habits of notation that we have slipped into, which obscure the basic unity of
all inference. But we shall need to understand this very well before we can use probability
theory effectively for hypothesis tests and their special cases, significance tests. In the next
chapter we turn to this problem.



4
Elementary hypothesis testing

I conceive the mind as a moving thing, and arguments as the motive forces
driving it in one direction or the other.
John Craig (1699)

John Craig was a Scottish mathematician, and one of the first scholars to recognize the
merit in Isaac Newton’s new invention of ‘the calculus’. The above sentence, written some
300 years ago in one of the early attempts to create a mathematical model of reasoning,
requires changing by only one word in order to describe our present attitude. We would like
to think that our minds are swayed not by arguments, but by evidence. And if fallible humans
do not always achieve this objectivity, our desiderata were chosen with the aim of achieving
it in our robot. Therefore to see how our robot’s mind is ‘driven in one direction or the other’
by new evidence, we examine some applications that, although simple mathematically, have
proved to have practical importance in several different fields.

As is clear from the basic desiderata listed in Chapter 1, the fundamental principle
underlying all probabilistic inference is:

To form a judgment about the likely truth or falsity of any proposition A,
the correct procedure is to calculate the probability that A is true:

P(A|EEy-++) 4.1
conditional on all the evidence at hand.

In a sampling context (i.e. when A stands for some data set), this principle has seemed
obvious to everybody from the start. We used it implicitly throughout Chapter 3 without
feeling any need to state it explicitly. But when we turn to a more general context, the
principle needs to be stressed because it has not been obvious to all workers (as we shall
see repeatedly in later chapters).

The essence of ‘honesty’ or ‘objectivity’ demands that we take into account all the
evidence we have, not just some arbitrarily chosen subset of it. Any such choice would
amount either to ignoring evidence that we have, or presuming evidence that we do not
have. This leads us to recognize at the outset that some information is always available to
the robot.

86
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4.1 Prior probabilities

Generally, when we give the robot its current problem, we will give it also some new
information or ‘data’ D pertaining to the specific matter at hand. But almost always the
robot will have other information which we denote, for the time being, by X. This includes,
at the very least, all its past experience, from the time it left the factory to the time it received
its current problem. That is always part of the information available, and our desiderata do
not allow the robot to ignore it. If we humans threw away what we knew yesterday in
reasoning about our problems today, we would be below the level of wild animals; we
could never know more than we can learn in one day, and education and civilization would
be impossible.

So to our robot there is no such thing as an ‘absolute’ probability; all probabilities are
necessarily conditional on X atleast. In solving a problem, its inferences should, according to
the principle (4.1), take the form of calculating probabilities of the form P(A|DX). Usually,
part of X is irrelevant to the current problem, in which case its presence is unnecessary but
harmless; if it is irrelevant, it will cancel out mathematically. Indeed, that is what we really
mean by ‘irrelevant’.

Any probability P(A|X) that is conditional on X alone is called a prior probability. But
we caution that the term ‘prior’ is another of those terms from the distant past that can be
inappropriate and misleading today. In the first place, it does not necessarily mean ‘earlier
in time’. Indeed, the very concept of time is not in our general theory (although we may
of course introduce it in a particular problem). The distinction is a purely logical one; any
additional information beyond the immediate data D of the current problem is by definition
‘prior information’.

For example, it has happened more than once that a scientist has gathered a mass of data,
but before getting around to the data analysis he receives some surprising new information
that completely changes his ideas of how the data should be analyzed. That surprising
new information is, logically, ‘prior information’ because it is not part of the data. Indeed,
the separation of the totality of the evidence into two components called ‘data’ and ‘prior
information’ is an arbitrary choice made by us, only for our convenience in organizing a
chain of inferences. Although all such organizations must lead to the same final results if
they succeed at all, some may lead to much easier calculations than others. Therefore, we
do need to consider the order in which different pieces of information shall be taken into
account in our calculations.

Because of some strange things that have been thought about prior probabilities in the
past, we point out also that it would be a big mistake to think of X as standing for some
hidden major premise, or some universally valid proposition about Nature. Old miscon-
ceptions about the origin, nature, and proper functional use of prior probabilities are still
common among those who continue to use the archaic term ‘a-priori probabilities’. The
term ‘a-priori’ was introduced by Immanuel Kant to denote a proposition whose truth can
be known independently of experience; which is most emphatically what we do not mean
here. X denotes simply whatever additional information the robot has beyond what we have
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chosen to call ‘the data’. Those who are actively familiar with the use of prior probabil-
ities in current real problems usually abbreviate further, and instead of saying ‘the prior
probability’ or ‘the prior probability distribution’, they say simply, ‘the prior’.

There is no single universal rule for assigning priors — the conversion of verbal prior
information into numerical prior probabilities is an open-ended problem of logical analysis,
to which we shall return many times. At present, four fairly general principles are known —
group invariance, maximum entropy, marginalization, and coding theory — which have led
to successful solutions of many different kinds of problems. Undoubtedly, more principles
are waiting to be discovered, which will open up new areas of application.

In conventional sampling theory, the only scenario considered is essentially that of ‘draw-
ing from an urn’, and the only probabilities that arise are those that presuppose the contents
of the ‘urn’ or the ‘population’ already known, and seek to predict what ‘data’ we are likely
to get as a result. Problems of this type can become arbitrarily complicated in the details,
and there is a highly developed mathematical literature dealing with them. For example, the
massive two-volume work of Feller (1950, 1966) and the weighty compendium of Kendall
and Stuart (1977) are restricted entirely to the calculation of sampling distributions. These
works contain hundreds of nontrivial solutions that are useful in all parts of probability
theory, and every worker in the field should be familiar with what is available in them.

However, as noted in the preceding chapter, almost all real problems of scientific inference
involve us in the opposite situation; we already know the data D, and want probability
theory to help us decide on the likely contents of the ‘urn’. Stated more generally, we want
probability theory to indicate which of a given set of hypotheses { H, H, . . .} is most likely
to be true in the light of the data and any other evidence at hand. For example, the hypotheses
may be various suppositions about the physical mechanism that is generating the data. But
fundamentally, as in Chapter 3, physical causation is not an essential ingredient of the
problem; what is essential is only that there be some kind of logical connection between
the hypotheses and the data.

To solve this problem does not require any new principles beyond the product rule (3.1)
that we used to find conditional sampling distributions; we need only to make a different
choice of the propositions. Let us now use the notation

X = prior information,
H = some hypothesis to be tested,
D = the data,

and write the product rule in the form
P(DH|X)= P(D|HX)P(H|X) = P(H|DX)P(D|X). 4.2)

We recognize P(D|H X) as the sampling distribution which we studied in Chapter 3, but
now written in a more flexible notation. In Chapter 3 we did not need to take any particular
note of the prior information X, because all probabilities were conditional on H, and so we
could suppose implicitly that the general verbal prior information defining the problem was
included in H. This is the habit of notation that we have slipped into, which has obscured
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the unified nature of all inference. Throughout all of sampling theory one can get away
with this, and as a result the very term ‘prior information’ is absent from the literature of
sampling theory.

Now, however, we are advancing to probabilities that are not conditional on H, but are
still conditional on X, so we need separate notations for them. We see from (4.2) that to
judge the likely truth of H in the light of the data, we need not only the sampling probability
P(D|H X) but also the prior probabilities for D and H:

P(D|HX)

P(H|DX) = P(H|X)W.

(4.3)
Although the derivation (4.2)—(4.3) is only the same mathematical result as (3.50)—(3.51),
it has appeared to many workers to have a different logical status. From the start it has
seemed clear how one determines numerical values of sampling probabilities, but not what
determines the prior probabilities. In the present work we shall see that this was only an
artifact of an unsymmetrical way of formulating problems, which left them ill-posed. One
could see clearly how to assign sampling probabilities because the hypothesis H was stated
very specifically; had the prior information X been specified equally well, it would have
been equally clear how to assign prior probabilities.

When we look at these problems on a sufficiently fundamental level and realize how
careful one must be to specify the prior information before we have a well-posed problem,
it becomes evident that there is in fact no logical difference between (3.51) and (4.3); exactly
the same principles are needed to assign either sampling probabilities or prior probabilities,
and one man’s sampling probability is another man’s prior probability.

The left-hand side of (4.3), P(H|DX), is generally called a ‘posterior probability’, with
the same caveat that this means only ‘logically later in the particular chain of inference
being made’, and not necessarily ‘later in time’. And again the distinction is conventional,
not fundamental; one man’s prior probability is another man’s posterior probability. There
is really only one kind of probability; our different names for them refer only to a particular
way of organizing a calculation.

The last factor in (4.3) also needs a name, and it is called the likelihood L(H). To explain
current usage, we may consider a fixed hypothesis and its implications for different data
sets; as we have noted before, the term P(D|H X), in its dependence on D for fixed H,
is called the ‘sampling distribution’. But we may consider a fixed data set in the light of
various different hypotheses {H, H’, ...}; in its dependence on H for fixed D, P(D|H X)
is called the ‘likelihood’.

Alikelihood L(H)isnotitself a probability for H;itis adimensionless numerical function
which, when multiplied by a prior probability and a normalization factor, may become a
probability. Because of this, constant factors are irrelevant, and may be struck out. Thus, the
quantity L(H;) = y(D) P(D|H; X) is equally deserving to be called the likelihood, where y
is any positive number which may depend on D but is independent of the hypotheses { H;}.

Equation (4.3) is then the fundamental principle underlying a wide class of scientific
inferences in which we try to draw conclusions from data. Whether we are trying to learn
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the character of a chemical bond from nuclear magnetic resonance data, the effectiveness
of a medicine from clinical data, the structure of the earth’s interior from seismic data,
the elasticity of a demand from economic data, or the structure of a distant galaxy from
telescopic data, (4.3) indicates what probabilities we need to find in order to see what
conclusions are justified by the totality of our evidence. If P(H|DX) is very close to one
(zero), then we may conclude that H is very likely to be true (false) and act accordingly.
Butif P(H|DX) is not far from 1/2, then the robot is warning us that the available evidence
is not sufficient to justify any very confident conclusion, and we need to obtain more and
better evidence.

4.2 Testing binary hypotheses with binary data

The simplest nontrivial problem of hypothesis testing is the one where we have only two
hypotheses to test and only two possible data values. Surprisingly, this turns out to be a
realistic and valuable model of many important inference and decision problems. Firstly,
let us adapt (4.3) to this binary case. It gives us the probability that H is true, but we could
have written it equally well for the probability that H is false:

P(D|HX)

P(H|DX)= P(H|X)————, 4.4
(HIDX) (H| )P(D|X) 4.4)
and if we take the ratio of the two equations,

P(H|DX P(H|X) P(D|H X

(H|IDX)  P(H|X) P(D| ) @.5)

P(H|DX) P(H|X) P(DIHX)'

the term P(D|X) will drop out. This may not look like any particular advantage, but the
quantity that we have here, the ratio of the probability that H is true to the probability that
it is false, has a technical name. We call it the ‘odds’ on the proposition H. So if we write
the ‘odds on H, given D and X’, as the symbol

_ P(H|D X)

OH|D X)= —— , 4.6

(H|D X) PHIDX) (4.6)
then we can combine (4.3) and (4.4) into the following form:
P(D|HX)

O(H|D X) = O(H|X) 4.7

P(DIHX)

The posterior odds on H is (are?) equal to the prior odds multiplied by a dimensionless
factor, which is also called a likelihood ratio. The odds are (is?) a strict monotonic function
of the probability, so we could equally well calculate this quantity.’

! Our uncertain phrasing here indicates that ‘odds’ is a grammatically slippery word. We are inclined to agree with purists who
say that it is, like ‘mathematics’ and ‘physics’, a singular noun in spite of appearances. Yet the urge to follow the vernacular and
treat it as plural is sometimes irresistible, and so we shall be knowingly inconsistent and use it both ways, judging what seems
euphonious in each case.
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In many applications it is convenient to take the logarithm of the odds because of the fact
that we can then add up terms. Now we could take logarithms to any base we please, and
this cost the writer some trouble. Our analytical expressions always look neater in terms
of natural (base e) logarithms. But back in the 1940s and 1950s when this theory was first
developed, we used base 10 logarithms because they were easier to find numerically; the
four-figure tables would fit on a single page. Finding a natural logarithm was a tedious
process, requiring leafing through enormous old volumes of tables.

Today, thanks to hand calculators, all such tables are obsolete and anyone can find a ten-
digit natural logarithm just as easily as a base 10 logarithm. Therefore, we started happily
to rewrite this section in terms of the aesthetically prettier natural logarithms. But the result
taught us that there is another, even stronger, reason for using base 10 logarithms. Our minds
are thoroughly conditioned to the base 10 number system, and base 10 logarithms have an
immediate, clear intuitive meaning to all of us. However, we just don’t know what to make
of a conclusion that is stated in terms of natural logarithms, until it is translated back into
base 10 terms. Therefore, we re-rewrote this discussion, reluctantly, back into the old, ugly
base 10 convention.

We define a new function, which we will call the evidence for H given D and X:

e(H|DX) = 10log,, O(H|DX). 4.8)

This is still a monotonic function of the probability. By using the base 10 and putting the
factor 10 in front, we are now measuring evidence in decibels (hereafter abbreviated to db).
The evidence for H, given D, is equal to the prior evidence plus the number of db provided
by working out the log likelihood in the last term below:

P(D|HX)]

—— 4.9
P(D|HX) “9)

e(H|DX) = e(H|X) + 101og,, [

Now suppose that this new information D actually consisted of several different
propositions:

D=DD)Ds---. (4.10)

Then we could expand the likelihood ratio by successive applications of the product rule:

P(DnHX)}+1 | 1O[P<DQ|DIHX>]

e(H|DX)=e(H|X)+ 1010 — H
(H|DX) = e(H|X) glO[P(D1|HX) P(D,|D, HX)

(4.11)
But, in many cases, the probability for getting D, is not influenced by knowledge of D;:

P(D2|DHX) = P(Dy|HX). 4.12)

One then says conventionally that D and D, are independent. Of course, we should really
say that the probabilities which the robot assigns to them are independent. It is a semantic
confusion to attribute the property of ‘independence’ to propositions or events; for that
implies, in common language, physical causal independence. We are concerned here with
the very different quality of logical independence.
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To emphasize this, note that neither kind of independence implies the other. Two events
may be in fact causally dependent (i.e. one influences the other); but for a scientist who
has not yet discovered this, the probabilities representing his state of knowledge — which
determine the only inferences he is able to make — might be independent. On the other
hand, two events may be causally independent in the sense that neither exerts any causal
influence on the other (for example, the apple crop and the peach crop); yet we perceive a
logical connection between them, so that new information about one changes our state of
knowledge about the other. Then for us their probabilities are not independent.

Quite generally, as the robot’s state of knowledge represented by H and X changes,
probabilities conditional on them may change from independent to dependent or vice versa;
yet the real properties of the events remain the same. Then one who attributed the property
of dependence or independence to the events would be, in effect, claiming for the robot the
power of psychokinesis. We must be vigilant against this confusion between reality and a
state of knowledge about reality, which we have called the ‘mind projection fallacy’.

The point we are making is not just pedantic nitpicking; we shall see presently (Eq. (4.29))
that it has very real, substantive consequences. In Chapter 3 we have discussed some of
the conditions under which these probabilities might be independent, in connection with
sampling from a very large known population and sampling with replacement. In the closing
Comments section, we noted that whether urn probabilities do or do not factor can depend
on whether we do or do not know that the contents of several urns are the same. In our present
problem, as in Chapter 3, to interpret causal independence as logical independence, or to
interpret logical dependence as causal dependence, has led some to nonsensical conclusions
in fields ranging from psychology to quantum theory.

In case these several pieces of data are logically independent given (H X) and also given
(HX), (4.11) becomes

P(Di|HX):| 4.13)

e(H|DX) = e(H|X)+ 10 " log, [m

where the sum is over all the extra pieces of information that we obtain.

To get some feeling for numerical values here, let us construct Table 4.1. We have
three different scales on which we can measure degrees of plausibility: evidence, odds, or
probability; they are all monotonic functions of each other. Zero db of evidence corresponds
to odds of 1 or to a probability of 1/2. Now, every physicist or electrical engineer knows
that 3 db means a factor of 2 (nearly) and 10 db is a factor of 10 (exactly); and so if we go
in steps of 3 db, or 10, we can construct this table very easily.

It is obvious from Table 4.1 why it is very cogent to give evidence in decibels. When
probabilities approach one or zero, our intuition doesn’t work very well. Does the difference
between the probability of 0.999 and 0.9999 mean a great deal to you? It certainly doesn’t to
the writer. But after living with this for only a short while, the difference between evidence
of plus 30 db and plus 40 db does have a clear meaning to us. It is now in a scale which
our minds comprehend naturally. This is just another example of the Weber—Fechner law;
intuitive human sensations tend to be logarithmic functions of the stimulus.
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Table 4.1. Evidence, odds, and probability.

e o D

0 1:1 172
3 21 2/3

6 4:1 4/5
10 10:1 10/11
20 100:1 100/101
30 1000:1 0.999
40 10%:1 0.9999
—e 1/0 1-p

Even the factor of 10 in (4.8) is appropriate. In the original acoustical applications, it was
introduced so that a 1 db change in sound intensity would be, psychologically, about the
smallest change perceptible to our ears. With a little familiarity and a little introspection, we
think that the reader will agree that a 1 db change in evidence is about the smallest increment
of plausibility that is perceptible to our intuition. Nobody claims that the Weber—Fechner
law is a precise rule for all human sensations, but its general usefulness and appropriateness
is clear; almost always it is not the absolute change, but more nearly the relative change, in
some stimulus that we perceive. For an interesting account of the life and work of Gustav
Theodor Fechner (1801-87), see Stigler (1986c).

Now let us apply (4.13) to a specific calculation, which we shall describe as a problem of
industrial quality control (although it could be phrased equally well as a problem of cryp-
tography, chemical analysis, interpretation of a physics experiment, judging two economic
theories, etc.). Following the example of Good (1950), we assume numbers which are not
very realistic in order to elucidate some points of principle. Let the prior information X
consist of the following statements:

X = We have 11 automatic machines turning out widgets, which pour out of the
machines into 11 boxes. This example corresponds to a very early stage in the
development of widgets, because ten of the machines produce one in six defective.
The 11th machine is even worse; it makes one in three defective. The output of each
machine has been collected in an unlabeled box and stored in the warehouse.

We choose one of the boxes and test a few of the widgets, classifying them as ‘good’ or
‘bad’. Our job is to decide whether we chose a box from the bad machine or not; that is,
whether we are going to accept this batch or reject it.

Let us turn this job over to our robot and see how it performs. Firstly, it must find the
prior evidence for the various propositions of interest. Let

A = we chose a bad batch (1/3 defective),
B = we chose a good batch (1/6 defective).
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The qualitative part of our prior information X told us that there are only two possibilities;
so in the ‘logical environment’ generated by X, these propositions are related by negation:
given X, we can say that

A =B, B =A. (4.14)

The only quantitative prior information is that there are 11 machines and we do not know
which one made our batch, so, by the principle of indifference, P(A|X) = 1/11, and

PAIX) _ o0 (/1)

FAlL T — _10db 415
P(AIX) °810 (10/11) ’ (15

e(A|X) = 10log,,

whereupon we have necessarily e(B|X) = +10 db.

Evidently, in this problem the only properties of X that will be relevant for the calculation
are just these numbers, £10 db. Any other kind of prior information which led to the same
numbers would give us just the same mathematical problem from this point on. So, it is not
necessary to say that we are talking only about a problem where there are 11 machines, and
so on. There might be only one machine, and the prior information consists of our previous
experience with it.

Our reason for stating the problem in terms of 11 machines was that we have, thus far,
only one principle, indifference, by which we can convert raw information into numerical
probability assignments. We interject this remark because of a famous statement by Feller
(1950) about a single machine, which we consider in Chapter 17 after accumulating some
more evidence pertaining to the issue he raised. To our robot, it makes no difference how
many machines there are; the only thing that matters is the prior probability for a bad batch,
however this information was arrived at.?

Now, from this box we take out a widget and test it to see whether it is defective.
If we pull out a bad one, what will that do to the evidence for a bad batch? That will
add to it

P(bad|A X)

10log,g —— =~
810 b (bad[AX)

(4.16)

where P(bad|AX) represents the probability for getting a bad widget, given A, etc.; these
are sampling probabilities, and we have already seen how to calculate them. Our procedure
is very much ‘like’ drawing from an urn, and, as in Chapter 3, on one draw our datum
D now consists only of a binary choice: (good/bad). The sampling distribution P(D|H X)

2 Notice that in this observation we have the answer to a point raised in Chapter 1: How does one make the robot ‘cognizant’
of the semantic meanings of the various propositions that it is being called upon to deal with? The answer is that the robot
does not need to be ‘cognizant’ of anything. If we give it, in addition to the model and the data, a list of the propositions to
be considered, with their prior probabilities, this conveys all the ‘meaning’ needed to define the robot’s mathematical problem
for the applications now being considered. Later, we shall wish to design a more sophisticated robot which can also help us to
assign prior probabilities by analysis of complicated but incomplete information, by the maximum entropy principle. But, even
then, we can always define the robot’s mathematical problem without going into semantics.
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reduces to

1 2
P(badlAX)= 2. P(good|AX) = 3. 4.17)

1 5
P(bad|BX) =, P(good|BX) = = 4.18)

Thus, if we find a bad widget on the first draw, this will increase the evidence for A by

o (1/3)
Z10 _(1/6)

What happens now if we draw a second bad one? We are sampling without replacement, so
as we noted in (3.11), the factor (1/3) in (4.19) should be updated to

wpy-t_ 1.2 (4.20)

N -1 3 3(N-1D
where N is the number of widgets in the batch. But, to avoid this complication, we suppose
that N is very much larger than any number that we contemplate testing; i.e. we are going
to test such a negligible fraction of the batch that the proportion of bad and good ones in
it is not changed appreciably by the drawing. Then the limiting form of the hypergeomet-
ric distribution (3.22) will apply, namely the binomial distribution (3.86). Thus we shall
consider that, given A or B, the probability for drawing a bad widget is the same at every
draw regardless of what has been drawn previously; so every bad one we draw will provide
+3 db of evidence in favor of hypothesis A.
Now suppose we find a good widget. Using (4.14), we get evidence for A of

P(good|AX) 2/3)
105 mo. = 10log)y —— =
P(good|BX) (5/6)
but let’s call it —1 db. Again, this will hold for any draw, if the number in the batch is

sufficiently large. If we have inspected n widgets, of which we found ny bad ones and n,
good ones, the evidence that we have the bad batch will be

101 = 10log,y2 = 3 db. (4.19)

101log —0.97 db, (4.21)

e(A|DX) = e(A|X) + 3np — n,. 4.22)

You see how easy this is to do once we have set up the logarithmic machinery. The robot’s
mind is ‘driven in one direction or the other’ in a very simple, direct way.

Perhaps this result gives us a deeper insight into why the Weber—Fechner law applies
to intuitive plausible inference. Our ‘evidence’ function is related to the data that we have
observed in about the most natural way imaginable; a given increment of evidence corre-
sponds to a given increment of data. For example, if the first 12 widgets we test yield five
bad ones, then

e(A|IDX) = —10+3x5—7 = —2db, (4.23)

or, the probability for a bad batch is raised by the data from (1/11)=0.09 to
P(A|DX) ~0.4.
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In order to get at least 20 db of evidence for proposition A, how many bad widgets would
we have to find in a certain sequence of n = ny, + n, tests? This requires

3ny —ng =4npy —n=n4f, —1) > 20, 4.24)

so, if the fraction f, = ny/n of bad ones remains greater than 1/4, we shall accumulate
eventually 20 db, or any other positive amount, of evidence for A. It appears that f, = 1/4
is the threshold value at which the test can provide no evidence for either A or B over the
other; but note that the +3 and —1 in (4.22) are only approximate. The exact threshold
fraction of bad ones is, from (4.19) and (4.21),

_ loe(3)
log(2) + log (%)

in which the base of the logarithms does not matter. Sampling fractions greater (less) than
this give evidence for A over B (B over A); but if the observed fraction is close to the
threshold, it will require many tests to accumulate enough evidence.

Now all we have here is the probability or odds or evidence, whatever you wish to call
it, of the proposition that we chose the bad batch. Eventually, we have to make a decision:
we’re going to accept it, or we’re going to reject it. How are we going to do that? Well, we
might decide beforehand: if the probability of proposition A reaches a certain level, then
we’ll decide that A is true. If it gets down to a certain value, then we’ll decide that A is false.

There is nothing in probability theory per se which can tell us where to put these critical
levels at which we make our decision. This has to be based on value judgments: what are the
consequences of making wrong decisions, and what are the costs of making further tests?
This takes us into the realm of decision theory, considered in Chapters 13 and 14. But for
now it is clear that making one kind of error (accepting a bad batch) might be more serious
than making the other kind of error (rejecting a good batch). That would have an obvious
effect on where we place our critical levels.

So we could give the robot some instructions such as ‘If the evidence for A is greater
than 4-0 db, then reject this batch (it is more likely to be bad than good). If it goes as low
as —13 db, then accept it (there is at least a 95% probability that it is good). Otherwise,
continue testing.” We start doing the tests, and every time we find a bad widget the evidence
for the bad batch goes up 3 db; every time we find a good one, it goes down 1 db. The tests
terminate as soon as we enter either the accept or reject region for the first time.

The way described above is how our robot would do it if we told it to reject or accept on
the basis that the posterior probability of proposition A reaches a certain level. This very
useful and powerful procedure is called ‘sequential inference’ in the statistical literature,
the term signifying that the number of tests is not determined in advance, but depends
on the sequence of data values that we find; at each step in the sequence we make one
of three choices: (a) stop with acceptance; (b) stop with rejection; (c) make another test.
The term should not be confused with what has come to be called ‘sequential analysis
with nonoptional stopping’, which is a serious misapplication of probability theory; see the
discussions of optional stopping in Chapters 6 and 17.

i = 0.2435292, (4.25)
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4.3 Nonextensibility beyond the binary case

The binary hypothesis testing problem turned out to have such a beautifully simple solution
that we might like to extend it to the case of more than two hypotheses. Unfortunately, the
convenient independent additivity over data sets in (4.13) and the linearity in (4.22) do not
generalize. By ‘independent additivity’ we mean that the increment of evidence from a given
datum D; depends only on D; and H; not on what other data have been observed. As (4.11)
shows, we always have additivity, but not independent additivity unless the probabilities
are independent.

We state the reason for this nonextensibility in the form of an exercise for the reader; to
prepare for it, suppose that we have n hypotheses {Hy, ..., H,} which on prior information
X are mutually exclusive and exhaustive:

P(H;H;|X) = P(H;|X)é;;, Z P(H;|X)=1. (4.26)
i=1
Also, we have acquired m data sets {Dy, ..., D,}, and as a result the probabilities of the

H; become updated in odds form by (4.7) , which now becomes

P(Dy,...,DulH; X)
P(Dy, ..., Dy|H:X)

O(H;|Dy, ..., DyX) = O(H;|X) 4.27)

It is common that the numerator will factor because of the logical independence of the D,
given H;:

P(Dy,....Du|H:X)=[|P(D;|H;X), 1<i<n. (4.28)
J
j

If the denominator should also factor,
P(Dy,...,Dn|H:X) = ]_[ P(D;|H;X), 1<i<n, (4.29)
J
then (4.27) would split into a product of the updates produced by each D; separately, and

the log-odds formula (4.9) would again take a form independently additive over the D; as
in (4.13).

Exercise 4.1. Show that there is no such nontrivial extension of the binary case. More
specifically, prove that if (4.28) and (4.29) hold with n > 2, then at most one of the
factors
P(D\|H; X)  P(DnlH; X)
P(DI[H; X)  P(DylH; X)
is different from unity, therefore at most one of the data sets D; can produce any
updating of the probability for H;.

(4.30)
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This has been a controversial issue in the literature of artificial intelligence (Glymour,
1985; R. W. Johnson, 1985). Those who fail to distinguish between logical independence
and causal independence would suppose that (4.29) is always valid, provided only that no
D; exerts a physical influence on any other D ;. But we have already noted the folly of such
reasoning; this is an occasion when the semantic confusion can lead to serious numerical
errors. When n = 2, (4.29) follows from (4.28). But when n > 2, (4.29) is such a strong
condition that it would reduce the whole problem to a triviality not worth considering; we
have left it (Exercise 4.1) for the reader to examine the equations to see why this is so.
Because of Cox’s theorems expounded in Chapter 2, the verdict of probability theory is
that our conclusion about nonextensibility can be evaded only at the price of committing
demonstrable inconsistencies in our reasoning.

To head off a possible misunderstanding of what is being said here, let us add the follow-
ing. However many hypotheses we have in mind, it is of course always possible to pick out
two of them and compare them only against each other. This reverts to the binary choice case
already analyzed, and the independent additive property holds within that smaller problem
(find the status of an hypothesis relative to a single alternative).

We could organize this by choosing A; as the standard ‘null hypothesis’ and comparing
each of the others with it by solving n — 1 binary problems; whereupon the relative status
of any two propositions is determined. For example, if A5 and A; are favored over A; by
22.3 db and 31.9 db, respectively, then A5 is favored over As by 31.9 —22.3 = 9.6 db. If
such binary comparisons provide all the information one wants, there is no need to consider
multiple hypothesis testing at all.

But that would not solve our present problem; given the solutions of all these binary
problems, it would still require a calculation as big as the one we are about to do to
convert that information into the absolute status of any given hypothesis relative to the
entire class of n hypotheses. Here we are going after the solution of the larger problem
directly.

In any event, we need not base our stance merely on claims of authoritarian finality for an
abstract theorem; more constructively, we now show that probability theory does lead us to
a definite, useful procedure for multiple hypothesis testing, which gives us a much deeper
insight and makes it clear why the independent additivity cannot, and should not, hold
when n > 2. It would then ignore some very cogent information; that is the demonstrable
inconsistency.

4.4 Multiple hypothesis testing

Suppose that something very remarkable happens in the sequential test just discussed: we
tested 50 widgets and every one turned out to be bad. According to (4.22), that would give
us 150 db of evidence for the proposition that we had the bad batch. e(A|E) would end up
at +140 db, which is a probability which differs from unity by one part in 10'*. Now, our
common sense rejects this conclusion; some kind of innate skepticism rises in us. If you
test 50 widgets and you find that all 50 are bad, you are not willing to believe that you have
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a batch in which only one in three are really bad. So what went wrong here? Why doesn’t
our robot work in this case?

We have to recognize that our robot is immature; it reasons like a four-year-old child does.
The remarkable thing about small children is that you can tell them the most ridiculous things
and they will accept it all with wide open eyes, open mouth, and it never occurs to them to
question you. They will believe anything you tell them.

Adults learn to make mental allowance for the reliability of the source when told some-
thing hard to believe. One might think that, ideally, the information which our robot should
have put into its memory was not that we had either 1/3 bad or 1/6 bad; the information
it should have put in was that some unreliable human said that we had either 1/3 bad or
1/6 bad.

More generally, it might be useful in many problems if the robot could take into ac-
count the fact that the information it has been given may not be perfectly reliable to begin
with. There is always a small chance that the prior information or data that we fed to
the robot was wrong. In a real problem there are always hundreds of possibilities, and if
you start out the robot with dogmatic initial statements which say that there are only two
possibilities, then of course you must not expect its conclusions to make sense in every
case.

To accomplish this skeptically mature behavior automatically in a robot is something
that we can do, when we come to consider significance tests; but fortunately, after further
reflection, we realize that for most problems the present immature robot is what we want
after all, because we have better control over it.

We do want the robot to believe whatever we tell it; it would be dangerous to have a robot
who suddenly became skeptical in a way not under our control when we tried to tell it some
true but startling — and therefore highly important — new fact. But then the onus is on us to
be aware of this situation, and when there is a good chance that skepticism will be needed,
it is up to us to give the robot a hint about how to be skeptical for that particular problem.

In the present problem we can give the hint which makes the robot skeptical about A
when it sees ‘too many’ bad widgets, by providing it with one more possible hypothesis,
which notes that possibility and therefore, in effect, puts the robot on the lookout for it.
As before, let proposition A mean that we have a box with 1/3 defective, and proposition
B is the statement that we have a box with 1/6 bad. We add a third proposition, C, that
something went entirely wrong with the machine that made our widgets, and it is turning
out 99% defective.

Now we have to adjust our prior probabilities to take this new possibility into account.
But we do not want this to be a major change in the nature of the problem; so let hypothesis
C have a very low prior probability P(C|X) of 107® (=60 db). We could write out X as
a verbal statement which would imply this, but as in the previous footnote we can state
what proposition X is, with no ambiguity at all for the robot’s purposes, simply by giving
it the probabilities conditional on X, of all the propositions that we’re going to use in this
problem. In that way we don’t state everything about X that is important to us conceptually;
but we state everything about X that is relevant to the robot’s current mathematical problem.
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So, suppose we start out with these initial probabilities:
1 -6
P(AIX) = 7 (1 =1077),

P(B|X) = %(1 —1079), 4.31)
P(C|X) = 107",

where

A = we have a box with 1/3 defective,
B = we have a box with 1/6 defective,
C = we have a box with 99/100 defective.

The factors (1 — 107°) are practically negligible, and for all practical purposes we will start
out with the initial values of evidence:

—10db for A,
+10 db for B, (4.32)
—60 db for C.

The data proposition D stands for the statement that ‘m widgets were tested and every one
was defective’. Now, from (4.9), the posterior evidence for proposition C is equal to the
prior evidence plus ten times the logarithm of this probability ratio:

(CIDX) (Cl1X)+ 101 PDICX) (4.33)
e =e (0] —_—. .
80 ppiex)
Our discussion of sampling with and without replacement in Chapter 3 shows that
99 \"
P(DICX)=|— 4.34
(DICX) (1 00) (4.34)

is the probability that the first m are all bad, given that 99% of the machine’s output is bad,
under our assumption that the total number in the box is large compared with the number
m tested.

We also need the probability P(D|C X), which we can evaluate by two applications of
the product rule (4.3):

P(C|DX)

P(D|CX)= P(D|X — :
(DICX) (I)P(C|X)

(4.35)

In this problem, the prior information states dogmatically that there are only three possibil-
ities, and so the statement C = “C is false’ implies that either A or B must be true:

P(C|DX)= P(A+ B|DX) = P(A|DX) + P(B|DX), (4.36)
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where we used the general sum rule (2.66), the negative term dropping out because A and
B are mutually exclusive. Similarly,

P(C|X) = P(A|X)+ P(B|X). (4.37)
Now, if we substitute (4.36) into (4.35), the product rule will be applicable again in the form
P(AD|X)= P(D|X)P(A|DX) = P(A|X)P(D|AX)

(4.38)
P(BD|X) = P(D|X)P(B|DX) = P(B|X)P(D|BX),
and so (4.35) becomes
P(D[CX) = P(DIAX)P(A|X) + P(D|BX)P(B|X)’ 4.39)

P(A|X)+ P(B|X)

in which all probabilities are known from the statement of the problem.

4.4.1 Digression on another derivation

Although we have the desired result (4.39), let us note that there is another way of deriving
it, which is often easier than direct application of (4.3). The principle was introduced in our
derivation of (3.33): resolve the proposition whose probability is desired (in this case D)
into mutually exclusive propositions, and calculate the sum of their probabilities. We can
carry out this resolution in many different ways by ‘introducing into the conversation’ any
set of mutually exclusive and exhaustive propositions { P, Q, R, ...} and using the rules of
Boolean algebra:

D=DP+Q+R+--)=DP+DQ+DR+---. (4.40)

But the success of the method depends on our cleverness at choosing a particular set for
which we can complete the calculation. This means that the propositions introduced must
have a known kind of relevance to the question being asked; the example of penguins at the
end of Chapter 2 will not be helpful if that question has nothing to do with penguins.

In the present case, for evaluation of P(D|CX), it appears that propositions A and B
have this kind of relevance. Again, we note that proposition C implies (A 4 B); and so

P(D|CX)= P(D(A+ B)|CX) = P(DA + DB|CX)

_ _ (4.41)
= P(DA|CX) + P(DB|CX).
These probabilities can be factored by the product rule:
P(D|CX) = P(D|ACX)P(A|CX)+ P(D|BCX)P(B|CX). (4.42)

But we can abbreviate: P(D|ACX) = P(D|AX) and P(D|BCX) = P(D|BX), because,
in the way we set up this problem, the statement that either A or B is true implies that C
must be false. For this same reason, P(aAX ) = 1, and so, by the product rule,

P(A|X)

P(A|ICX) = PEX

(4.43)
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and similarly for P(B|C X). Substituting these results into (4.42) and using (4.37), we again
arrive at (4.39). This agreement provides another illustration — and a rather severe test — of
the consistency of our rules for extended logic.

Returning to (4.39), we have the numerical value

_ 1\" /1 1\" 10
P(D|CX)=<§> (H>+(E> T (4.44)

and everything in (4.33) is now at hand. If we put all these things together, we find that the
evidence for proposition C is:

(i)
e(C|DX):—6O+1010g10|:11_1(%)m+%(é)mi|. (4.45)
If m > 5, a good approximation is
e(C|DX) ~ —49.6 +-4.73 m, m>35, (4.46)
and if m < 3, a crude approximation is
e(C|DX) ~ —60+7.73 m, m < 3. (4.47)

Proposition C starts out at —60 db, and the first few bad widgets we find will each give
about 7.73 db of evidence in favor of C, so the graph of e(C|DX) vs. m will start upward at
a slope of 7.73. But then the slope drops, when m > 5, to 4.73. The evidence for C reaches
0 db when m >~ 49.6/4.73 = 10.5. So, ten consecutive bad widgets would be enough to
raise this initially very improbable hypothesis by 58 db, to the place where the robot is ready
to consider it very seriously; and 11 consecutive bad ones would take it over the threshold,
to where the robot considers it more likely to be true than false.

In the meantime, what is happening to our propositions A and B? As before, A starts
off at —10 db, B starts off at 4+-10 db, and the plausibility for A starts going up 3 db per
defective widget. But after we’ve found too many bad ones, that skepticism would set in,
and you and I would begin to doubt whether the evidence really supports proposition A
after all; proposition C is becoming a much easier way to explain what is observed. Has the
robot also learned to be skeptical?

After m widgets have been tested, and all proved to be bad, the evidence for propositions
A and B, and the approximate forms, are as follows:

l m
e(A|DX) = —10 + 101log,, |:(l)m + 1_1(>3()106 (ﬁ)mj|
g 0 100

{—10+3m form<7}

(4.48)

~

+49.6 —4.73m form > 8
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Fig. 4.1. A surprising multiple sequential test wherein a dead hypothesis (C) is resurrected.

()"
(B|DX) 08 |:(%)m +11 x 10-¢ (%)m

{10—3m form<10}

(4.49)

~

59.6 —7.33m form > 11

The exact results are summarized in Figure 4.1. We can learn quite a lot about multiple
hypothesis testing from studying this diagram. The initial straight line part of the A and
B curves represents the solution as we found it before we introduced proposition C; the
change in plausibility for propositions A and B starts off just the same as in the previous
problem. The effect of proposition C does not appear until we have reached the place where
C crosses B. At this point, suddenly the character of the A curve changes; instead of going
on up, at m = 7 it has reached its highest value of 10 db. Then it turns around and comes
back down; the robot has indeed learned how to become skeptical. But the B curve does
not change at this point; it continues on linearly until it reaches the place where A and C
have the same plausibility, and at this point it has a change in slope. From then on, it falls
off more rapidly.

Most people find all this surprising and mysterious at first glance; but then a little medi-
tation is enough to make us perceive what is happening and why. The change in plausibility
for A due to one more test arises from the fact that we are now testing hypothesis A against
two alternatives: B and C. But, initially, B is so much more plausible than C, that for all
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practical purposes we are simply testing A against B, and reproducing our previous solution
(4.22). After enough evidence has accumulated to bring the plausibility for C up to the same
level as B, then from that point on A is essentially being tested against C instead of B,
which is a very different situation.

All of these changes in slope can be interpreted in this way. Once we see this principle, it
is clear that the same thing is going to be true more generally. As long as we have a discrete
set of hypotheses, a change in plausibility for any one of them will be approximately the
result of a test of this hypothesis against a single alternative — the single alternative being
that one of the remaining hypotheses which is most plausible at that time. As the relative
plausibilities of the alternatives change, the slope of the A curve must also change; this is
the cogent information that would be lost if we tried to retain the independent additive form
(4.13) when n > 2.

Whenever the hypotheses are separated by about 10 db or more, then multiple hypothesis
testing reduces approximately to testing each hypothesis against a single alternative. So,
seeing this, you can construct curves of the sort shown in Fig. 4.1 very rapidly without
even writing down the equations, because what would happen in the two-hypothesis case
is easily seen once and for all. The diagram has a number of other interesting geometrical
properties, suggested by drawing the six asymptotes and noting their vertical alignment
(dotted lines), which we leave for the reader to explore.

All the information needed to construct fairly accurate charts resulting from any se-
quence of good and bad tests is contained in the ‘plausibility flow diagrams’ of Figure 4.2,
which summarize the solutions of all those binary problems; every possible way to test
one proposition against a single alternative. It indicates, for example, that finding a good
widget raises the evidence for B by 1 db if B is being tested against A, and by 19.22 db
if it is being tested against C. Similarly, finding a bad widget raises the evidence for A by
3 db if A is being tested against B, but lowers it by 4.73 db if it is being tested against
C. Likewise, we see that finding a single good widget lowers the evidence for C by an
amount that cannot be recovered by two bad ones; so there is a ‘threshold of skepticism’.
C will never attain an appreciable probability; i.e. the robot will never become skepti-
cal about propositions A and B, as long as the observed fraction f of bad ones remains
less than 2/3.

More precisely, we define a threshold fraction f; thus: as the number of tests m — oo with
f = my/m — const., e(C|DX) tends to 400 if f > f;, and to —oo if f < f;. The exact
threshold turns out to be greater than 2/3: f; = 0.793951 (Exercise 4.2). If the observed

GOOD: —> 1.0 —><— 19.22 <——> 18.24 —>

Fig. 4.2. Plausibility flow diagrams.
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fraction of bad widgets remains above this value, the robot will be led eventually to prefer
proposition C over A and B.

Exercise 4.2. Calculate the exact threshold of skepticism fi(x, y), supposing that
proposition C has instead of 10~ an arbitrary prior probability P(C|X) = x, and
specifies instead of 99/100 an arbitrary fraction y of bad widgets. Then discuss how the
dependence on x and y corresponds — or fails to correspond — to human common sense.
Hint: In problems like this, always try first to get an analytic solution in closed form.
If you are unable to do this, then you must write a short computer program which will
display the correct numerical values in tables or graphs.

Exercise 4.3. Show how to make the robot skeptical about both unexpectedly high
and unexpectedly low numbers of bad widgets in the observed sample. Give the full
equations. Note particularly the following: if A is true, then we would expect, according
to the binomial distribution (3.86), that the observed fraction of bad ones would tend
to about 1/3 with many tests, while if B is true it should tend to 1/6. Suppose that it is
found to tend to the threshold value (4.24), close to 1/4. On sufficiently large m, you
and I would then become skeptical about A and B; but intuition tells us that this would
require a much larger m than ten, which was enough to make us and the robot skeptical
when we find them all bad. Do the equations agree with our intuition here, if a new
hypothesis F is introduced which specifies P(bad|F X) ~ 1/4?

In summary, the role of our new hypothesis C was only to be held in abeyance until
needed, like a fire extinguisher. In a normal testing situation it is ‘dead’, playing no part in
the inference because its probability is and remains far below that of the other hypotheses.
But a dead hypothesis can be resurrected to life by very unexpected data. Exercises 4.2 and
4.3 ask the reader to explore the phenomenon of resurrection of dead hypotheses in more
detail than we do in this chapter, but we return to the subject in Chapter 5.

Figure 4.1 shows an interesting thing. Suppose we had decided to stop the test and accept
hypothesis A if the evidence for it reached 46 db. As we see, it would overshoot that value
at the sixth trial. If we stopped the testing at that point, then we would never see the rest of
this curve and see that it really goes down again. If we had continued the testing beyond
this point, then we would have changed our minds again.

At first glance this seems disconcerting, but notice that it is inherent in all problems of
hypothesis testing. If we stop the test at any finite number of trials, then we can never be
absolutely sure that we have made the right decision. It is always possible that still more
tests would have led us to change our decision. But note also that probability theory as
logic has automatic built-in safety devices that can protect us against unpleasant surprises.
Although it is always possible that our decision is wrong, this is extremely improbable if
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our critical level for decision requires e(A|DX) to be large and positive. For example, if
e(A|DX) > 20 db, then P(A|DX) > 0.99, and the total probability for all the alternatives
is less than 0.01; then few of us would hesitate to decide confidently in favor of A.

In a real problem we may not have enough data to give such good evidence, and we
might suppose that we could decide safely if the most likely hypothesis A is well separated
from the alternatives, even though e(A|DX) is itself not large. Indeed, if there are 1000
alternatives but the separation of A from the most likely alternative is more than 20 db, then
the odds favor A by more than 100:1 over any one of the alternatives, and if we were obliged
to make a definite choice of one hypothesis here and now, there could still be no hesitation
in choosing A; it is clearly the best we can do with the information we have. Yet we cannot
do it so confidently, for it is now very plausible that the decision is wrong, because the class
of alternatives as a whole is about as probable as A. But probability theory warns us, by the
numerical value of e(A| D X), that this is the case; we need not be surprised by it.

In scientific inference our job is always to do the best we can with whatever information
we have; there is no advance guarantee that our information will be sufficient to lead
us to the truth. But many of the supposed difficulties arise from an inexperienced user’s
failure to recognize and use the safety devices that probability theory as logic always
provides. Unfortunately, the current literature offers little help here because its viewpoint,
concentrated mainly on sampling theory, directs attention to other things such as assumed
sampling frequencies, as the following exercises illustrate.

Exercise 4.4. Suppose that B is in fact true; estimate how many tests it will probably
require in order to accumulate an additional 20 db of evidence (above the prior 10 db)
in favor of B. Show that the sampling probability that we could ever obtain 20 db of
evidence for A is negligibly small, even if we sample millions of times. In other words it
is, for all practical purposes, impossible for a doctrinaire zealot to sample to a foregone
false conclusion merely by continuing until he finally gets the evidence he wants.

Note: The calculations called for here are called ‘random walk’ problems; they are
sampling theory exercises. Of course, the results are not wrong, only incomplete. Some
essential aspects of inference in the real world are not recognized by sampling theory.

Exercise 4.5. The estimate asked for in Exercise 4.4 is called the ‘average sample
number’ (ASN), and the original rationale for the sequential procedure (Wald, 1947)
was not our derivation from probability theory as logic, but Wald’s conjecture (unproven
at the time) that the sequential probability-ratio tests such as (4.19) and (4.21) minimize
the ASN for a given reliability of conclusion. Discuss the validity of this conjecture;
can one define the term ‘reliability of conclusion’ in such a way that the conjecture can
be proved true?
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Evidently, we could extend this example in many different directions. Introducing more
‘discrete’ hypotheses would be perfectly straightforward, as we have seen. More interesting
would be the introduction of a continuous range of hypotheses, such as

H = the machine is putting out a fraction f bad.

Then, instead of a discrete prior probability distribution, our robot would have a continuous
distribution in 0 < f < 1, and it would calculate the posterior probabilities for various
values of f on the basis of the observed samples, from which various decisions could be
made. In fact, although we have not yet given a formal discussion of continuous probability
distributions, the extension is so easy that we can give it as an introduction to this example.

4.5 Continuous probability distribution functions

Our rules for inference were derived in Chapter 2 only for the case of finite sets of discrete
propositions (A, B, ...). But this is all we ever need in practice. Suppose that f is any
continuously variable real parameter of interest, then the propositions

F'=(f=<q
F'=(f>4q)
are discrete, mutually exclusive, and exhaustive; so our rules will surely apply to them.

Given some information Y, the probability for F’ will in general depend on ¢, defining a
function

(4.50)

G(q) = P(F'|Y), 4.51)

which is evidently monotonic increasing. Then what is the probability that f lies in any
specified interval (a < f < b)? The answer is probably obvious intuitively, but it is worth
noting that it is determined uniquely by the sum rule of probability theory, as follows. Define
the propositions

A=(f <a), B =(f <b), W=(@a<f<b). (4.52)

Then a relation of Boolean algebrais B = A + W, and since A and W are mutually exclu-
sive, the sum rule reduces to

P(B|Y) = P(A|Y)+ P(W|Y). (4.53)
But P(B|Y) = G(b), and P(A|Y) = G(a), so we have the result
Pla < f <blY)=P(W|Y)=G(b)— G(a). (4.54)

In the present case, G(gq) is continuous and differentiable, so we may write also

b
Pa < f < blY) =/ dfe(f). (4.55)

a
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where g(f) = G'(f) > 0Ois the derivative of G, generally called the probability distribution
function, or the probability density function for f, given Y; either reading is consistent with
the abbreviation pdf which we use henceforth, following the example of Zellner (1971). Its
integral G(f) may be called the cumulative distribution function for f.

Thus, limiting our basic theory to finite sets of propositions has not in any way hin-
dered our ability to deal with continuous probability distributions; we have applied the
basic product and sum rules only to discrete propositions in finite sets. As long as contin-
uous distributions are defined as above (Egs. (4.54), (4.55)) from a basis of finite sets of
propositions, we are protected from inconsistencies by Cox’s theorems. But if we become
overconfident and try to operate directly on infinite sets without considering how they are
to be generated from finite sets, this protection is lost and we stand at the mercy of all the
paradoxes of infinite-set theory, as discussed in Chapter 15; we can then derive sense and
nonsense with equal ease.

We must warn the reader about another semantic confusion which has caused error and
controversy in probability theory for many decades. It would be quite wrong and misleading
to call g(f) the ‘posterior distribution of f’, because that verbiage would imply to the
unwary that f itself is varying and is ‘distributed’ in some way. This would be another form
of the mind projection fallacy, confusing reality with a state of knowledge about reality.
In the problem we are discussing, f is simply an unknown constant parameter; what is
‘distributed’ is not the parameter, but the probability. Use of the terminology ‘probability
distribution for f’ will be followed, in order to emphasize this constantly.

Of course, nothing in probability theory forbids us to consider the possibility that f might
vary with time or with circumstance; indeed, probability theory enables us to analyze that
case fully, as we shall see later. But then we should recognize that we are considering a
different problem than the one just discussed; it involves different quantities with different
states of knowledge about them, and requires a different calculation. Confusion of these
two problems is perhaps the major occupational disease of those who fool themselves by
using the above misleading terminology. The pragmatic consequence is that one is led to
quite wrong conclusions about the accuracy and range of validity of the results.

Questions about what happens when G(g) is discontinuous at a point gy are discussed
further in Appendix B; for the present it suffices to note that, of course, approaching a
discontinuous G(g) as the limit of a sequence of continuous functions leads us to the
correct results. As Gauss stressed long ago, any kind of singular mathematics acquires
a meaning only as a limiting form of some kind of well-behaved mathematics, and it
is ambiguous until we specify exactly what limiting process we propose to use. In this
sense, singular mathematics has necessarily a kind of anthropomorphic character; the ques-
tion is not what is it, but rather how shall we define it so that it is in some way useful
to us?

In the present case, we approach the limit in such a way that the density function develops
a sharper and sharper peak, going in the limit into a delta function py §(g — qo) signifying
a discrete hypothesis Hy, and enclosing a limiting area equal to the probability p of that
hypothesis; Eq. (4.65) below is an example.
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But, in fact, if we become pragmatic we note that f is not really a continuously variable
parameter. In its working lifetime, a machine will produce only a finite number of widgets;
if it is so well built that it makes 10% of them, then the possible values of f are a finite
set of integer multiples of 10~8. Then our finite-set theory will apply, and consideration
of a continuously variable f is only an approximation to the exact discrete theory. There
is never any need to consider infinite sets or measure theory in the real, exact problem.
Likewise, any data set that can actually be recorded and analyzed is digitized into multiples
of some smallest element. Most cases of allegedly continuously variable quantities are like
this when one takes note of the actual, real-world situation.

4.6 Testing an infinite number of hypotheses

In spite of the pragmatic argument just given, thinking of continuously variable parameters
is often a natural and convenient approximation to a real problem (only we should not take
it so seriously that we get bogged down in the irrelevancies for the real world that infinite
sets and measure theory generate). So, suppose that we are now testing simultaneously an
uncountably infinite number of hypotheses about the machine. As often happens in math-
ematics, this actually makes things simpler because analytical methods become available.
However, the logarithmic form of the previous equations is now awkward, and so we will
go back to the original probability form (4.3):

P(D|AX)

P(DIX)
Letting A now stand for the proposition ‘The fraction of bad widgets is in the range
(f, f + dfy, there is a prior pdf

P(A|DX) = P(A|X) (4.56)

P(AIX) = g(fI1X)df, (4.57)
which gives the probability that the fraction of bad widgets is in the range d f; and let D
stand for the results thus far of our experiment,
D = N widgets were tested and we found the results GGBGBBG - - -, containing in all n

bad ones and (N — n) good ones.

Then the posterior pdf for f is given by

P(A|DX)=P(A|X)%‘|¥§) =g(fIDX)df, (4.58)
so the prior and posterior pdfs are related by
P(D|AX)
g(fIDX) = g(fIX) POIX) (4.59)

The denominator is just a normalizing constant, which we could calculate directly; but
usually it is easier to determine (if it is needed at all) from requiring that the posterior pdf
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satisfy the normalization condition

1
PO = f =1DX) =/ dfg(fIDX) =1, (4.60)
0

which we should think of as an extremely good approximation to the exact formula, which
has a sum over an enormous number of discrete values of f, instead of an integral.

The evidence of the data thus lies entirely in the f dependence of P(D|AX). At this
point, let us be very careful, in view of some errors that have trapped the unwary. In this
probability, the conditioning statement A specifies an interval d f, not a point value of f. Are
we justified in taking an implied limit d f — 0 and replacing P(D|AX) with P(D|H;X)?
Most writers have not hesitated to do this.

Mathematically, the correct procedure would be to evaluate P(D|A X) exactly for positive
df, and pass to the limit d f — 0 only afterward. But a tricky point is that if the problem
contains another parameter 6 in addition to f, then this procedure is ambiguous until we take
the warning of Gauss very seriously, and specify exactly how the limit is to be approached
(does d f tend to zero at the same rate for all values of 87). For example, if we setd f = €h(0)
and pass to the limit € — 0, our final conclusions may depend on which function 4(6) was
used. Those who fail to notice this fall into the famous Borel-Kolmogorov paradox, in
which a seemingly well-posed problem appears to have many different correct solutions.
We shall discuss this in more detail later (Chapter 15), and show that the paradox is averted
by strict adherence to our Chapter 2 rules.

In the present relatively simple problem, f is the only parameter present and P(D|H ;X)
is a continuous function of f; this is surely enough to guarantee that the limit is well-
behaved and uneventful. But, just to be sure, let us take the trouble to demonstrate this by
direct application of our Chapter 2 rules, keeping in mind that this continuum treatment is
really an approximation to an exact discrete one. Then with d f > 0, we can resolve A into
a disjunction of a finite number of discrete propositions:

A:A1+A2+"'+Anv (461)

where A| = H/ (f being one of the possible discrete values) and the A; specify the discrete
values of f in the interval (f, f + df). They are mutually exclusive, so, as we noted in
Chapter 2, Eq. (2.67), application of the product rule and the sum rule gives the general result

> P(AiIX)P(D]A; X)
> P(Ai1X)

which is a weighted average of the separate probabilities P(D|A; X). This may be regarded
also as a generalization of (4.39).

Then if all the P(D|A; X) were equal, (4.62) would become independent of their prior
probabilities P(A;|X)and equal to P(D|AX) = P(D|HyX); the fact that the conditioning
statement on the left-hand side of (4.62) is a logical sum makes no difference, and P(D|AX)
would be rigorously equal to P(D|HX). Even if the P(D|A;X) are not equal, as df — 0,
we have n — 1 and eventually A = A, with the same result.

P(DIAX)=PDIA1+A2+---+ A, X) =

, (4.62)
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It may appear that we have gone to extraordinary lengths to argue for an almost trivially
simple conclusion. But the story of the schoolboy who made a mistake in his sums and
concluded that the rules of arithmetic are all wrong, is not fanciful. There is a long history of
workers who did seemingly obvious things in probability theory without bothering to derive
them by strict application of the basic rules, obtained nonsensical results — and concluded
that probability theory as logic was at fault. The greatest, most respected mathematicians
and logicians have fallen into this trap momentarily, and some philosophers spend their
entire lives mired in it; we shall see some examples in the next chapter.

Such a simple operation as passing to the limit df — 0 may produce results that seem to
us obvious and trivial; or it may generate a Borel-Kolmogorov paradox. We have learned
from much experience that this care is needed whenever we venture into a new area of
applications; we must go back to the beginning and derive everything directly from first
principles applied to finite sets. If we obey the Chapter 2 rules prescribed by Cox’s theorems,
we are rewarded by finding beautiful and useful results, free of contradictions.

Now, if we were given that f is the correct fraction of bad widgets, then the probability
for getting a bad one at each trial would be f, and the probability for getting a good one
wouldbe (1 — f). The probabilities at different trials are, by hypothesis (i.e. one of the many
statements hidden there in X), logically independent given f, and so, as in our derivation
of the binomial distribution (3.86),

P(D|H:X) = f"(1— V" (4.63)

(note that the experimental data D told us not only how many good and bad widgets were
found, but also the order in which they appeared). Therefore, we have the posterior pdf

1= HV"e(f1X)
g(fIDX) = — § .
Jo df fr(1 = HN="g(f1X)
You may be startled to realize that all of our previous discussion in this chapter is contained
in this simple looking equation, as special cases. For example, the multiple hypothesis test

starting with (4.43) and including the final results (4.45)—(4.49) is all contained in (4.64)
corresponding to the particular choice of prior pdf:

(4.64)

x—101—10*65 1 +11—10*65 ] +107% _ %
g(f] )—ﬁ( )(f 5) ﬁ( )(f §> <f 1—00>-

(4.65)

This is a case where the cumulative pdf, G( f), is discontinuous. The three delta-functions
correspond to the three discrete hypotheses B, A, C, respectively, of that example. They
appear in the prior pdf (4.65) with coefficients which are the prior probabilities (4.31); and
in the posterior pdf (4.64) with altered coefficients, which are just the posterior probabilities
(4.45), (4.48) and (4.49).

Readers who have been taught to mistrust delta-functions as ‘nonrigorous’ are urged to
read Appendix B at this point. The issue has nothing to do with mathematical rigor; it is
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simply one of notation appropriate to the problem. It would be difficult and awkward to
express the information conveyed in (4.65) by a single equation in Lebesgue—Stieltjes type
notation. Indeed, failure to use delta-functions where they are clearly called for has led
mathematicians into elementary errors, as noted in Appendix B.

Suppose that at the start of this test our robot was fresh from the factory; it had no
prior knowledge about the machines at all, except for our assurance that it is possible for
a machine to make a good widget, and also possible for it to make a bad one. In this state
of ignorance, what prior pdf g(f|X) should it assign? If we have definite prior knowledge
about f, this is the place to put it in; but we have not yet seen the principles needed to assign
such priors. Even the problem of assigning priors to represent ‘ignorance’ will need much
discussion later; but, for a simple result now, it may seem to the reader, as it did to Laplace
200 years ago, that in the present case the robot has no basis for assigning to any particular
interval d f a higher probability than to any other interval of the same size. Thus, the only
honest way it can describe what it knows is to assign a uniform prior probability density,
g(f1X) = const. This will receive a better theoretical justification later; to normalize it
correctly as in (4.60) we must take

gfIX)=1, 0=<f<l (4.66)

The integral in (4.64) is then the well-known Eulerian integral of the first kind, today more
commonly called the complete beta-function; and (4.64) reduces to
(N + D!

_ n _ N—n
g(fIDX)——n!(N_n)!f(l H (4.67)

4.6.1 Historical digression

It appears that this result was first found by an amateur mathematician, the Rev. Thomas
Bayes (1763). For this reason, the kind of calculations we are doing are called ‘Bayesian’.
We shall follow this long-established custom, although it is misleading in several respects.
The general result (4.3) is always called ‘Bayes’ theorem’, although Bayes never wrote it;
and it is really nothing but the product rule of probability theory which had been recognized
by others, such as James Bernoulli and A. de Moivre (1718), long before the work of Bayes.
Furthermore, it was not Bayes but Laplace (1774) who first saw the result in generality and
showed how to use it in real problems of inference. Finally, the calculations we are doing —
the direct application of probability theory as logic — are more general than mere application
of Bayes’ theorem; that is only one of several items in our toolbox.

The right-hand side of (4.67) has a single peak in (0 < f < 1), located by differ-
entiation at

, (4.68)

~
[
>
Il

=| =
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just the observed proportion, or relative frequency, of bad widgets. To find the sharpness of
the peak, we write

L(f)=logg(fIDX)=nlog(f)+ (N —n)log(l — f)+ const., (4.69)
and expand L( f) in a power series about f. The first terms are

2
Mﬁzuﬁ—gzgﬁwn @.70)

where

ct="——"7 4.71)
and so, to this approximation, (4.67) is a Gaussian, or normal, distribution:

_q—ﬁw

o 4.72)

ﬂﬂDX)Zwa{
and K is a normalizing constant. Equations (4.71) and (4.72) constitute the de Moivre—
Laplace theorem. It is actually an excellent approximation to (4.67) in the entire interval
(0 < f < 1) in the sense that the difference of the two sides tends to zero (although their
ratio does not tend to unity), provided that n > 1 and (N — n) > 1. Properties of the
Gaussian distribution are discussed in depth in Chapter 7.

Thus, after observing n bad widgets in N trials, the robot’s state of knowledge about f
can be described reasonably well by saying that it considers the most likely value of f to be
just the observed fraction of bad widgets, and it considers the accuracy of this estimate to
be such that the interval f =+ o is reasonably likely to contain the true value. The parameter
o is called the standard deviation and o is the variance of the pdf (4.72). More precisely,
from numerical analysis of (4.72), the robot assigns:

50% probability that the true value of f is contained in the interval f 4 0.68 o;
90% probability that it is contained in f & 1.650;
99% probability that it is contained in f 4 2.57 0.

As the number N of tests increases, these intervals shrink, according to (4.71), proportional
to 1/+/N, a common rule that arises repeatedly in probability theory.

In this way, we see that the robot starts in a state of ‘complete ignorance’ about f; but,
as it accumulates information from the tests, it acquires more and more definite opinions
about f, which correspond very nicely to common sense. Two cautions: (1) all this applies
only to the case where, although the numerical value of f is initially unknown, it was one of
the conditions defining the problem that f is known not to be changing with time, and (2)
again we must warn against the error of calling o the ‘variance of f’, which would imply
that f is varying, and that o is a real (i.e. measurable) physical property of f. That is one
of the most common forms of the mind projection fallacy.
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It is really necessary to belabor this point: ¢ is not a real property of f, but only a
property of the probability distribution that the robot assigns to represent its state of knowl-
edge about f. Two robots with different information would, naturally and properly, assign
different pdfs for the same unknown quantity f, and the one which is better informed
will probably — and deservedly — be able to estimate f more accurately; i.e., to use a
smaller o.

But, as noted, we may consider a different problem in which f is variable if we wish
to do so. Then the mean-square variation s> of f over some class of cases will become a
‘real’” property, in principle measurable, and the question of its relation, if any, to the 0% of
the robot’s pdf for that problem can be investigated mathematically, as we shall do later in
connection with time series. The relation will prove to be: if we know o but have as yet no
data and no other prior information about s, then the best prediction of s that we can make
is essentially equal to o; and if we do have the data but do not know o and have no other
prior information about o, then the best estimate of o that we can make is nearly equal
to s. These relations are mathematically derivable consequences of probability theory as
logic.

Indeed, it would be interesting, and more realistic for some quality-control situations,
to introduce the possibility that f might vary with time, and the robot’s job is to make
the best possible inferences about whether a machine is drifting slowly out of adjustment,
with the hope of correcting trouble before it became serious. Many other extensions of
our problem occur to us: a simple classification of widgets as good and bad is not too
realistic; there is likely a continuous gradation of quality, and by taking that into account
we could refine these methods. There might be several important properties instead of just
‘badness’ and ‘goodness’ (for example, if our widgets are semiconductor diodes, forward
resistance, noise temperature, rf impedance, low-level rectification efficiency, etc.), and we
might also have to control the quality with respect to all of these. There might be a great
many different machine characteristics, instead of just H s, about which we need plausible
inference.

It is clear that we could spend years and write volumes on all the further ramifications
of this problem, and there is already a huge literature on it. Although there is no end to
the complicated details that can be generated, there is in principle no difficulty in mak-
ing whatever generalization we need. It requires no new principles beyond what we have
given.

In the problem of detecting a drift in machine characteristics, we would want to compare
our robot’s procedure with the ones proposed long ago by Shewhart (1931). We would find
that Shewhart’s methods are intuitive approximations to what our robot would do; in some
of the cases involving a normal distribution they are the same (but for the fact that Shewhart
was not thinking sequentially; he considered the number of tests determined in advance).
These are, incidentally, the only cases where Shewhart felt that his proposed methods were
fully satisfactory.

This is really the same problem as that of detecting a signal in noise, which we shall
study in more detail later on.
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4.7 Simple and compound (or composite) hypotheses

The hypotheses (A, B, C, H) that we have considered thus far refer to a single parameter
f = M/N, the unknown fraction of bad widgets in our box, and specify a sharply defined
value for f (in Hy, it can be any prescribed number in 0 < f < 1). Such hypotheses are
called simple, because if we formalize this a bit more by defining an abstract ‘parameter
space’ 2 consisting of all values of the parameter or parameters that we consider to be
possible, such an hypothesis is represented by a single point in 2.

Testing all the simple hypotheses in €2, however, may be more than we need for our
purposes. It may be that we care only whether our parameter lies in some subset ©2; € ©
or in the complementary set 2, = Q — 2, and the particular value of f in that subset
is uninteresting (i.e. it would make no difference for what we plan to do next). Can we
proceed directly to the question of interest, instead of requiring our robot to test every
simple hypothesis in €2;?

The question is, to us, trivial; our starting point, Eq. (4.3), applies for all hypotheses
H, simple or otherwise, so we have only to evaluate the terms in it for this case. But in
(4.64) we have done almost all of that, and need only one more integration. Suppose that if
f > 0.1 then we need to take some action (stop the machine and readjust it), but if f < 0.1
we should allow it to continue running. The space €2 then consists of all f in [0, 1], and
we take ) as comprising all f in [0.1, 1], H as the hypothesis that f is in €2;. Since the
actual value of f is not of interest, f is now called a nuisance parameter; and we want to
get rid of it.

In view of the fact that the problem has no other parameter than f and different intervals
d f are mutually exclusive, the discrete sum rule P(A; + -+ + A,|B) = Y, P(A;|B) will
surely generalize to an integral as the A; become more and more numerous. Then the
nuisance parameter f is removed by integrating it out of (4.64):

Jo, dF £ = HN(F1X)
Jo df fr(1— HIN="g(f1X)

P(Qi|DX) = 4.73)

In the case of a uniform prior pdf for f, we may use (4.64) and the result is the
incomplete beta-function: the posterior probability that f is in any specified interval
(a< f<b)is

N+ [P
P(a < f < b|DX) = ﬁ[ darf " — HN, (4.74)

and in this form computer evaluation is easy.

More generally, when we have any composite hypothesis to test, probability theory
tells us that the proper procedure is simply to apply the principle (4.1) by summing or
integrating out, with respect to appropriate priors, whatever nuisance parameters it contains.

The conclusions thus found take fully into account all of the evidence contained in the data
and in the prior information about the parameters. Probability theory used as logic enables us
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to test, with a single principle, any number of hypotheses, simple or compound, in the light
of the data and prior information. In later chapters we shall demonstrate these properties in
many quantitatively worked out examples.

4.8 Comments
4.8.1 Etymology

Our opening quotation from John Craig (1699) is from a curious work on the probabil-
ities of historical events, and how they change as the evidence changes. Craig’s work
was ridiculed mercilessly in the 19th century; and, indeed, his applications to religious
issues do seem weird to us today. But Stigler (1986a) notes that Craig was writing at a
time when the term ‘probability’ had not yet settled down to its present technical mean-
ing, as referring to a (0—1) scale; and if we merely interpret Craig’s ‘probability for
an hypothesis’ as our log-odds measure (which we have seen to have in some respects
a more primitive and intuitive meaning than probability), Craig’s reasoning was actu-
ally quite good, and may be regarded as an anticipation of what we have done in this
chapter.

Today, the logarithm-of-odds {u = log[p/(1 — p)]} has proved to be such an important
quantity that it deserves a shorter name; but we have had trouble finding one. Good (1950)
was perhaps the first author to stress its importance in a published work, and he proposed
the name lods, but the term has a leaden ring to our ears, as well as a nondescriptive quality,
and it has never caught on.

Our same quantity (4.8) was used by Alan Turing and I. J. Good from 1941, in classified
cryptographic work in England during World War II. Good (1980) later reminisced about
this briefly, and noted that Turing coined the name ‘deciban’ for it. This has not caught on,
presumably because nobody today can see any rationale for it.

The present writer, in his lectures of 1955-64 (for example, Jaynes, 1956), proposed the
name evidence, which is intuitive and descriptive in the sense that, for given proportions,
twice as many data provide twice as much evidence for an hypothesis. This was adopted by
Tribus (1969), but it has not caught on either.

More recently, the term logit for U = log[y/(a — y)], where {y;} are some items of data
and a is chosen by some convention such as a = 100, has come into use. Likewise, graphs
using U for one axis are called logistic. For example, in one commercial software graphics
program, an axis on which values of U are plotted is called a ‘logit axis’ and regression
on that graph is called ‘logistic regression’. There is at least a mathematical similarity to
what we do here, but not any very obvious conceptual relation because U is not a measure
of probability. In any event, the term ‘logistic’ had already an established usage dating
back to Poincaré and Peano, as referring to the Russell-Whitehead attempt to reduce all
mathematics to logic.?

3 This terminology has a much longer historical basis. Alexander the Great sought to make all countries Greek in character, but
he died before completing this goal, with the result that the countries he conquered had some Greek characteristics, but not
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In the face of this confusion, we propose and use the following terminology. Note that we
need two terms: the name of the quantity, and the name of the units in which it is measured.
For the former we have retained the name evidence, which has at least the merit that it
has been defined, and used consistently with the definition, in previously published works.
One can then use various different units, with different names. In this chapter we have
measured evidence in decibels because of its familiarity to scientists, the ease of finding
numerical values, and the connection with the base ten number system which makes the
results intuitively clear.

4.8.2 What have we accomplished?

The things which we have done in such a simple way in this chapter have been, in one
sense, deceptive. We have had an introduction, in an atmosphere of apparent triviality,
into almost every kind of problem that arises in the hypothesis testing business. But
do not be deceived by the simplicity of our calculations into thinking that we have not
reached the real nontrivial problems of the field. Those problems are only straightfor-
ward mathematical generalizations of what we have done here, and mathematically mature
readers who have understood this chapter can now solve them for themselves, probably
with less effort than it would require to find and understand the solutions available in the
literature.

In fact, the methods of solution that we have indicated have far surpassed, in power to
yield useful results, the methods available in the conventional non-Bayesian literature of
hypothesis testing. To the best of our knowledge, no comprehension of the facts of multiple
hypothesis testing, as illustrated in Figure 4.1, can be found in the orthodox literature (which
explains why the principles of multiple hypothesis testing have been controversial in that
literature). Likewise, our form of solution of the compound hypothesis problem (4.73) will
not be found in the ‘orthodox’ literature of the subject.

It was our use of probability theory as logic that has enabled us to do so easily what was
impossible for those who thought of probability as a physical phenomenon associated with
‘randomness’. Quite the opposite; we have thought of probability distributions as carriers
of information. At the same time, under the protection of Cox’s theorems, we have avoided
the inconsistencies and absurdities which are generated inevitably by those who try to deal
with the problems of scientific inference by inventing ad hoc devices instead of applying
the rules of probability theory. For a devastating criticism of these devices, see the book
review by Pratt (1961).

It is not only in hypothesis testing, however, that the foundations of the theory matter for
applications. As indicated in Chapter 1 and Appendix A, our formulation was chosen with
the aim of giving the theory the widest possible range of useful applications. To drive home
how much the scope of solvable problems depends on the chosen foundations, the reader
may try Exercise 4.6.

all of them. So instead of calling them Hellenic, they were called Hellenistic. Thus, logistic implies something that has some
properties of logic, but not all of them.
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Exercise 4.6. In place of our product and sum rules, Ruelle (1991, p. 17) defines the
‘mathematical presentation’ of probability theory by three basic rules:

p(A) =1— p(A);
if A and B are mutually exclusive, p(A + B) = p(A) + p(B); “4.75)
if A and B are independent, p(AB) = p(A)p(B).

Survey the preceding two chapters, and determine how many of the applications that
we solved in Chapters 3 and 4 could have been solved by application of these rules.
Hint: If A and B are not independent, is p(AB) determined by them? Is the notion
of conditional probability defined? Ruelle makes no distinction between logical and
causal independence; he defines ‘independence’ of A and B as meaning: ‘the fact that
one is realized has in the average no influence on the realization of the other’. It appears,
then, that he would always accept (4.29) for all n.

This exercise makes it clear why conventional expositions do not consider scientific in-
ference to be a part of probability theory. Indeed, orthodox statistical theory is helpless to
deal with such problems because, thinking of probability as a physical phenomenon, it rec-
ognizes the existence only of sampling probabilities; thus it denies itself the technical tools
needed to incorporate prior information, to eliminate nuisance parameters, or to recognize
the information contained in a posterior probability. However, even most of the sampling
theory results that we derived in Chapter 3 are beyond the scope of the mathematical and
conceptual foundation given by Ruelle, as are virtually all of the parameter estimation
results to be derived in Chapter 6.

We shall find later that our way of treating compound hypotheses illustrated here also
generates automatically the conventional orthodox significance tests or superior ones; and
at the same time gives a clear statement of what they are testing and their range of validity,
previously lacking in the orthodox literature.

Now that we have seen the beginnings of this situation, before turning to more serious
and mathematically more sophisticated problems, we shall relax and amuse ourselves in the
next chapter by examining how probability theory as logic can clear up all kinds of weird
errors, in the older literature, that arose from very simple misuse of probability theory, but
whose consequences were relatively trivial. In Chapters 15 and 17 we consider some more
complicated and serious errors that are causing major confusion in the current literature.



5
Queer uses for probability theory

I cannot conceal the fact here that in the specific application of these
rules, I foresee many things happening which can cause one to be badly
mistaken if he does not proceed cautiously.

James Bernoulli (1713, Part 4, Chapter I1I)

I. J. Good (1950) has shown how we can use probability theory backwards to measure our
own strengths of belief about propositions. For example, how strongly do you believe in
extrasensory perception?

5.1 Extrasensory perception

What probability would you assign to the hypothesis that Mr Smith has perfect extrasensory
perception? More specifically, that he can guess right every time which number you have
written down. To say zero is too dogmatic. According to our theory, this means that we
are never going to allow the robot’s mind to be changed by any amount of evidence,
and we don’t really want that. But where is our strength of belief in a proposition like
this?

Our brains work pretty much the way this robot works, but we have an intuitive feeling
for plausibility only when it’s not too far from 0db. We get fairly definite feelings that
something is more than likely to be so or less than likely to be so. So the trick is to imagine
an experiment. How much evidence would it take to bring your state of belief up to the place
where you felt very perplexed and unsure about it? Not to the place where you believed
it — that would overshoot the mark, and again we’d lose our resolving power. How much
evidence would it take to bring you just up to the point where you were beginning to consider
the possibility seriously?

So, we consider Mr Smith, who says he has extrasensory perception (ESP), and we will
write down some numbers from one to ten on a piece of paper and ask him to guess which
numbers we’ve written down. We’ll take the usual precautions to make sure against other
ways of finding out. If he guesses the first number correctly, of course we will all say ‘you’re
a very lucky person, but I don’t believe you have ESP’. And if he guesses two numbers
correctly, we’ll still say ‘you’re a very lucky person, but I still don’t believe you have ESP’.

119
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By the time he’s guessed four numbers correctly — well, I still wouldn’t believe it. So my
state of belief is certainly lower than —40 db.

How many numbers would he have to guess correctly before you would really seri-
ously consider the hypothesis that he has extrasensory perception? In my own case, I think
somewhere around ten. My personal state of belief is, therefore, about —100 db. You could
talk me into a 10 db change, and perhaps as much as +30 db, but not much more than
that.

After further thought, we see that, although this result is correct, it is far from the whole
story. In fact, if he guessed 1000 numbers correctly, I still would not believe that he has ESP,
for an extension of the same reason that we noted in Chapter 4 when we first encountered
the phenomenon of resurrection of dead hypotheses. An hypothesis A that starts out down
at —100 db can hardly ever come to be believed, whatever the data, because there are almost
sure to be alternative hypotheses (By, Bs, . ..) above it, perhaps down at —60 db. Then, when
we obtain astonishing data that might have resurrected A, the alternatives will be resurrected
instead. Let us illustrate this by two famous examples, involving telepathy and the discovery
of Neptune. Also we note some interesting variants of this. Some are potentially useful,
some are instructive case histories of probability theory gone wrong, in the way Bernoulli
warned us about.

5.2 Mrs Stewart’s telepathic powers

Before venturing into this weird area, the writer must issue a disclaimer. I was not there, and
am not in a position to affirm that the experiment to be discussed actually took place; or, if it
did, that the data were actually obtained in a valid way. Indeed, that is just the problem that
you and I always face when someone tries to persuade us of the reality of ESP or some other
marvellous thing — such things never happen to us or in our presence. All we are able to
affirm is that the experiment and data have been reported in a real, verifiable reference (Soal
and Bateman, 1954). This is the circumstance that we want to analyze now by probability
theory. Lindley (1957) and Bernardo (1980) have also taken note of it from the standpoint
of probability theory, and Boring (1955) discusses it from the standpoint of psychology.

In the reported experiment, from the experimental design the probability for guessing a
card correctly should have been p = 0.2, independently in each trial. Let H, be the ‘null
hypothesis’ which states this, and supposes that only ‘pure chance’ is operating (whatever
that means). According to the binomial distribution (3.86), H,, predicts that if a subject has
no ESP, the number r of successful guesses in »n trials should be about (mean =+ standard
deviation)

(Pest = np £ y/np(l — p). (5.1)

For n = 37100 trials, this is 7420 & 77.
But, according to the report, Mrs Gloria Stewart guessed correctly » = 9410 times
in 37100 trials, for a fractional success rate of f = 0.2536. These numbers constitute
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our data D. At first glance, they may not look very sensational; note, however, that her
score was

9410 — 7420 .

77 -

standard deviations away from the chance expectation.
The probability for getting these data, on hypothesis H,, is then the binomial

25.8 (5.2)

P(D|H,) = (:f)p’(l — py (5.3)

But the numbers n, r are so large that we need the Stirling approximation to the binomial,
derived in Chapter 9:

P(D|H,) = Aexp{nH(f, p)}, 5.4
where
H = p l-pr]|_
(f,p)= flog ? + (1 — f)log ﬁ = —0.008452 (5.5

is the entropy of the observed distribution (f, 1 — f) = (0.2536, 0.7464) relative to the
expected one, (p, 1 — p) = (0.2000, 0.8000), and

A= [4] — 0.00476. (5.6)
2mr(n —r)

Then we may take as the likelihood L, of H,, the sampling probability
L, = P(D|H,) = 0.00476 exp{—313.6} = 3.15 x 10~ "%, (5.7)

This looks fantastically small; however, before jumping to conclusions, the robot should
ask: ‘Are the data also fantastically improbable on the hypothesis that Mrs Stewart has
telepathic powers?’ If they are, then (5.7) may not be so significant after all.

Consider the Bernoulli class of alternative hypotheses H, (0 < g < 1), which sup-
pose that the trials are independent, but that assign different probabilities of success g
to Mrs Stewart (¢ > 0.2 if the hypothesis considers her to be telepathic). Out of this class,
the hypothesis H that assigns ¢ = f = 0.2536 yields the greatest P(D|H,) that can be
attained in the Bernoulli class, and for this the entropy (5.5) is zero, yielding a maximum
likelihood of

L; = P(D|Hy) = A = 0.00476. (5.8)

So, if the robot knew for a fact that Mrs Stewart is telepathic to the extent of g = 0.2536,
then the probability that she could generate the observed data would not be particularly
small. Therefore, the smallness of (5.7) is indeed highly significant; for then the likelihood
ratio for the two hypotheses must be fantastically small. The relative likelihood depends
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only on the entropy factor:
L, _ P(D|H,)

P = P — exp{nH} = exp{—313.6} = 6.61 x 1077 (5.9)
Ly~ P(D|Hy)

and the robot would report: “The data do indeed support H over H,, by an enormous factor.’

5.2.1 Digression on the normal approximation

Note, in passing, that in this calculation large errors could be made by unthinking use of the
normal approximation to the binomial, also derived in Chapter 9 (or compare with (4.72)):

—n(f —p)’ }

2p(l=p) |}
To use it here instead of the entropy approximation (5.4), amounts to replacing the entropy
H(f, p) by the first term of its power series expansion about the peak. Then we would have
found instead a likelihood ratio exp{—333.1}. Thus, the normal approximation would have
made Mrs Stewart appear even more marvellous than the data indicate, by an additional
odds ratio factor of

P(D|H,, X) > (const.) X exp { (5.10)

exp(333.1 — 313.6) = exp({19.5} = 2.94 x 105, (5.11)

This should warn us that, quite generally, normal approximations cannot be trusted far out
in the tails of a distribution. In this case, we are 25.8 standard deviations out, and the normal
approximation is in error by over eight orders of magnitude.

Unfortunately, this is just the approximation used by the chi-squared test discussed later,
which can therefore lead us to wildly misleading conclusions when the ‘null hypothesis’
being tested fits the data very poorly. Those who use the chi-squared test to support their
claims of marvels are usually helping themselves by factors such as (5.11). In practice,
the entropy calculation (5.5) is just as easy and far more trustworthy (although the entropy
and chi-squared test amount to the same thing within one or two standard deviations of the
peak).

5.2.2 Back to Mrs Stewart

In any event, our present numbers are indeed fantastic; on the basis of such a result, ESP
researchers would proclaim a virtual certainty that ESP is real. If we compare H), and Hy
by probability theory, the posterior probability that Mrs Stewart has ESP to the extent of
q = f =0.25361s

P(DI\H;X)  PLy

P(H;|DX) = P(H/|X = ,
HyDX) = PN bixy = L, + L,

(5.12)

where P,, Py are the prior probabilities of H,, Hy. But, because of (5.9), it hardly matters
what these prior probabilities are; in the view of an ESP researcher who does not consider
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the prior probability Py = P(H | X) particularly small, P(H¢|DX) is so close to unity that
its decimal expression starts with over 100 nines.

He will then react with anger and dismay when, in spite of what he considers this
overwhelming evidence, we persist in not believing in ESP. Why are we, as he sees it,
so perversely illogical and unscientific?

The trouble is that the above calculations, (5.9) and (5.12), represent a very naive appli-
cation of probability theory, in that they consider only H,, and H r, and no other hypotheses.
If we really knew that H,, and H; were the only possible ways the data (or, more precisely,
the observable report of the experiment and data) could be generated, then the conclusions
that follow from (5.9) and (5.12) would be perfectly all right. But, in the real world, our
intuition is taking into account some additional possibilities that they ignore.

Probability theory gives us the results of consistent plausible reasoning from the infor-
mation that was actually used in our calculation. It can lead us wildly astray, as Bernoulli
noted in our opening quotation, if we fail to use all the information that our common sense
tells us is relevant to the question we are asking. When we are dealing with some extremely
implausible hypothesis, recognition of a seemingly trivial alternative possibility can make
many orders of magnitude difference in the conclusions. Taking note of this, let us show how
a more sophisticated application of probability theory explains and justifies our intuitive
doubts.

LetH,,Hy,and L, L, P,, P, be as above; but now we introduce some new hypotheses
about how this report of the experiment and data might have come about, which will surely
be entertained by the readers of the report even if they are discounted by its writers.

These new hypotheses (H;, Hy, ..., H;) range all the way from innocent possibili-
ties, such as unintentional error in the record keeping, through frivolous ones (perhaps
Mrs Stewart was having fun with those foolish people, with the aid of a little mirror that
they did not notice), to less innocent possibilities such as selection of the data (not reporting
the days when Mrs Stewart was not at her best), to deliberate falsification of the whole
experiment for wholly reprehensible motives. Let us call them all, simply, ‘deception’. For
our purposes, it does not matter whether it is we or the researchers who are being deceived,
or whether the deception was accidental or deliberate. Let the deception hypotheses have
likelihoods and prior probabilities L;, P;,i = (1,2, ..., k).

There are, perhaps, 100 different deception hypotheses that we could think of and are not
too far-fetched to consider, although a single one would suffice to make our point.

In this new logical environment, what is the posterior probability for the hypothesis H
that was supported so overwhelmingly before? Probability theory now tells us that

PrLy
PiL;+ P,L,+ > PL;

P(H;|DX) = (5.13)

Introduction of the deception hypotheses has changed the calculation greatly; in order for
P(H;|DX) to come anywhere near unity it is now necessary that

P,L,+Y PL; < PfLy. (5.14)
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Let us suppose that the deception hypotheses have likelihoods L; of the same order as L ; in
(5.8); i.e. a deception mechanism could produce the reported data about as easily as could
a truly telepathic Mrs Stewart. From (5.7), P, L, is completely negligible, so (5.14) is not
greatly different from

Y P« Py (5.15)

But each of the deception hypotheses is, in my judgment, more likely than H, so there is
not the remotest possibility that the inequality (5.15) could ever be satisfied.

Therefore, this kind of experiment can never convince me of the reality of Mrs Stewart’s
ESP; not because I assert Py = 0 dogmatically at the start, but because the verifiable facts
can be accounted for by many alternative hypotheses, every one of which I consider inher-
ently more plausible than H ¢, and none of which is ruled out by the information available
to me.

Indeed, the very evidence which the ESP’ers throw at us to convince us, has the opposite
effect on our state of belief; issuing reports of sensational data defeats its own purpose. For
if the prior probability for deception is greater than that of ESP, then the more improbable
the alleged data are on the null hypothesis of no deception and no ESP, the more strongly
we are led to believe, not in ESP, but in deception. For this reason, the advocates of ESP
(or any other marvel) will never succeed in persuading scientists that their phenomenon is
real, until they learn how to eliminate the possibility of deception in the mind of the reader.
As (5.15) shows, the reader’s total prior probability for deception by all mechanisms must
be pushed down below that of ESP.

It is interesting that Laplace perceived this phenomenon long ago. His Essai
Philosophique sur les Probabilités (1814, 1819) has a long chapter on the ‘Probabilities
of testimonies’, in which he calls attention to ‘the immense weight of testimonies nec-
essary to admit a suspension of natural laws’. He notes that those who make recitals of
miracles,

decrease rather than augment the belief which they wish to inspire; for then those recitals render very
probable the error or the falsehood of their authors. But that which diminishes the belief of educated
men often increases that of the uneducated, always avid for the marvellous.

We observe the same phenomenon at work today, not only in the ESP enthusiast, but
in the astrologer, reincarnationist, exorcist, fundamentalist preacher or cultist of any sort,
who attracts a loyal following among the uneducated by claiming all kinds of miracles, but
has zero success in converting educated people to his teachings. Educated people, taught
to believe that a cause—effect relation requires a physical mechanism to bring it about, are
scornful of arguments which invoke miracles; but the uneducated seem actually to prefer
them.

Note that we can recognize the clear truth of this psychological phenomenon without
taking any stand about the truth of the miracle; it is possible that the educated people are
wrong. For example, in Laplace’s youth educated persons did not believe in meteorites, but
dismissed them as ignorant folklore because they are so rarely observed. For one familiar
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with the laws of mechanics the notion that ‘stones fall from the sky’ seemed preposterous,
while those without any conception of mechanical law saw no difficulty in the idea. But
the fall at Laigle in 1803, which left fragments studied by Biot and other French scien-
tists, changed the opinions of the educated — including Laplace himself. In this case, the
uneducated, avid for the marvellous, happened to be right: c’est la vie.

Indeed, in the course of writing this chapter, the writer found himself a victim of this
phenomenon. In the 1987 Ph.D. thesis of G. L. Bretthorst, and more fully in Bretthorst
(1988), we applied Bayesian analysis to estimation of frequencies of nonstationary sinu-
soidal signals, such as exponential decay in nuclear magnetic resonance (NMR) data, or
chirp in oceanographic waves. We found — as was expected on theoretical grounds — an
improved resolution over the previously used Fourier transform methods.

If we had claimed a 50% improvement, we would have been believed at once, and
other researchers would have adopted this method eagerly. But, in fact, we found orders of
magnitude improvement in resolution. It was, in retrospect, foolish of us to mention this
at the outset, for in the minds of others the prior probability that we were irresponsible
charlatans was greater than the prior probability that a new method could possibly be that
good; and we were not at first believed.

Fortunately, we were able, by presenting many numerical analyses of data and distributing
free computer programs so that doubters could check our claims for themselves on whatever
data they chose, to eliminate the possibility of deception in the minds of our audience, and
the method did find acceptance after all. The Bayesian analyses of free decay NMR signals
now permits experimentalists to extract much more information from their data than was
possible by taking Fourier transforms.

The reader should be warned, however, that our probability analysis (5.13) of
Mrs Stewart’s performance is still rather naive in that it neglects correlations; having seen
a persistent deviation from the chance expectation p = 0.2 in the first few hundred trials,
common sense would lead us to form the hypothesis that some unknown systematic cause
is at work, and we would come to expect the same deviation in the future. This would
alter the numerical values given above, but not enough to change our general conclusions.
More sophisticated probability models which are able to take such things into account are
given in our discussions of advanced applications later; relevant topics are Dirichlet priors,
exchangeable sequences, and autoregressive models.

Now let us return to that original device of 1. J. Good, which started this train of thought.
After all this analysis, why do we still hold that naive first answer of —100db for my
prior probability for ESP, as recorded above, to be correct? Because Jack Good’s imaginary
device can be applied to whatever state of knowledge we choose to imagine; it need not be
the real one. If I knew that true ESP and pure chance were the only possibilities, then the
device would apply and my assignment of —100 db would hold. But, knowing that there
are other possibilities in the real world does not change my state of belief about ESP; so
the figure of —100 db still holds.

Therefore, in the present state of development of probability theory, the device of imagi-
nary results is usable and useful in a very wide variety of situations, where we might not at
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first think it applicable. We shall find it helpful in many cases where our prior information
seems at first too vague to lead to any definite prior probabilities; it stimulates our thinking
and tells us how to assign them after all. Perhaps in the future we shall have more formal
principles that make it unnecessary.

Exercise 5.1. By applying the device of imaginary results, find your own strength of
belief in any three of the following propositions: (1) Julius Caesar is a real historical
person (i.e. not a myth invented by later writers); (2) Achilles is a real historical person;
(3) the Earth is more than a million years old; (4) dinosaurs did not die out; they are
still living in remote places; (5) owls can see in total darkness; (6) the configuration of
the planets influences our destiny; (7) automobile seat belts do more harm than good;
(8) high interest rates combat inflation; (9) high interest rates cause inflation.

Hint: Try to imagine a situation in which the proposition H, being tested, and a single
alternative H;, would be the only possibilities, and you receive new ‘data’ D consistent
with Hy: P(D|Hp) =~ 1. The imaginary alternative and data are to be such that you can
calculate the probability P(D|H;). Always use an Hj that you are inclined not to
believe; if the proposition as stated seems highly plausible to you, then for Hy choose
its denial.

Much more has been written about the Soal experiments in ESP. The deception hypothesis,
already strongly indicated by our probability analysis, is supported by additional evidence
(Hansel, 1980; Kurtz, 1985). Altogether, an appalling amount of effort has been expended
on this incident, and it might appear that the only result was to provide a pedagogical
example of the use of probability theory with very unlikely hypotheses. Can anything more
useful be salvaged from it?

We think that this incident has some lasting value both for psychology and for probability
theory, because it has made us aware of an important general phenomenon, which has
nothing to do with ESP; a person may tell the truth and not be believed, even though the
disbelievers are reasoning in a rational, consistent way. To the best of our knowledge it has
not been noted before that probability theory as logic automatically reproduces and explains
this phenomenon. This leads us to conjecture that it may generalize to other more complex
and puzzling psychological phenomena.

5.3 Converging and diverging views

Suppose that two people, Mr A and Mr B have differing views (due to their differing prior
information) about some issue, say the truth or falsity of some controversial proposition S.
Now we give them both a number of new pieces of information or ‘data’, Dy, D>, ..., D,
some favorable to S, some unfavorable. As n increases, the totality of their information
comes to be more nearly the same, therefore we might expect that their opinions about S
will converge toward a common agreement. Indeed, some authors consider this so obvious
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that they see no need to demonstrate it explicitly, while Howson and Urbach (1989, p. 290)
claim to have demonstrated it.

Nevertheless, let us see for ourselves whether probability theory can reproduce such
phenomena. Denote the prior information by 1,4, I, respectively, and let Mr A be initially
a believer, Mr B a doubter:

P(S|14) ~ 1, P(S|I) = 0: (5.16)

after receiving data D, their posterior probabilities are changed to
P(D|S14)
P(D|14)
P(D|S1p)
P(D|Ip)
If D supports S, then since Mr A already considers S almost certainly true, we have
P(D|S14) >~ P(D|1,), and so

P(SIDIx) = P(S|14)
(5.17)
P(S|DIg) = P(S|1p)

P(S|DI14) >~ P(S|1y). (5.18)

Data D have no appreciable effect on Mr A’s opinion. But now one would think that if
Mr B reasons soundly, he must recognize that P(D|S1g) > P(D|Ig), and thus

P(S|DIg) > P(S|Ip). (5.19)

Mr B’s opinion should be changed in the direction of Mr A’s. Likewise, if D had tended to
refute S, one would expect that Mr B’s opinions are little changed by it, whereas Mr A’s
will move in the direction of Mr B’s. From this we might conjecture that, whatever the
new information D, it should tend to bring different people into closer agreement with each
other, in the sense that

|P(S|DI4) — P(S|DIp)| < [P(S|1a) — P(S|Ip)|. (5.20)

Although this can be verified in special cases, it is not true in general.

Is there some other measure of ‘closeness of agreement’ such as log[P(S|D14)/
P(S|D1Ip)], for which this converging of opinions can be proved as a general theorem?
Not even this is possible; the failure of probability theory to give this expected result tells
us that convergence of views is not a general phenomenon. For robots and humans who
reason according to the consistency desiderata of Chapter 1, something more subtle and
sophisticated is at work.

Indeed, in practice we find that this convergence of opinions usually happens for small
children; for adults it happens sometimes but not always. For example, new experimental
evidence does cause scientists to come into closer agreement with each other about the
explanation of a phenomenon.

Then it might be thought (and for some it is an article of faith in democracy) that open
discussion of public issues would tend to bring about a general consensus on them. On
the contrary, we observe repeatedly that when some controversial issue has been discussed
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vigorously for a few years, society becomes polarized into opposite extreme camps; it is
almost impossible to find anyone who retains a moderate view. The Dreyfus affair in France,
which tore the nation apart for 20 years, is one of the most thoroughly documented examples
of this (Bredin, 1986). Today, such issues as nuclear power, abortion, criminal justice, etc.,
are following the same course. New information given simultaneously to different people
may cause a convergence of views; but it may equally well cause a divergence.

This divergence phenomenon is observed also in relatively well-controlled psychological
experiments. Some have concluded that people reason in a basically irrational way; preju-
dices seem to be strengthened by new information which ought to have the opposite effect.
Kahneman and Tversky (1972) draw the opposite conclusion from such psychological tests,
and consider them an argument against Bayesian methods.

But now, in view of the above ESP example, we wonder whether probability theory
might also account for this divergence and indicate that people may be, after all, thinking
in a reasonably rational, Bayesian way (i.e. in a way consistent with their prior information
and prior beliefs). The key to the ESP example is that our new information was not

S = fully adequate precautions against error or deception were taken,

and Mrs Stewart did in fact deliver that phenomenal performance. (5.21)

It was that some ESP researcher has claimed that S is true. But if our prior probability for
S is lower than our prior probability that we are being deceived, hearing this claim has the
opposite effect on our state of belief from what the claimant intended.

The same is true in science and politics; the new information a scientist gets is not that
an experiment did in fact yield this result, with adequate protection against error. It is that
some colleague has claimed that it did. The information we get from the TV evening news
is not that a certain event actually happened in a certain way; it is that some news reporter
has claimed that it did."!

Scientists can reach agreement quickly because we trust our experimental colleagues to
have high standards of intellectual honesty and sharp perception to detect possible sources
of error. And this belief is justified because, after all, hundreds of new experiments are
reported every month, but only about once in a decade is an experiment reported that turns
out later to have been wrong. So our prior probability for deception is very low; like trusting
children, we believe what experimentalists tell us.

Inpolitics, we have a very different situation. Not only do we doubt a politician’s promises,
few people believe that news reporters deal truthfully and objectively with economic, social,
or political topics. We are convinced that virtually all news reporting is selective and dis-
torted, designed not to report the facts, but to indoctrinate us in the reporter’s socio-political
views. And this belief is justified abundantly by the internal evidence in the reporter’s own
product — every choice of words and inflection of voice shifting the bias invariably in the
same direction.

! Even seeing the event on our screens can no longer convince us, after recent revelations that all major US networks had faked
some videotapes of alleged news events.



5 Queer uses for probability theory 129

Not only in political speeches and news reporting, but wherever we seek for information
on political matters, we run up against this same obstacle; we cannot trust anyone to tell us
the truth, because we perceive that everyone who wants to talk about it is motivated either
by self-interest or by ideology. In political matters, whatever the source of information, our
prior probability for deception is always very high. However, it is not obvious whether this
alone can prevent us from coming to agreement.

With this in mind, let us re-examine the equations of probability theory. To compare the
reasoning of Mr A and Mr B, we could write Bayes’ theorem (5.17) in the logarithmic form

P(S|DI14) P(S|14) P(D|S14) P(D|Ip)
———— [ =log| ——— | + log , (5.22)
P(S|D1p) P(S|Ip) P(D|I4) P(D|SIp)
which might be described by a simple hand-waving mnemonic like
log posterior = log prior + log likelihood. (5.23)

Note, however, that (5.22) differs from our log-odds equations of Chapter 4, which might
be described by the same mnemonic. There we compared different hypotheses, given the
same prior information, and some factors P(D|[) cancelled out. Here we are considering
a fixed hypothesis S, in the light of different prior information, and they do not cancel, so
the ‘likelihood’ term is different.

In the above, we supposed Mr A to be the believer, so log (prior) > 0. Then it is clear that
on the log scale their views will converge as expected, the left-hand side of (5.22) tending
to zero monotonically (i.e. Mr A will remain a stronger believer than Mr B) if

— log(prior) < log(likelihood) < 0, (5.24)
and they will diverge monotonically if
log(likelihood) > O. (5.25)
But they will converge with reversal (Mr B becomes a stronger believer than Mr A) if
—2log(prior) < log(likelihood) < — log(prior), (5.26)
and they will diverge with reversal if
log(likelihood) < —2 log(prior). (5.27)

Thus, probability theory appears to allow, in principle, that a single piece of new information
D could have every conceivable effect on their relative states of belief.

But perhaps there are additional restrictions, not yet noted, which make some of these
outcomes impossible; can we produce specific and realistic examples of all four types of
behavior? Let us examine only the monotonic convergence and divergence by the following
scenario, leaving it as an exercise for the reader to make a similar examination of the reversal
phenomena.

The new information D is: ‘Mr N has gone on TV with a sensational claim that a
commonly used drug is unsafe’, and three viewers, Mr A, Mr B, and Mr C, see this. Their
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prior probabilities P(S|/) that the drug is safe are (0.9, 0.1, 0.9), respectively; i.e. initially,
Mr A and Mr C were believers in the safety of the drug, Mr B a disbeliever.

But they interpret the information D very differently, because they have different views
about the reliability of Mr N. They all agree that, if the drug had really been proved unsafe,
Mr N would be right there shouting it: that is, their probabilities P(D|ST) are (1, 1, 1); but
Mr A trusts his honesty while Mr C does not. Their probabilities P(D|S1) that, if the drug
is safe, Mr N would say that it is unsafe, are (0.01, 0.3, 0.99), respectively.

Applying Bayes’ theorem P(S|DI) = P(S|I) P(D|SI)/P(D|I), and expanding the de-
nominator by the product and sum rules, P(D|I) = P(S|I) P(D|SI)+ P(S|I) P(D|SI),
we find their posterior probabilities that the drug is safe to be (0.083, 0.032, 0.899), respec-
tively. Put verbally, they have reasoned as follows:

A ‘Mr N is a fine fellow, doing a notable public service. I had thought the drug to be safe from other
evidence, but he would not knowingly misrepresent the facts; therefore hearing his report leads
me to change my mind and think that the drug is unsafe after all. My belief in safety is lowered by
20.0 db, so I will not buy any more.’

B ‘Mr N is an erratic fellow, inclined to accept adverse evidence too quickly. I was already convinced
that the drug is unsafe; but even if it is safe he might be carried away into saying otherwise. So,
hearing his claim does strengthen my opinion, but only by 5.3 db. I would never under any
circumstances use the drug.’

C ‘Mr N is an unscrupulous rascal, who does everything in his power to stir up trouble by sensational
publicity. The drug is probably safe, but he would almost certainly claim it is unsafe whatever the
facts. So hearing his claim has practically no effect (only 0.005 db) on my confidence that the drug
is safe. I will continue to buy it and use it.’

The opinions of Mr A and Mr B converge in about the way we conjectured in (5.20) because
both are willing to trust Mr N ’s veracity to some extent. But Mr A and Mr C diverge because
their prior probabilities of deception are entirely different. So one cause of divergence is
not merely that prior probabilities of deception are large, but that they are greatly different
for different people.

This is not the only cause of divergence, however; to show this we introduce Mr X and
Mr Y, who agree in their judgment of Mr N:

P(D|SIx) = P(D|SIy) = a, P(D|SIx) = P(D|SIy) = b. (5.28)

If a < b, then they consider him to be more likely to be telling the truth than lying. But they
have different prior probabilities for the safety of the drug:

P(S|Ix) =x, P(S|Iy) =y. (5.29)

Their posterior probabilities are then

ax ay

PS|DIy)= ————, P(S|IDIy) = ———,
(SIDIx) ax + b(1 — x) (SIDIy) ay +b(1 —y)

(5.30)
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from which we see that not only are their opinions always changed in the same direction,
on the evidence scale they are always changed by the same amount, log(a/b):

P(S|DIx) _ X a
Og[mmmx)} - log[l —x} +log 7]

log [M} = log [L:| + log [ﬁ] .
P(S|Dly) -y b

This means that, on the probability scale, they can either converge or diverge — see
Exercise 5.2. These equations correspond closely to those in our sequential widget test
in Chapter 4, but have now a different interpretation. If a = b, then they consider Mr N
totally unreliable and their views are unchanged by his testimony. If a > b, they distrust
Mr N so much that their opinions are driven in the opposite direction from what he intended.
Indeed, if b — O, then log(a/b) — oo; they consider it certain that he is lying, and so they
are both driven to complete belief in the safety of the drug: P(S|DIx) = P(S|DIly) =1,
independently of their prior probabilities.

(5.31)

Exercise 5.2. From these equations, find the exact conditions on (x, y, a, b) for
divergence on the probability scale; that is,

|P(S|DIx) — P(S|DIy)| > [P(S|Ix) — P(S|Iy)|. (5.32)

Exercise 5.3. It is evident from (5.31) that Mr X and Mr Y can never experience
a reversal of viewpoint; that is, if initially Mr X believes more strongly than Mr Y
in the safety of the drug, this will remain true whatever the values of a, b. There-
fore, a necessary condition for reversal must be that they have different opinions about
Mr N; a, # a, and/or b, # b,. But this does not prove that reversal is actually pos-
sible, so more analysis is needed. If reversal is possible, find a sufficient condition on
(x, y, ax, ay, by, by) for this to take place, and illustrate it by a verbal scenario like
the above. If it is not possible, prove this and explain the intuitive reason why reversal
cannot happen.

We see that divergence of opinions is readily explained by probability theory as logic, and
that it is to be expected when persons have widely different prior information. But where
was the error in the reasoning that led us to conjecture (5.20)? We committed a subtle form
of the mind projection fallacy by supposing that the relation ‘D supports S’ is an absolute
property of the propositions D and S. We need to recognize the relativity of it; whether D
does or does not support S depends on our prior information. The same D that supports S
for one person may refute it for another. As soon as we recognize this, then we no longer



132 Part 1 Principles and elementary applications

expect anything like (5.20) to hold in general. This error is very common; we shall see
another example of it in Section 5.7.

Kahneman and Tversky (1972) claimed that we are not Bayesians, because in psycho-
logical tests people often commit violations of Bayesian principles. However, this claim is
seen differently in view of what we have just noted. We suggest that people are reasoning
according to a more sophisticated version of Bayesian inference than they had in mind.

This conclusion is strengthened by noting that similar things are found even in deductive
logic. Wason and Johnson-Laird (1972) report psychological experiments in which subjects
erred systematically in simple tests which amounted to applying a single syllogism. It seems
that when asked to test the hypothesis ‘A implies B’, they had a very strong tendency to
consider it equivalent to ‘B implies A’ instead of ‘not-B implies not-A’. Even professional
logicians could err in this way.?

Strangely enough, the nature of this error suggests a tendency toward Bayesianity, the
opposite of the Kahneman—Tversky conclusion. For, if A supports B in the sense that for
some X, P(B|AX) > P(B|X), then Bayes’ theorem states that B supports A in the same
sense: P(A|BX) > P(A|X). But it also states that P(A|BX) > P(A|X), corresponding to
the syllogism. In the limit P(B|AX) — 1, Bayes’ theorem does not give P(A|BX) — 1,
but gives P(A|BX) — 1, in agreement with the syllogism, as we noted in Chapter 2.

Errors made in staged psychological tests may indicate only that the subjects were pur-
suing different goals than the psychologists; they saw the tests as basically foolish, and did
not think it worth making any mental effort before replying to the questions — or perhaps
even thought that the psychologists would be more pleased to see them answer wrongly.
Had they been faced with logically equivalent situations where their interests were strongly
involved (for example, avoiding a serious accidental injury), they might have reasoned bet-
ter. Indeed, there are stronger grounds — Darwinian natural selection — for expecting that
we would reason in a basically Bayesian way.

5.4 Visual perception — evolution into Bayesianity?

Another class of psychological experiments fits nicely into this discussion. In the early 20th
century, Adelbert Ames Jr was Professor of Physiological Optics at Dartmouth College. He
devised ingenious experiments which fool one into ‘seeing’ something very different from
the reality — one misjudges the size, shape, distance of objects. Some dismissed this as idle
optical illusioning, but others who saw these demonstrations — notably including Alfred
North Whitehead and Albert Einstein — saw their true importance as revealing surprising
things about the mechanism of visual perception.’ His work was carried on by Professor
Hadley Cantril of Princeton University, who discussed these phenomena and produced
movie demonstrations of them (Cantril, 1950).

2 A possible complication of these tests — semantic confusion — readily suggests itself. We noted in Chapter 1 that the word
‘implication’ has a different meaning in formal logic than it has in ordinary language; ‘A implies B’ does not have the usual
colloquial meaning that B is logically deducible from A, as the subjects may have supposed.

3 One of Ames’ most impressive demonstrations has been recreated at the Exploratorium in San Francisco, the full-sized ‘Ames
room’ into which visitors can look to see these phenomena at first hand.
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The brain develops in infancy certain assumptions about the world based on all the sensory
information it receives. For example, nearer objects appear larger, have greater parallax,
and occlude distant objects in the same line of sight; a straight line appears straight from
whatever direction it is viewed, etc. These assumptions are incorporated into the artist’s rules
of perspective and in three-dimensional computer graphics programs. We hold tenaciously
onto them because they have been successful in correlating many different experiences. We
will not relinquish successful hypotheses as long as they work; the only way to make one
change these assumptions is to put one in a situation where they don’t work. For example,
in that Ames room where perceived size and distance correlate in the wrong way, a child
walking across the room doubles in height.

The general conclusion from all these experiments is less surprising to our relativist
generation than it was to the absolutist generation which made the discoveries. Seeing is
not a direct apprehension of reality, as we often like to pretend. Quite the contrary: seeing
is inference from incomplete information, no different in nature from the inference that we
are studying here. The information that reaches us through our eyes is grossly inadequate
to determine what is ‘really there’ before us. The failures of perception revealed by the
experiments of Ames and Cantrell are not mechanical failures in the lens, retina, or optic
nerve; they are the reactions of the subsequent inference process in the brain when it receives
new data that are inconsistent with its prior information. These are just the situations
where one is obliged to resurrect some alternative hypothesis; and that is what we ‘see’.
We expect that detailed analysis of these cases would show an excellent correspondence
with Bayesian inference, in much the same way as in our ESP and diverging opinions
examples.

Active study of visual perception has continued, and volumes of new knowledge have
accumulated, but we still have almost no conception of how this is accomplished at the
level of the neurons. Workers note the seeming absence of any organizing principle; we
wonder whether the principles of Bayesian inference might serve as a start. We would
expect Darwinian natural selection to produce such a result; after all, any reasoning format
whose results conflict with Bayesian inference will place a creature at a decided survival
disadvantage. Indeed, as we noted long ago (Jaynes, 1957b), in view of Cox’s theorems,
to deny that we reason in a Bayesian way is to assert that we reason in a deliberately
inconsistent way; we find this very hard to believe. Presumably, a dozen other examples of
human and animal perception would be found to obey a Bayesian reasoning format as its
‘high level’ organizing principle, for the same reason. With this in mind, let us examine a
famous case history.

5.5 The discovery of Neptune

Another potential application for probability theory, which has been discussed vigorously
by philosophers for over a century, concerns the reasoning process of a scientist, by which
he accepts or rejects his theories in the light of the observed facts. We noted in Chapter 1
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that this consists largely of the use of two forms of syllogism,

if A, then B if A, then B
one strong: B false and one weak: B true . (5.33)
A false A more plausible

In Chapter 2 we noted that these correspond to the use of Bayes’ theorem in the forms

P(B|AX) P(B|AX)

P(A|BX) = P(A|X)————=, P(A|BX) = P(A|X , 5.34
(A|BX) (|)Hmm (A|BX) (')Hmm (5.34)

respectively, and that these forms do agree qualitatively with the syllogisms.

Interest here centers on the question of whether the second form of Bayes’ theorem gives
a satisfactory quantitative version of the weak syllogism, as scientists use it in practice. Let
us consider a specific example given by Pélya (1954, Vol. II, pp. 130-132). This will give
us a more useful example of the resurrection of alternative hypotheses.

The planet Uranus was discovered by Wm Herschel in 1781. Within a few decades
(i.e. by the time Uranus had traversed about one-third of its orbit), it was clear that it
was not following exactly the path prescribed for it by the Newtonian theory (laws of
mechanics and gravitation). At this point, a naive application of the strong syllogism might
lead one to conclude that the Newtonian theory was demolished. However, its many other
successes had established the Newtonian theory so firmly that in the minds of astronomers
the probability for the hypothesis: ‘Newton’s theory is false’ was already down at perhaps
—50 db. Therefore, for the French astronomer Urbain Jean Joseph Leverrier (1811-1877)
and the English scholar John Couch Adams (1819-1892) at St John’s College, Cambridge,
an alternative hypothesis down at perhaps —20 db was resurrected: there must be still another
planet beyond Uranus, whose gravitational pull is causing the discrepancy.

Working unknown to each other and backwards, Leverrier and Adams computed the mass
and orbit of a planet which could produce the observed deviation and predicted where the
new planet would be found, with nearly the same results. The Berlin observatory received
Leverrier’s prediction on September 23, 1846, and, on the evening of the same day, the
astronomer Johann Gottfried Galle (1812-1910) found the new planet (Neptune) within
about one degree of the predicted position. For many more details, see Smart (1947) or
Grosser (1979).

Instinctively, we feel that the plausibility for the Newtonian theory was increased by
this little drama. The question is, how much? The attempt to apply probability theory to
this problem will give us a good example of the complexity of actual situations faced by
scientists, and also of the caution one needs in reading the rather confused literature on
these problems.

Following Pélya’s notation, let 7 stand for the Newtonian theory, N for the part
of Leverrier’s prediction that was verified. Then probability theory gives the posterior
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probability for T as
P(N|TX)

P(NIX)
Suppose we try to evaluate P(N|X). This is the prior probability for N, regardless of whether
T is true or not. As usual, denote the denial of T by T.Since N = N(T +T) = NT + NT,
we have, by applying the sum and product rules,

P(N|X)= P(NT + NT|X) = P(NT|X) + P(NT|X)
= P(N|TX)P(T|X)+ P(NITX)P(T|X),

P(TINX) = P(T|X) (5.35)

(5.36)

and P(N|T X) has intruded itself into the problem. But in the problem as stated this quantity
is not defined; the statement 7 = ‘Newton’s theory is false’ has no definite implications
until we specify what alternative we have to put in place of Newton’s theory.

For example, if there were only a single possible alternative according to which there
could be no planets beyond Uranus, then P(N|T X) = 0, and probability theory would again
reduce to deductive reasoning, giving P(T|N X) = 1, independently of the prior probability
P(T|X).

On the other hand, if Einstein’s theory were the only possible alternative, its predictions
do not differ appreciably from those of Newton’s theory for this phenomenon, and we would
have P(N|TX) = P(N|T X), whereupon P(T|NX) = P(T|X).

Thus, verification of the Leverrier—Adams prediction might elevate the Newtonian theory
to certainty, or it might have no effect at all on its plausibility. It depends entirely on this:
against which specific alternatives are we testing Newton’s theory?

Now, to a scientist who is judging his theories, this conclusion is the most obvious exercise
of common sense. We have seen the mathematics of this in some detail in Chapter 4, but
all scientists see the same thing intuitively without any mathematics.

For example, if you ask a scientist, ‘How well did the Zilch experiment support the Wilson
theory?’” you may get an answer like this: ‘Well, if you had asked me last week I would
have said that it supports the Wilson theory very handsomely; Zilch’s experimental points
lie much closer to Wilson’s predictions than to Watson’s. But, just yesterday, I learned that
this fellow Woffson has a new theory based on more plausible assumptions, and his curve
goes right through the experimental points. So now I’m afraid I have to say that the Zilch
experiment pretty well demolishes the Wilson theory.’

5.5.1 Digression on alternative hypotheses

In view of this, working scientists will note with dismay that statisticians have developed
ad hoc criteria for accepting or rejecting theories (chi-squared test, etc.) which make no
reference to any alternatives. A practical difficulty of this was pointed out by Jeffreys (1939);
there is not the slightest use in rejecting any hypothesis Hj unless we can do it in favor of
some definite alternative H; which better fits the facts.

Of course, we are concerned here with hypotheses which are not themselves statements
of observable fact. If the hypothesis Hj is merely that x < y, then a direct, error-free
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measurement of x and y which confirms this inequality constitutes positive proof of the
correctness of the hypothesis, independently of any alternatives. We are considering hy-
potheses which might be called ‘scientific theories’ in that they are suppositions about what
is not observable directly; only some of their consequences — logical or causal — can be
observed by us.

For such hypotheses, Bayes’ theorem tells us this: Unless the observed facts are abso-
lutely impossible on hypothesis H, it is meaningless to ask how much those facts tend ‘in
themselves’ to confirm or refute Hy. Not only the mathematics, but also our innate com-
mon sense (if we think about it for a moment) tell us that we have not asked any definite,
well-posed question until we specify the possible alternatives to Hy. Then, as we saw in
Chapter 4, probability theory can tell us how our hypothesis fares relative to the alternatives
that we have specified; it does not have the creative imagination to invent new hypotheses
for us.

Of course, as the observed facts approach impossibility on hypothesis Hy, we are led to
worry more and more about Hy; but mere improbability, however great, cannot in itself be
the reason for doubting H,. We almost noted this after Eq. (5.7); now we are laying stress
on it because it will be essential for our later general formulation of significance tests.

Early attempts to devise such tests foundered on the point we are making. Arbuthnot
(1710) noted that in 82 years of demographic data more boys than girls were born in every
year. On the ‘null hypothesis’ Hj that the probability for a boy is 1/2, he considered the
probability for this result to be 2782 = 107247 (in our measure, —247 db), so small as to
make H seem to him virtually impossible, and saw in this evidence for ‘Divine Providence’.
He was, apparently, the first person to reject a statistical hypothesis on the grounds that it
renders the data improbable. However, we can criticize his reasoning on several grounds.

Firstly, the alternative hypothesis H; = ‘Divine Providence’ does not seem usable in
a probability calculation because it is not specific. That is, it does not make any definite
predictions known to us, and so we cannot assign any probability for the data P(D|H,)
conditional on H;. (For this same reason, the mere logical denial H, = ‘H, is unusable as
an alternative.) In fact, it is far from clear why Divine Providence would wish to generate
more boys than girls; indeed, if the number of boys and girls were exactly equal every year
in a large population, that would seem to us much stronger evidence that some supernatural
control mechanism must be at work.

Secondly, on the null hypothesis (independent and equal probability for a boy or girl
at each birth) the probability P(D|H)) of finding the observed sequence would have been
just as small whatever the data, so by Arbuthnot’s reasoning the hypothesis would have
been rejected whatever the data! Without having the probability P(D|H;) of the data on
the alternative hypothesis and the prior probabilities of the hypotheses, there is just no
well-posed problem and no rational basis for passing judgment.

Finally, having observed more boys than girls for ten consecutive years, rational inference
might have led Arbuthnot to anticipate it for the 11th year. Thus his hypothesis Hy was
not only the numerical value p = 1/2; there was also an implicit assumption of logical
independence for different years, of which he was probably unaware. On an hypothesis that
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allows for positive correlations, for example Hey, which assigns an exchangeable sampling
distribution, the probability P(D|H,y) for the aggregated data could be very much greater
than 2782, Thus, Arbuthnot took a small step in the right direction, but to get a usable
significance test required a conceptual understanding of probability theory on a considerably
higher level, as achieved by Laplace some 100 years later.

Another example occurred when Daniel Bernoulli won a French Academy prize of 1734
with an essay on the orbits of planets, in which he represented the orientation of each orbit
by its polar point on the unit sphere and found them so close together as to make it very
unlikely that the present distribution could result by chance. Although he too failed to state
a specific alternative, we are inclined to accept his conclusion today because there seems
to be a very clearly implied null hypothesis Hy of ‘chance’ according to which the points
should appear spread all over the sphere with no tendency to cluster together, and H; of
‘attraction’, which would make them tend to coincide; the evidence rather clearly supported
H; over Hy.

Laplace (1812) did a similar analysis on comets, found their polar points much more
scattered than those of the planets, and concluded that comets are not ‘regular members’
of the solar system like the planets. Here we finally had two fairly well-defined hypotheses
being compared by a correct application of probability theory.*

Such tests need not be quantitative. Even when the application is only qualitative, proba-
bility theory is still useful to us in a normative sense; it is the means by which we can detect
inconsistencies in our own qualitative reasoning. It tells us immediately what has not been
intuitively obvious to all workers: that alternatives are needed before we have any rational
criterion for testing hypotheses.

This means that if any significance test is to be acceptable to a scientist, we shall need
to examine its rationale to see whether it has, like Daniel Bernoulli’s test, some implied
if unstated alternative hypotheses. Only when such hypotheses are identified are we in
a position to say what the test accomplishes; i.e. what it is testing. But not to keep the
reader in suspense: a statisticians’ formal significance test can always be interpreted as a
test of a specified hypothesis Hj against a specified class of alternatives, and thus it is only
a mathematical generalization of our treatment of multiple hypothesis tests in Chapter 4,
Eqgs. (4.31)—(4.49). However, the orthodox literature, which dealt with composite hypotheses
by applying arbitrary ad hockeries instead of probability theory, never perceived this.

5.5.2 Back to Newton

Now we want to formulate a quantitative result about Newton’s theory. In Pdlya’s discussion
of the feat of Leverrier and Adams, once again no specific alternative to Newton’s theory
is stated; but from the numerical values used (P6lya, 1954, Vol. II, p. 131) we can infer
that he had in mind a single possible alternative H; according to which it was known

4 Tt is one of the tragedies of history that Cournot (1843), failing to comprehend Laplace’s rationale, attacked it and reinstated the
errors of Arbuthnot, thereby dealing scientific inference a setback from which it required a lifetime to recover.
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that one more planet existed beyond Uranus, but all directions on the celestial sphere were
considered equally likely. Then, since a cone of angle 1 degree fills in the sky a solid angle of
about 77/(57.3)> = 1073 steradian, P(N|H,X) ~ 1073 /4w = 1/13000 is the probability
that Neptune would have been within 1 degree of the predicted position.

Unfortunately, in the calculation no distinction was made between P(N|X) and
P(N|T X); that is, instead of the calculation (5.35) indicated by probability theory, the
likelihood ratio actually calculated by Pélya was, in our notation,

P(NITX)  P(NITX)
P(N|ITX) PNIHX)

(5.37)

Therefore, according to the analysis in Chapter 4, what P6lya obtained was not the ratio of
posterior to prior probabilities, but the ratio of posterior to prior odds:
ON|ITX) P(NITX) 13
O(N|X) ~— P(N|TX)

000. (5.38)

The conclusions are much more satisfactory when we notice this. Whatever prior probability
P(T|X) we assign to Newton’s theory, if H; is the only alternative considered, then verifi-
cation of the prediction increased the evidence for Newton’s theory by 101og,,(13 000) =
41 db.

Actually, if there were a new planet it would be reasonable, in view of the aforementioned
investigations of Daniel Bernoulli and Laplace, to adopt a different alternative hypothesis
H,, according to which its orbit would lie in the plane of the ecliptic, as Pdlya again notes
by implication rather than explicit statement. If, on hypothesis H,, all values of longitude
are considered equally likely, we might reduce this to about 101og,,(180) = 23 db. In view
of the great uncertainty as to just what the alternative is (i.e. in view of the fact that the
problem has not been defined unambiguously), any value between these extremes seems
more or less reasonable.

There was a difficulty which bothered Pdlya: if the probability of Newton’s theory
were increased by a factor of 13000, then the prior probability was necessarily lower
than (1/13 000); but this contradicts common sense, because Newton’s theory was already
very well established before Leverrier was born. Pélya interprets this in his book as reveal-
ing an inconsistency in Bayes’ theorem, and the danger of trying to apply it numerically.
Recognition that we are, in the above numbers, dealing with odds rather than probabilities,
removes this objection and makes Bayes’ theorem appear quite satisfactory in describing
the inferences of a scientist.

This is a good example of the way in which objections to the Bayes—Laplace methods
which you find in the literature disappear when you look at the problem more carefully. By
an unfortunate slip in the calculation, Pélya was led to a misunderstanding of how Bayes’
theorem operates. But I am glad to be able to close the discussion of this incident with a
happier personal reminiscence.

In 1956, two years after the appearance of Pélya’s work, I gave a series of lectures on
these matters at Stanford University, and George P6lya attended them, sitting in the first
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row and paying the most strict attention to everything that was said. By then he understood
this point very well — indeed, whenever a question was raised from the audience, Pdlya
would turn around and give the correct answer, before I could. It was very pleasant to have
that kind of support, and I miss his presence today (George Pélya died, at the age of 97, in
September 1985).

But the example also shows clearly that, in practice, the situation faced by the scientist
is so complicated that there is little hope of applying Bayes’ theorem to give quantitative
results about the relative status of theories. Also there is no need to do this, because the
real difficulty of the scientist is not in the reasoning process itself; his common sense is
quite adequate for that. The real difficulty is in learning how to formulate new alternatives
which better fit the facts. Usually, when one succeeds in doing this, the evidence for the
new theory soon becomes so overwhelming that nobody needs probability theory to tell
him what conclusions to draw.

Exercise 5.4. Our story has a curious sequel. In turn, it was noticed that Neptune was
not following exactly its proper course, and so one naturally assumed that there is still
another planet causing this. Percival Lowell, by a similar calculation, predicted its orbit,
and Clyde Tombaugh proceeded to find the new planet (Pluto), although not so close to
the predicted position. But now the story changes: modern data on the motion of Pluto’s
moon indicated that the mass of Pluto is too small to have caused the perturbation of
Neptune which motivated Lowell’s calculation. Thus, the discrepancies in the motions
of Neptune and Pluto were unaccounted for. (We are indebted to Dr Brad Schaefer for
this information.) Try to extend our probability analysis to take this new circumstance
into account; at this point, where did Newton’s theory stand? For more background
information, see Hoyt (1980) or Whyte (1980). More recently, it appears that the mass
of Pluto had been estimated wrongly and the discrepancies were after all not real; then
it seems that the status of Newton’s theory should revert to its former one. Discuss
this sequence of pieces of information in terms of probability theory. Do we update by
Bayes’ theorem as each new fact comes in? Or do we just return to the beginning when
we learn that a previous datum was false?

At present, we have no formal theory at all on the process of ‘optimal hypothesis
formulation’, and we are dependent entirely on the creative imagination of individual per-
sons such as Newton, Mendel, Einstein, Wegener, and Crick (1988). So, we would say that
in principle the application of Bayes’ theorem in the above way is perfectly legitimate; but
in practice it is of very little use to a scientist.

However, we should not presume to give quick, glib answers to deep questions. The
question of exactly how scientists do, in practice, pass judgment on their theories, remains
complex and not well analyzed. Further comments on the validity of Newton’s theory are
offered in our closing Comments, Section 5.9.
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5.6 Horse racing and weather forecasting

The preceding examples noted two different features common in problems of inference:
(a) as in the ESP and psychological cases, the information we receive is often not a direct
proposition like S in (5.21), but is an indirect claim that § is true, from some ‘noisy’ source
that is itself not wholly reliable; (b) as in the example of Neptune, there is a long tradition of
writers who have misapplied Bayes’ theorem and concluded that Bayes’ theorem is at fault.
Both features are present simultaneously in a work of the Princeton philosopher Richard C.
Jeffrey (1983), hereafter denoted by RCJ to avoid confusion with the Cambridge scholar
Sir Harold Jeffreys.

RC]J considers the following problem. With only prior information /, we assign a prob-
ability P(A|I) for A. Then we get new information B, and it changes as usual via Bayes’
theorem to

P(A|BI) = P(A|I)P(B|AI)/P(B|I). (5.39)

But then he decides that Bayes’ theorem is not sufficiently general, because we often receive
new information that is not certain; perhaps the probability for B is not unity but, say, g.
To this we would reply: ‘If you do not accept B as true, then why are you using it in
Bayes’ theorem this way?’ But RCJ follows that long tradition and concludes, not that it
is a misapplication of Bayes’ theorem to use uncertain information as in (5.39), but that
Bayes’ theorem is itself faulty, and it needs to be generalized to take the uncertainty of new
information into account.

His proposed generalization (denoting the denial of B by B) s that the updated probability
for A should be taken as a weighted average:

P(A); = qP(A|BI)+ (1 — q)P(A|BI). (5.40)

But this is an ad hockery that does not follow from the rules of probability theory unless
we take g to be the prior probability P(B|I), just the case that RCJ excludes (for then
P(A); = P(A|I), and there is no updating).

Since (5.40) conflicts with the rules of probability theory, we know that it necessarily
violates one of the desiderata that we discussed in Chapters 1 and 2. The source of the trouble
is easy to find, because those desiderata tell us where to look. The proposed ‘generalization’
(5.40) cannot hold generally because we could learn many different things, all of which
indicate the same probability g for B; but which have different implications for A. Thus
(5.40) violates desideratum (1.39b); it cannot take into account all of the new information,
only the part of it that involves (i.e. is relevant to) B.

The analysis of Chapter 2 tells us that, if we are to salvage things and recover a well-posed
problem with a defensible solution, we must not depart in any way from Bayes’ theorem.
Instead, we need to recognize the same thing that we stressed in the ESP example; if B is not
known with certainty to be true, then B could not have been the new information; the actual
information received must have been some proposition C such that P(B|C1) = g. But then,
of course, we should be considering Bayes’ theorem conditional on C, rather than B:

P(A|CI) = P(A|I)P(C|AD)/P(C|I). (5.41)
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If we apply it properly, Bayes’ theorem automatically takes the uncertainty of new
information into account. This result can be written, using the product and sum rules of
probability theory, as

P(A|CI) = P(AB|CI)+ P(AB|CI) = P(A|BCI)P(B|CI)+ P(A|BCI)P(B|CI),
(5.42)
and if we define ¢ = P(B|C1I) to be the updated probability for B, this can be written in
the form

P(A|CI)=qP(A|BCI)+ (1 —q)P(A|BCI), (5.43)

which resembles (5.40), but is not in general equal to it, unless we add the restriction that
the probabilities P(A|BCI) and P(A|BCI) are to be independent of C. Intuitively, this
would mean that the logic flows thus:

(C—> B— A) (5.44)
rather than
(C — A). (5.45)

That is, C is relevant to A only through its intermediate relevance to B (C is relevant to B
and B is relevant to A).

RCJ shows by example that this logic flow may be present in a real problem, but fails to
note that his proposed solution (5.40) is then the same as the Bayesian result. Without that
logic flow, (5.40) will be unacceptable in general because it does not take into account all
of the new information. The information which is lost is indicated by the lack of an arrow
going directly (C — A) in the logic flow diagram (5.45); information in C which is directly
relevant to A, whether or not B is true.

If we think of the logic flow as something like the flow of light, we might visualize it thus.
At night we receive sunlight only through its intermediate reflection from the moon; this
corresponds to the RCJ solution. But in the daytime we receive light directly from the sun,
whether or not the moon is there; this is what the RCJ solution has missed. (In fact, when
we study the maximum entropy formalism in statistical mechanics and the phenomenon of
‘generalized scattering’, we shall find that this is more than a loose analogy; the process
of conditional information flow is in almost exact mathematical correspondence with the
Huygens principle of optics.)

Exercise 5.5. We might expect intuitively that when ¢ — 1 this difference would
disappear; i.e. P(A|BI) — P(A|CI). Determine whether this is or is not generally
true. If it is, indicate how small 1 — g must be in order to make the difference practically
negligible. If it is not, illustrate by a verbal scenario the circumstances which can prevent
this agreement.
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We can illustrate this in a more down-to-earth way by one of RCJ’s own scenarios:

A = my horse will win the race tomorrow,

B = the track will be muddy,

I = whatever I know about my horse and jockey in particular, and about horses,
jockeys, races, and life in general,

and the probability P(A|I) is updated as a result of receiving a weather forecast. Then some
proposition C such as:

C = the TV weather forecaster showed us today’s weather map, quoted some
of the current meteorological data, and then by means unexplained
assigned probability ¢’ for rain tomorrow

is clearly present, but it is not recognized and stated by RCJ. Indeed, to do so would introduce
much new detail, far beyond the gambit of propositions (A, B) of interest to horse racers.

If we recognize proposition C explicitly, then we must recall everything we know about
the process of weather forecasting, what were the particular meteorological data leading
to that forecast, how reliable weather forecasts are in the presence of such data, how the
officially announced probability ¢’ is related to what the forecaster really believes (i.e. what
we think the forecaster perceives his own interest to be), etc.

If the above-defined C is the new information, then we must consider also, in the light
of all our prior information, how C might affect the prospects for the race A through other
circumstances than the muddiness B of the track; perhaps the jockey is blinded by bright
sunlight, perhaps the rival horse runs poorly on cloudy days, whether or not the track is wet.
These would be logical relations of the form (C — A) that (5.40) cannot take into account.

Therefore the full solution must be vastly more complicated than (5.40); but this is, of
course, as it should be. Bayes’ theorem, as always, is only telling us what common sense
does; in general the updated probability for A must depend on far more than just the updated
probability g for B.

5.6.1 Discussion

This example illustrates what we have noted before in Chapter 1; that familiar problems
of everyday life may be more complicated than scientific problems, where we are often
reasoning about carefully controlled situations. The most familiar problems may be so
complicated — just because the result depends on so many unknown and uncontrolled
factors — that a full Bayesian analysis, although correct in principle, is out of the question
in practice. The cost of the computation is far more than we could hope to win on the horse.

Then we are necessarily in the realm of approximation techniques; but, since we cannot
apply Bayes’ theorem exactly, need we still consider it at all? Yes, because Bayes’ theorem
remains the normative principle telling us what we should aim for. Without it, we have
nothing to guide our choices and no criterion for judging their success.

It also illustrates what we shall find repeatedly in later chapters: that generations of work-
ers in this field have not comprehended the fact that Bayes’ theorem is a valid theorem,
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required by elementary desiderata of rationality and consistency, and have made unbeliev-
ably persistent attempts to replace it by all kinds of intuitive ad hockeries. Of course, we
expect that any sincere intuitive effort will capture bits of the truth; yet all of these dozens
of attempts have proved on analysis to be satisfactory only in those cases where they agree
with Bayes’ theorem after all.

We are at a loss, however, to understand what motivates these anti-Bayesian efforts,
because we can see nothing unsatisfactory about Bayes’ theorem, either in its theoretical
foundations, its intuitive rationale, or its pragmatic results. The writer has devoted some
40 years to the analysis of thousands of separate problems by Bayes’ theorem, and is
still being impressed by the beautiful and important results it gives us, often in a few
lines, and far beyond what those ad hockeries can produce. We have yet to find a case
where it yields an unsatisfactory result (although the result is sometimes surprising at first
glance, and it requires some meditation to educate our intuition and see that it is correct
after all).

Needless to say, the cases where we are at first surprised are just the ones where Bayes’
theorem is most valuable to us; because those are the cases where intuitive ad hockeries
would never have found the result. Comparing Bayesian analysis with the ad hoc methods
which saturate the literature, whenever there is any disagreement in the final conclusions,
we have found it easy to exhibit the defect of the ad hockery, just as the analysis of Chapter 2
led us to expect, and as we saw in the above example.

In the past, many man-years of effort were wasted in futile attempts to square the circle;
had Lindemann’s theorem (that 77 is transcendental) been known and its implications recog-
nized, all of this might have been averted. Likewise, had Cox’s theorems been known, and
their implications recognized, 100 years ago, many wasted careers might have been turned
instead to constructive activity. This is our answer to those who have suggested that Cox’s
theorems are unimportant, because they only confirm what James Bernoulli and Laplace
had conjectured long before.

Today, we have five decades of experience confirming what Cox’s theorems tell us. It
is clear that, not only is the quantitative use of the rules of probability theory as extended
logic the only sound way to conduct inference; it is the failure to follow those rules strictly
that has for many years been leading to unnecessary errors, paradoxes, and controversies.

5.7 Paradoxes of intuition

A famous example of this situation, known as Hempel’s paradox, starts with the premise:
‘A case of an hypothesis supports the hypothesis.” Then it observes: ‘Now the hypothesis
that all crows are black is logically equivalent to the statement that all non-black things are
non-crows, and this is supported by the observation of a white shoe.” An incredible amount
has been written about this seemingly innocent argument, which leads to an intolerable
conclusion.

The error in the argument is apparent at once when one examines the equations of
probability theory applied to it: the premise, which was not derived from any logical analysis,
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is not generally true, and he prevents himself from discovering that fact by trying to judge
support of an hypothesis without considering any alternatives.

Good (1967), in a note entitled ‘“The white shoe is a red herring’, demonstrated the error
in the premise by a simple counterexample. In World 1 there are one million birds, of which
100 are crows, all black. In World 2 there are two million birds, of which 200 000 are black
crows and 1 800 000 are white crows. We observe one bird, which proves to be a black crow.
Which world are we in?

Evidently, observation of a black crow gives evidence of

010 (200000/2000000
£10\ " 100,1 000000

or an odds ratio of 1000:1, against the hypothesis that all crows are black; that is, for
World 2 against World 1. Whether an ‘instance of an hypothesis’ does or does not
support the hypothesis depends on the alternatives being considered and on the prior
information. We learned this in finding the error in the reasoning leading to (5.20). But,
incredibly, Hempel (1967) proceeded to reject Good’s clear and compelling argument
on the grounds that it was unfair to introduce that background information about Worlds
1 and 2.

In the literature there are perhaps 100 ‘paradoxes’ and controversies which are like this,
in that they arise from faulty intuition rather than faulty mathematics. Someone asserts
a general principle that seems to him intuitively right. Then, when probability analysis
reveals the error, instead of taking this opportunity to educate his intuition, he reacts by
rejecting the probability analysis. We shall see several more examples of this; in particular,
the marginalization paradox in Chapter 15.

As a colleague of the writer once remarked, ‘Philosophers are free to do whatever they
please, because they don’t have to do anything right.” But a responsible scientist does not
have that freedom; he will not assert the truth of a general principle, and urge others to adopt
it, merely on the strength of his own intuition. Some outstanding examples of this error,
which are not mere philosophers’ toys like the RCJ tampering with Bayes’ theorem and the
Hempel paradox, but have been actively harmful to Science and Society, are discussed in
Chapters 15 and 17.

) = 30 db, (5.46)

5.8 Bayesian jurisprudence

It is interesting to apply probability theory in various situations in which we can’t always re-
duce it to numbers very well, but still it shows automatically what kind of information would
be relevant to help us do plausible reasoning. Suppose someone in New York City has com-
mitted a murder, and you don’t know at first who it is, but you know that there are 10 million
people in New York City. On the basis of no knowledge but this, e(guilty| X) = —70 db is
the plausibility that any particular person is the guilty one.

How much positive evidence for guilt is necessary before we decide that some man should
be put away? Perhaps 440 db, although your reaction may be that this is not safe enough,
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and the number ought to be higher. If we raise this number we give increased protection to
the innocent, but at the cost of making it more difficult to convict the guilty; and at some
point the interests of society as a whole cannot be ignored.

For example, if 1000 guilty men are set free, we know from only too much experience
that 200 or 300 of them will proceed immediately to inflict still more crimes upon society,
and their escaping justice will encourage 100 more to take up crime. So it is clear that the
damage to society as a whole caused by allowing 1000 guilty men to go free, is far greater
than that caused by falsely convicting one innocent man.

If you have an emotional reaction against this statement, I ask you to think: if you were
a judge, would you rather face one man whom you had convicted falsely; or 100 victims of
crimes that you could have prevented? Setting the threshold at +40 db will mean, crudely,
that on the average not more than one conviction in 10 000 will be in error; a judge who
required juries to follow this rule would probably not make one false conviction in a working
lifetime on the bench.

In any event, if we took +40 db starting out from —70 db, this means that in order to
ensure a conviction you would have to produce about 110 db of evidence for the guilt of
this particular person. Suppose now we learn that this person had a motive. What does that
do to the plausibility for his guilt? Probability theory says

. . . P (motive|guilty)
e(guilty|motive) = e(guilty|X) + 10log,,

P (motive|not guilty) (5.47)

~ —70 — 10log,, P(motive|not guilty),

since P(motive|guilty) =~ 1, i.e. we consider it quite unlikely that the crime had no mo-
tive at all. Thus, the significance of learning that the person had a motive depends al-
most entirely on the probability P(motive|not guilty) that an innocent person would also
have a motive.

This evidently agrees with our common sense, if we ponder it for a moment. If the
deceased were kind and loved by all, hardly anyone would have a motive to do him in.
Learning that, nevertheless, our suspect did have a motive, would then be very significant
information. If the victim had been an unsavory character, who took great delight in all
sorts of foul deeds, then a great many people would have a motive, and learning that our
suspect was one of them is not so significant. The point of this is that we don’t know what
to make of the information that our suspect had a motive, unless we also know something
about the character of the deceased. But how many members of juries would realize that,
unless it was pointed out to them?

Suppose that a very enlightened judge, with powers not given to judges under present law,
had perceived this fact and, when testimony about the motive was introduced, he directed
his assistants to determine for the jury the number of people in New York City who had a
motive. If this number is N,, then

N, —1

P(motive|not guilty) = ~ 107(N,, — 1), (5.48
(motivejnot guilty) (number of people in New York) — 1 ( ) )
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and (5.47) reduces, for all practical purposes, to
e(guilty|motive) > —101log,,(N,, — 1). (5.49)

You see that the population of New York has cancelled out of the equation; as soon as we
know the number of people who had a motive, then it doesn’t matter any more how large
the city was. Note that (5.49) continues to say the right thing even when N,, is only 1 or 2.

You can go on this way for a long time, and we think you will find it both enlightening and
entertaining to do so. For example, we now learn that the suspect was seen near the scene
of the crime shortly before. From Bayes’ theorem, the significance of this depends almost
entirely on how many innocent persons were also in the vicinity. If you have ever been told
not to trust Bayes’ theorem, you should follow a few examples like this a good deal further,
and see how infallibly it tells you what information would be relevant, what irrelevant,
in plausible reasoning.’ In recent years there has grown up a considerable literature on
Bayesian jurisprudence; for a review with many references, see Vignaux and Robertson
(1996).

Even in situations where we would be quite unable to say that numerical values should
be used, Bayes’ theorem still reproduces qualitatively just what your common sense (after
perhaps some meditation) tells you. This is the fact that George P6lya demonstrated in such
exhaustive detail that the present writer was convinced that the connection must be more
than qualitative.

5.9 Comments

There has been much more discussion of the status of Newton’s theory than we indicated
above. For example, it has been suggested by Charles Misner that we cannot apply a theory
with full confidence until we know its limits of validity — where it fails.

Thus, relativity theory, in showing us the limits of validity of Newtonian mechanics,
also confirmed its accuracy within those limits; so it should increase our confidence in
Newtonian theory when applied within its proper domain (velocities small compared with
that of light). Likewise, the first law of thermodynamics, in showing us the limits of validity
of the caloric theory, also confirmed the accuracy of the caloric theory within its proper
domain (processes where heat flows but no work is done). At first glance this seems an
attractive idea, and perhaps this is the way scientists really should think.

5 Note that in these cases we are trying to decide, from scraps of incomplete information, on the truth of an Aristotelian proposition;
whether the defendant did or did not commit some well-defined action. This is the situation — an issue of fact — for which
probability theory as logic is designed. But there are other legal situations quite different; for example, in a medical malpractice
suit it may be that all parties are agreed on the facts as to what the defendant actually did; the issue is whether he did or did
not exercise reasonable judgment. Since there is no official, precise definition of ‘reasonable judgment’, the issue is not the
truth of an Aristotelian proposition (however, if it were established that he wilfully violated one of our Chapter 1 desiderata of
rationality, we think that most juries would convict him). It has been claimed that probability theory is basically inapplicable to
such situations, and we are concerned with the partial truth of a non-Aristotelian proposition. We suggest, however, that in such
cases we are not concerned with an issue of truth at all; rather, what is wanted is a value judgment. We shall return to this topic
later (Chapters 13, 18).
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Nevertheless, Misner’s principle contrasts strikingly with the way scientists actually do
think. We know of no case where anyone has avowed that his confidence in a theory
was increased by its being, as we say, ‘overthrown’. Furthermore, we apply the principle
of conservation of momentum with full confidence, not because we know its limits of
validity, but for just the opposite reason; we do not know of any such limits. Yet scientists
believe that the principle of momentum conservation has real content; it is not a mere
tautology.

Not knowing the answer to this riddle, we pursue it only one step further, with the
observation that if we are trying to judge the validity of Newtonian mechanics, we cannot
be sure that relativity theory showed us all its limitations. It is conceivable, for example,
that it may fail not only in the limit of high velocities, but also in that of high accelerations.
Indeed, there are theoretical reasons for expecting this; for Newton’s F' = ma and Einstein’s
E = mc? can be combined into a perhaps more fundamental statement:

F =(E/Pa. (5.50)

Why should the force required to accelerate a bundle of energy E depend on the velocity
of light?

We see a plausible reason at once, if we adopt the — almost surely true — hypothesis that
our allegedly ‘elementary’ particles cannot occupy mere mathematical points in space, but
are extended structures of some kind. Then the velocity of light determines how rapidly
different parts of the structure can ‘communicate’ with each other. The more quickly all
parts can learn that a force is being applied, the more quickly they can all respond to it. We
leave it as an exercise for the reader to show that one can actually derive Eq. (5.50) from
this premise. (Hint: the force is proportional to the deformation that the particle must suffer
before all parts of it start to move.)

But this embryonic theory makes further predictions immediately. We would expect that,
when a force is applied suddenly, a short transient response time would be required for the
acceleration to reach its Newtonian value. If so, then Newton’s F = ma is not an exact
relation, only a final steady state condition, approached after the time required for light to
cross the structure. It is conceivable that such a prediction could be tested experimentally.

Thus, the issue of our confidence in Newtonian theory is vastly more subtle and complex
than merely citing its past predictive successes and its relationship to relativity theory; it
depends also on our whole theoretical outlook.

It appears to us that actual scientific practice is guided by instincts that have not yet been
fully recognized, much less analyzed and justified. We must take into account not only the
logic of science, but also the sociology of science (perhaps also its soteriology). But this
is so complicated that we are not even sure whether the extremely skeptical conservatism
with which new ideas are invariably received is, in the long run, a beneficial stabilizing
influence, or a harmful obstacle to progress.



148 Part 1 Principles and elementary applications

5.9.1 What is queer?

In this chapter we have examined some applications of probability theory that seem ‘queer’
to us today, in the sense of being ‘off the beaten track’. Any completely new application
must presumably pass through such an exploratory phase of queerness. But in many cases,
particularly the Bayesian jurisprudence and psychological tests with a more serious purpose
than ESP, we think that queer applications of today may become respectable and useful
applications of tomorrow. Further thought and experience will make us more aware of the
proper formulation of a problem — better connected to reality — and then future generations
will come to regard Bayesian analysis as indispensable for discussing it. Now we return to
the many applications that are already advanced beyond the stage of queerness, into that of
respectability and usefulness.
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Elementary parameter estimation

A distinction without a difference has been introduced by certain writers
who distinguish ‘Point estimation’, meaning some process of arriving at
an estimate without regard to its precision, from ‘Interval estimation’ in
which the precision of the estimate is to some extent taken into account.

R. A. Fisher (1956)

Probability theory as logic agrees with Fisher in spirit; that is, it gives us automatically
both point and interval estimates from a single calculation. The distinction commonly
made between hypothesis testing and parameter estimation is considerably greater than
that which concerned Fisher; yet it too is, from our point of view, not a real difference.
When we have only a small number of discrete hypotheses {Hj, ..., H,} to consider,
we usually want to pick out a specific one of them as the most likely in that set, in the
light of the prior information and data. The cases n = 2 and n = 3 were examined in
some detail in Chapter 4, and larger » is in principle a straightforward and rather obvious
generalization.

When the hypotheses become very numerous, however, a different approach seems called
for. A set of discrete hypotheses can always be classified by assigning one or more numerical
indices which identify them, as in H; (1 <t < n), and if the hypotheses are very numerous
one can hardly avoid doing this. Then, deciding between the hypotheses H, and estimating
the index ¢ are practically the same thing, and it is a small step to regard the index, rather
than the hypotheses, as the quantity of interest; then we are doing parameter estimation. We
consider first the case where the index remains discrete.

6.1 Inversion of the urn distributions

In Chapter 3 we studied a variety of sampling distributions that arise in drawing from an
urn. There the number N of balls in the urn, and the number R of red balls and N — R
white ones, were considered known in the statement of the problem, and we were to make
‘pre-data’ inferences about what kind of mix of r red, n — r white we were likely to get on
drawing n of them. Now we want to invert this problem, in the way envisaged by Bayes
and Laplace, to the ‘post-data’ problem: the data D = (n, r) are known, but the contents
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(N, R) of the urn are not. From the data and our prior information about what is in the urn,
what can we infer about its true contents? It is probably safe to say that every worker in
probability theory is surprised by the results — almost trivial mathematically, yet deep and
unexpected conceptually — that one finds in this inversion. In the following we note some
of the surprises already well known in the literature, and add to them.

We found in Eq. (3.22) the sampling distribution for this problem; in our present notation
this is the hypergeometric distribution

N\"'/R\(N —R
poiwrn =nowvran = (1) ()5 F) ©.1)

where I now denotes the prior information, the general statement of the problem as given
above.

6.2 Both N and R unknown

In general, neither N nor R is known initially, and the robot is to estimate both of them. If
we succeed in drawing n balls from the urn, then of course we know deductively that N > n.
It seems to us intuitively that the data could tell us nothing more about N; how could the
number r of red balls drawn, or the order of drawing, be relevant to N ? But this intuition is
using a hidden assumption that we can hardly be aware of until we see the robot’s answer
to the question.
The joint posterior probability distribution for N and R is
P(DINRI)
P(NR|DI) = p(N|Dp(RINI)—————, (6.2)
p(DII)

in which we have factored the joint prior probability by the product rule: p(NR|I) =
p(N|I)p(R|N1I), and the normalizing denominator is a double sum,

o N
p(DID) =Y > p(NIDp(RINDp(DINRI), (6.3)
N=0 R=0

in which, of course, the factor p(D|N RI)iszerowhen N < n,orR <r,orN — R <n —r.
Then the marginal posterior probability for N alone is

2k P(RINDp(DINRT)

N
p(NIDI)="y" p(NR|DI) = p(N|I)

6.4)
k=0 p(DII)
We could equally well apply Bayes’ theorem directly:
P(DINT)
p(N|DI) = p(N|I)—————, (6.5)
p(DII)

and of course (6.4) and (6.5) must agree, by the product and sum rules.
These relations must hold whatever prior information / we may have about N, R that
is to be expressed by p(NR|I). In principle, this could be arbitrarily complicated, and
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conversion of verbally stated prior information into p(N R|I)is an open-ended problem; you
can always analyze your prior information more deeply. But usually our prior information
is rather simple, and these problems are not difficult mathematically.

Intuition might lead us to expect further that, whatever prior p(N|I) we had assigned,
the data can only truncate the impossible values, leaving the relative probabilities of the
possible values unchanged:

(NIDI) {Ap(N|I), if N > n, 66)
b 1 o ifosn<n '
where A is a normalization constant. Indeed, the rules of probability theory tell us
that this must be true if the data tell us only that N > n and nothing else about N. For
example, if

Z=N >n, 6.7)
then
ZIND) { 1 ifn<N 68)
P “lo ifns> N ’

Bayes’ theorem reads:

p(N|ZI) = p(N|I) (6.9)

p(Z|I) 0 if N <n.
If the data tell us only that Z is true, then we have (6.6) and the above normalization
constant is A = 1/p(Z|1I). Bayes’ theorem confirms that if we learn only that N > n, the
relative probabilities of the possible values of N are not changed by this information; only
the normalization must be readjusted to compensate for the values N < n that now have
zero probability. Laplace considered this result intuitively obvious, and took it as a basic
principle of his theory.

However, the robot tells us in (6.5) that this will not be the case unless p(D|NI) is
independent of N for N > n. And, on second thought, we see that (6.6) need not be true
if we have some kind of prior information linking N and R. For example, it is conceivable
that one might know in advance that R < 0.06 N. Then, necessarily, having observed the
data (n, r) = (10, 6), we would know not only that N > 10, but that N > 100. Any prior
information that provides a logical link between N and R makes the datum r relevant to
estimating N after all. But usually we lack any such prior information, and so estimation
of N is uninteresting, reducing to the same result (6.6).

From (6.5), the general condition that the data can tell us nothing about N, except to
truncate values less than 7, is a nontrivial condition on the prior probability p(R|NI):

mmNn_{AMMD iftN >n

N
p(DINI) =" p(DINRI)p(RINT) = (6.10)

R=0

{f(n,r) ifN>n
0 if N <n,
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where f(n,r) may depend on the data, but is independent of N. Since we are using the
standard hypergeometric urn sampling distribution (6.1), this is explicitly

N
) (R) (N B R)p<R|N1) ~ fn, r)(N>, Nzn. 61D
r n—r n

R=0

This is that hidden assumption that our intuition could hardly have told us about. It is a
kind of discrete integral equation' which the prior p(R|NI) must satisfy as the necessary
and sufficient condition for the data to be uninformative about N. The sum on the left-
hand side is necessarily always zero when N < n, for the first binomial coefficient is zero
when R < r, and the second is zero when R > r and N < n. Therefore, the mathematical
constraint on p(R|N ) is only, rather sensibly, that f(n, r) in (6.11) must be independent
of N when N > n.

In fact, most ‘reasonable’ priors do satisfy this condition, and as a result estimation of N
is relatively uninteresting. Then, factoring the joint posterior distribution (6.2) in the form

p(NR|DI) = p(N|DI)p(R|NDI), (6.12)

our main concern is with the factor p(R|N DI), drawing inferences about R or about the
ratio R/N with N supposed known. The posterior probability distribution for R is then, by
Bayes’ theorem,

p(D|NRI)

R|DNI) = p(RIN) Z———~.
P(R| ) = p(R| )p(DINI)

(6.13)

Different choices of the prior probability p(R|NI) will yield many quite different results,
and we now examine a few of them.

6.3 Uniform prior

Consider the state of prior knowledge denoted by I, in which we are, seemingly, as ignorant
as we could be about R while knowing N: the uniform distribution

— if0<R<N
p(R|NIp) = { N+1 (6.14)

0 if R > N.

Then a few terms cancel out, and (6.13) reduces to

p(RIDNIy) = S~! (f) (N B R), (6.15)

n—r

! This peculiar name anticipates what we shall find later, in connection with marginalization theory; very general conditions of
‘uninformativeness’ are expressed by similar integral equations that the prior for one parameter must satisfy in order to make
the data uninformative about another parameter.
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where S is a normalization constant. For several purposes, we need the general summation

formula
L (R\(N-R N+1
= ()00 -1

whereupon the correctly normalized posterior distribution for R is

-1
P(RIDNIy) = (N + 1) (R) (N - R). 6.17)
n+1 r n—r

This is not a hypergeometric distribution like (6.1) because the variable is now R
instead of 7.
The prior (6.14) yields, using (6.16),

N
N I
= N+1\r n—r N4+1\n+1 n+1\n

so the integral equation (6.11) is satisfied; with this prior the data can tell us nothing about

N, beyond the fact that N > n.

Let us check (6.17) to see whether it satisfies some obvious common sense requirements.
We see that it vanishes when R < r, or R > N — n + r, in agreement with what the data
tell us by deductive reasoning. If we have sampled all the balls, n = N, then (6.17) reduces
to Kronecker’s delta, §(R, r), again agreeing with deductive reasoning. This is another
illustration of the fact that probability theory as extended logic automatically includes
deductive logic as a special case.

If we obtain no data at all, n = r = 0, then (6.17) reduces, as it should, to the prior
distribution: p(R|DN Iy) = p(R|NIy) = 1/(N + 1).If we draw only one ball which proves
tobered, n = r = 1, then (6.17) reduces to

R|DN I 2R 6.19
P(R| 0) = m (6.19)

The vanishing when R = 0 again agrees with deductive logic. From (6.1) the sampling

probability p(r = 1|ln = 1, NR Iy) = R/N that our one ball would be red is our original

Bernoulli urn result, proportional to R; and with a uniform prior the posterior probability for

R must also be proportional to R. The numerical coefficient in (6.19) gives us an inadvertent

derivation of the elementary sum rule,

N
Z R= N(N b (6.20)
R=0

These results are only a few of thousands now known, indicating that probability theory
as extended logic is an exact mathematical system. That is, results derived from correct
application of our rules without approximation have the property of exact results in any
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other area of mathematics: you can subject them to arbitrary extreme conditions and they
continue to make sense.’
What value of R does the robot estimate in general? The most probable value of R is

found within one unit by setting p(R’) = p(R’ — 1) and solving for R’. This yields
R =(N+ 1)~ 6.21)
n

which is to be compared with (3.26) for the peak of the sampling distribution. If R is not an
integer, the most probable value is the next integer below R’. The robot anticipates that the
fraction of red balls in the original urn should be about equal to the fraction in the observed
sample, just as you and I would from intuition.

For a more refined calculation, let us find the mean value, or expectation, of R over this
posterior distribution:

N
(R) = E(RIDNIy) = Z Rp(R|DN Iy). (6.22)
R=0

To do the summation, note that

R R+1
(R+1)(r) Z(r+1)(r+l>’ (6.23)

and so, using (6.16) again,

—1
N + 1> <N+2> _ (N +2)r + 1). (6.24)
n+1 n+2 (n+2)

When (n, r, N) are large, the expectation of R is very close to the most probable value
(6.21), indicating either a sharply peaked posterior distribution or a symmetric one. This
result becomes more significant when we ask: ‘What is the expected fraction F of red balls
left in the urn after this drawing?’ This is

(R)y —r r+1

(F)= = (6.25)

(R)+1=(r+1)<

6.4 Predictive distributions

Instead of using probability theory to estimate the unobserved contents of the urn, we may
use it as well to predict future observations. We ask a different question: ‘After having drawn
a sample of r red balls in n draws, what is the probability that the next one drawn will be
red?’ Defining the propositions:

R; = red on the ith draw, 1<i<N, (6.26)

2 By contrast, the intuitive ad hockeries of current ‘orthodox’ statistics generally give reasonable results within some ‘safe’
domain for which they were invented; but invariably they are found to yield nonsense in some extreme case. This, examined in
Chapter 17, is what one expects of results which are only approximations to an exact theory; as one varies the conditions, the
quality of the approximation varies.
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this is
N
P(Ru11|DN Iy) = Z P(R.1RIDNIp) = ZP(RnHIRDNIo)P(RIDNIo), (6.27)
R=0 R
or
N R—r (N+1\"'"(R\(N—R
R,+1|DNIy) = _ . 6.28
p(Ry11|DN L) ;)N—n<n+l> (r><n_r> 6.28)
Using the summation formula (6.16) again, we find, after some algebra,
(Ryus|DNIp) = 1 (6.29)
p n+1 0) — n + 27 .

the same as (6.25). This agreement is another example of the rule noted before: a probability
is not the same thing as a frequency; but, under quite general conditions, the predictive
probability of an event at a single trial is numerically equal to the expectation of its frequency
in some specified class of trials.

Equation (6.29) is a famous old result known as Laplace’s rule of succession. It has
played a major role in the history of Bayesian inference, and in the controversies over
the nature of induction and inference. We shall find it reappearing many times; finally, in
Chapter 18 we examine it carefully to see how it became controversial, but also how easily
the controversies can be resolved today.

The result (6.29) has a greater generality than would appear from our derivation. Laplace
first obtained it, not in consideration of drawing from an urn, but from considering a mixture
of binomial distributions, as we shall do presently in (6.73). The above derivation in terms
of urn sampling had been found as early as 1799 (see Zabell, 1989), but became well known
only through its rediscovery in 1918 by C. D. Broad of Cambridge University, England,
and its subsequent emphasis by Wrinch and Jeffreys (1919), W. E. Johnson (1924, 1932),
and H. Jeffreys (1939). It was initially a great surprise to find that the urn result (6.29) is
independent of N.

But this is only the point estimate; what accuracy does the robot claim for this estimate
of R? The answer is contained in the same posterior distribution (6.17) that gave us (6.29);
we may find its variance (R?) — (R)?. Extending (6.23), note that

R R+2
(R+1)(R+ 2)< ) =+ D+ 2)( ) (6.30)
r r+ 2
The summation over R is again simple, yielding
N+1\""/N+3
((R+1)(R+2)>=(r+1)(r+2)<n+l> <n+3>
_ 4+ DO+ 2N + 2N +3) 631)

(n+2)(n+3)
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Then, noting that var(R) = (R?) — (R)? = ((R + 1)*) — ((R + 1))? and writing for brevity
p=(F)=(+1)/(n+?2),from (6.24) and (6.31) we find

var(R) = %(N +2)(N — n). (6.32)

Therefore, our (mean) £ (standard deviation) combined point and interval estimate of R is

(R)ess =7 + (N —n)p + \/M(N +2)(N — n). (6.33)
n—+3

The factor (N — n) inside the square root indicates that, as we would expect, the estimate
becomes more accurate as we sample a larger fraction of the contents of the urn. Indeed,
when n = N the contents of the urn are known, and (6.33) reduces, as it should, to (r & 0),
in agreement with deductive reasoning.

Looking at (6.33), we note that R — r is the number of red balls remaining in the urn,
and N — n is the total number of balls left in the urn; so an analytically simpler expression
is found if we ask for the (mean) % (standard deviation) estimate of the fraction of red balls
remaining in the urn after the sample is drawn. This is found to be

(R — r)est pl—p)N+2
Fey=—"—=p+, | ———F—— 0< N, 6.34
(Fra= St = pe [P 0z s (6.34)

and this estimate becomes less accurate as we sample a larger portion of the balls. In the

limit N — oo, this goes into
[p(1—p)
Fleg=p+t, ———, 6.35
(Fest = p 253 (6.35)

which corresponds to the binomial distribution result. As an application of this, while
preparing this chapter we heard a news report that a ‘random poll’ of 1600 voters was
taken, indicating that 41% of the population favored a certain candidate in the next election,
and claiming a £3% margin of error for this result. Let us check the consistency of these
numbers against our theory. To obtain (F)ey; = (F)(1 £ 0.03), we require, according to
(6.35), a sample size n given by

I1—-p 1 1-0.41

3= _ 1111 = 1598.9 6.36
nt p 0032 041 (6.36)

or n =~ 1596. The close agreement suggests that the pollsters are using this theory (or at
least giving implied lip service to it in their public announcements).

These results, found with a uniform prior for p(R|NIy) over 0 < R < N, correspond
very well with our intuitive common sense judgments. Other choices of the prior can affect
the conclusions in ways which often surprise us at first glance; then, after some meditation,
we see that they were correct after all. Let us put probability theory to a more severe test
by considering some increasingly surprising examples.
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6.5 Truncated uniform priors

Suppose our prior information had been different from the above Iy; our new prior infor-
mation /; is that we know from the start that 0 < R < N; there is at least one red and one
white ball in the urn. Then the prior (6.14) must be replaced by

— fI<R<N-1
p(RINII)={N—1 - (6.37)

0 otherwise,

and our summation formula (6.16) must be corrected by subtracting the two terms
R =0, R = N. Note that, if R = 0, then

R = R+1 =460 6.38
()-(21) - sem -

N —R
< > = 8(r,n), (6.39)

n—r

and, if R = N, then

so we have the summation formulas

-1

=2 (G2 =G0 -Cpem= (oo w0
R=1 r n—r n+1 n n

1<r+1)(n—r):<n+2>_(n_i_l)(?(r,n)—(n)ﬁ(",o)- (6.41)

What seems surprising at first is that, as long as the observed r is in 0 < r < n, the new
terms vanish, and so the previous posterior distribution (6.17) is unchanged:

=

=

=
Il

p(RIDNIy) = p(R|DN Iy), 0<r<n. (6.42)

Why does the new prior information make no difference? Indeed, it would certainly make
a difference in any form of probability theory that uses only sampling distributions; for the
sample space is changed by the new information.

Yet, on meditation, we see that the result (6.42) is correct, for in this case the data tell us
by deductive reasoning that R cannot be zero or N; so, whether the prior information does
or does not tell us the same thing cannot matter: our state of knowledge about R is the same
and probability theory as logic so indicates. We discuss this further in Section 6.9.1.

Suppose that our data were r = 0; now the sum S in (6.15) is different:

S = <N + 1) - <N) (6.43)
n—+1 n
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and in place of (6.17) the posterior probability distribution for R is found to be, after some
calculation,

N N —R
p(R|r =0, N11)=< )( ), 1<R<N-1, (6.44)
n+1 n

and zero outside that range. But still, within that range, the relative probabilities of different
values of R are not changed; we readily verify that the ratio

p(RIr=0,NI;) N+1

p(RIr=0,NIj) N—n
is independent of R. What has happened here is that the datum » = 0 gives no evidence
against the hypothesis that R = 0 and some evidence for it; so on prior information I, which
allows this, R = 0 is the most probable value. But the prior information /; now makes a
decisive difference; it excludes just that value, and thus forces all the posterior probability
to be compressed into a smaller range, with an upward adjustment of the normalization
coefficient. We learn from this example that different priors do not necessarily lead to
different conclusions; and whether they do or do not can depend on which data set we
happen to get — which is just as it should be.

, 1<R<N-1, (6.45)

Exercise 6.1. Find the posterior probability distribution p(R|r = n, N I;) by a deriva-
tion like the above. Then find the new (mean) + (standard deviation) estimate of R
from this distribution, and compare it with the above results from p(R|r = n, N Iy).
Explain the difference so that it seems obvious intuitively. Now show how well you
understand this problem by describing in words, without doing the calculation, how
the result would differ if we had prior information that (3 < R < N); i.e. the urn had
initially at least three red balls, but there was no prior restriction on large values.

6.6 A concave prior

The rule of succession, based on the uniform prior p(R|N1)  const. (0 < R < N)}, leads
to a perhaps surprising numerical result, that the expected fraction (6.25) of red balls left
in the urn is not the fraction r/n observed in the sample drawn, but slightly different,
(r +1)/(n + 2). What is the reason for this small difference? The following argument is
hardly a derivation, but only a line of free association. Note first that Laplace’s rule of
succession can be written in the form

r+1  n(r/n)+2(1/2)

n+2 n+2
which exhibits the result as a weighted average of the observed fraction r/n and the prior
expectation 1/2, the data weighted by the number n of observations, the prior expectation by
2. It seems that the uniform prior carries a weight corresponding to two observations. Then
could that prior be interpreted as a posterior distribution resulting from two observations

, (6.46)
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(n,r) = (2, 1)?If so, it seems that we must start from a still more uninformative prior than
the uniform one. But is there any such thing as a still more uninformative prior?

Mathematically, this suggests that we try to apply Bayes’ theorem backwards, to find
whether there is any prior that would lead to a uniform posterior distribution. Denote
this conjectured, still more primitive, state of ‘pre-prior’ information by . Then Bayes’
theorem would read:

P(D|RlIy)
p(R|Dly) = p(R|Ipo)————— = const., O<R<N, (6.47)

p(Dllyo)
and the sampling distribution is still the hypergeometric distribution (6.1), because when
R is specified it renders any vague information like Iy irrelevant: p(D|R1y) = p(D|R Iy).
With the assumed sample, n = 2, r = 1, the hypergeometric distribution reduces to

R(N — R
( ) 0<R<N, (6.48)

hr=1NRn=2)=— " <R<
NN — 1)

from which we see that there is no pre-prior that yields a constant posterior distribution
over the whole range (0 < R < N); it would be infinite for R = 0 and R = N. But we have
just seen that the truncated prior, constant in (1 < R < N — 1), yields the same results if
it is known that the urn contains initially at least one red and one white ball. Since our
presupposed data (n, r) = (2, 1) guarantees this, we see that we have a solution after all.
Consider the prior that emphasizes extreme values:

R(N — R)’

where A stands for a normalization constant, not necessarily the same in all the following
equations. Givennew data D = (n, r),if | <r < n — 1 thisyields, using (6.1), the posterior
distribution

RIDNIv) — A R\/N —R _ A R—1\/N—R-1 6.50
p(R| OO)_R(N—R)(r)(n—r)_r(n—r)<r—1)<n—r—1)' (6.50)

From (6.16) we may deduce the summation formula
N—1
R—1\/N—-R-1 N —1 I<R<N-1,
3 Vi [ Gy Y Gy B @s
= r—1 n—r—1 n—1 l1<r<n-1,
so the correctly normalized posterior distribution is
N—1\""/R—1\(N-R-1 1<R<N-1
R|DN Iyy) = , - = ’ 6.52
P(R] ) (n—l) (r—l)(n—r—l) l<r=n-1, (6.52)
which is to be compared with (6.17). As a check, if n = 2, r = 1, this reduces to the desired

prior (6.37):

1
P(RIDNIop) = p(RINT) = —. 1<R<N-1. (6.53)
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At this point, we can leave it as an exercise for the reader to complete the analysis for the
concave prior with derivations analogous to (6.22)—(6.35).

Exercise 6.2. Using the general result (6.52), repeat the calculations analogous to
(6.22)—(6.35) and prove three exact results: (a) the integral equation (6.11) is satisfied,
so (6.6) still holds; (b) for general data compatible with the prior in the sense that
0 <n < N,1 <r <n—1(sothat the sample drawn includes at least one red and one
white ball), the posterior mean estimated fractions R/N and (R — r)/(N — n) are both
equal to the observed fraction in the sample, f = r/n; the estimates now follow the
data exactly so the concave prior (6.49) is given zero weight. Finally, (c) the (mean) &
(standard deviation) estimate is given by

(R)est _ f(l - f) n
T‘fi/ﬁo_ﬂ’ (654

also a simpler result than the analogous (6.33) found previously for the uniform prior.

Exercise 6.3. Now note that if » = 0 or r = n, the step (6.50) is not valid. Go back
to the beginning and derive the posterior distribution for these cases. Show that if
we draw one ball and find it not red, the estimated fraction of red in the urn now
drops from 1/2 to approximately 1/log(N) (whereas with the uniform prior it drops
to(r +1)/(n +2)=1/3).

The exercises show that the concave prior gives many results simpler than those of the
uniform one, but has also some near instability properties that become more pronounced with
large N.Indeed, as N — oo the concave prior approaches an improper (non-normalizable)
one, which must give absurd answers to some questions, although it still gives reasonable
answers to most questions (those in which the data are so informative that they remove the
singularity associated with the prior).

6.7 The binomial monkey prior

Suppose prior information I is that the urn was filled by a team of monkeys who tossed
balls in at random, in such a way that each ball entering had independently the probability
g of being red. Then our prior for R will be the binomial distribution (3.92): in our present
notation,

P(RINI) = <]]\£)gR(1 -V, 0<R=N, (6.55)

and our prior estimate of the number of red balls in the urn will be the (mean) =+ (standard
deviation) over this distribution:

(R)est = Ng £/ Ng(l — g). (6.56)
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The sum (6.10) is readily evaluated for this prior, with the result that

P(DINI) = <n>g’(1 9", N =n. (6.57)
r
Since this is independent of N, this prior also satisfies our integral equation (6.11), so
P(NR|DL) = p(N|DI)p(RIN D), (6.58)

in which the first factor is the relatively uninteresting standard result (6.6). We are interested
in the factor p(R|N D1;) in which N is considered known. We are interested also in the
other factorization

P(NR|DL) = p(R|DI;)p(N|RDI), (6.59)

in which p(R|D1) tells us what we know about R, regardless of N. (Try to guess intuitively
how p(R|DNI) and p(R|DI) would differ for any I, before seeing the calculations.)
Likewise, the difference between p(N|RD1,) and p(N|D1,) tells us how much we would
learn about N if we were to learn the true R; and again our intuition can hardly anticipate
the result of the calculation.

We have set up quite an agenda of calculations to do. Using (6.55) and (6.1), we find

P(RIDNL) = A(N>gR(1 gV <R> <N - R>, 6.60)
R r n—r

where A is another normalization constant. To evaluate it, note that we can rearrange the

binomial coefficients:
R r n—r n r R—r

Therefore we find the normalization by

N\ [n N —n _
1= Zij<R|DN12> = A(n)(r) > (R ~ r>gR“ — gk

R

(6.62)
:A( )(”)ga—g)"—’, r<R<N-—n+r
n)\r
and so our normalized posterior distribution for R is
N —
P(RIDN L) = ( » ”)g“(l — N, (6.63)
—r

from which we would make the (mean) =+ (standard deviation) estimate

(R)est =1 + (N —n)g £/ g(1 = g)N —n). (6.64)

But the resemblance to (6.33) suggests that we again look at it this way: we estimate the
fraction of red balls left in the urn to be

(R — 1est _ g(1—g)
Now SN (069
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At first glance, (6.64) and (6.65) seem to be so much like (6.33) and (6.34) that it was
hardly worth the effort to derive them. But on second glance we notice an astonishing
fact: the parameter p in the former equations was determined entirely by the data; while g
in the present ones is determined entirely by the prior information. In fact, (6.65) is exactly
the prior estimate we would have made for the fraction of red balls in any subset of N — n
balls in the urn, without any data at all. It seems that the binomial prior has the magical
property that it nullifies the data! More precisely, with that prior the data can tell us nothing
at all about the unsampled balls.

Such a result will hardly commend itself to a survey sampler; the basis of his profession
would be wiped out. Yet the result is correct, and there is no escape from the conclusion:
if your prior information about the population is correctly described by the binomial prior,
then sampling is futile (it tells you practically nothing about the population) unless you
sample practically the whole population.

How can such a thing happen? Comparing the binomial prior with the uniform prior,
one would suppose that the binomial prior, being moderately peaked, expresses more prior
information about the proportion R/N of red balls; therefore by its use one should be able to
improve his estimates of R. Indeed, we have found this effect, for the uncertainties in (6.64)
and (6.65) are smaller than those in (6.33) and (6.34) by a factor of +/(n + 3)/(N + 2).
What is intriguing is not the magnitude of the uncertainty, but the fact that (6.34) depends
on the data, while (6.65) does not.

It is not surprising that the binomial prior is more informative about the unsampled balls
than are the data of a small sample; but actually it is more informative about them than are
any amount of data; even after sampling 99% of the population, we are no wiser about the
remaining 1%.

So what is the invisible strange property of the binomial prior? It is in some sense
so ‘loose’ that it destroys the logical link between different members of the population.
But on meditation we see that this is just what was implied by our scenario of the urn
being filled by monkeys tossing in balls in such a way that each ball had independently
the probability g of being red. Given that filling mechanism, then knowing that any given
ball is in fact red, gives one no information whatsoever about any other ball. That is,
P(R{Ry|I) = P(Ry|I)P(R,|I). This logical independence in the prior is preserved in the
posterior distribution.

Exercise 6.4. Investigate this apparent ‘law of conservation of logical independence’.
If the propositions: ‘ith ball is red, 1 <i < N’ are logically independent in the prior
information, what is the necessary and sufficient condition on the sampling distribution
and the data that the factorization property is retained in the posterior distribution:
P(RiRy|DI) = P(R||DI)P(R,|DI)?

This sets off another line of deep thought. In conventional probability theory, the binomial
distribution is derived from the premise of causal independence of different tosses. In
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Chapter 3 we found that consistency requires one to reinterpret this as logical independence.
But now, can we reason in the opposite direction? Does the appearance of a binomial
distribution already imply logical independence of the separate events? If so, then we could
understand the weird result just derived, and anticipate many others like it. We shall return
to these questions in Part 2, after acquiring some more clues.

6.8 Metamorphosis into continuous parameter estimation

As noted in the introduction to this chapter, if our hypotheses become so ‘dense’ that
neighboring hypotheses (i.e. hypotheses with nearly the same values of the index ¢ ) are barely
distinguishable in their observable consequences, then, whatever the data, their posterior
probabilities cannot differ appreciably. So there cannot be one sharply defined hypothesis
that is strongly favored over all others. Then it may be appropriate and natural to think of
t as a continuously variable parameter 6, and to interpret the problem as that of making an
estimate of the parameter 6, and a statement about the accuracy of the estimate.

A common and useful custom is to use Greek letters to denote continuously variable
parameters, Latin letters for discrete indices or data values. We shall adhere to this except
when it would conflict with a more deeply entrenched custom.?

The hypothesis testing problem has thus metamorphosed into a parameter estimation one.
But it can equally well metamorphose back; for the hypothesis that a parameter 6 lies in a
certain interval a < 6 < b is, of course, a compound hypothesis as defined in Chapter 4,
so an interval estimation procedure (i.e. one where we specify the accuracy by giving
the probability that the parameter lies in a given interval) is automatically a compound
hypothesis testing procedure.

Indeed, we followed just this path in Chapter 4 and found ourselves, at Eq. (4.67), doing
what is really parameter estimation. It seemed to us natural to pass from testing simple
discrete hypotheses, to estimating continuous parameters, and finally to testing compound
hypotheses at Eq. (4.74), because probability theory as logic does this automatically. As in
our opening remarks, we do not see parameter estimation and hypothesis testing as funda-
mentally different activities — one aspect of the greater unity of probability theory as logic.

But this unity has not seemed at all natural to some others. Indeed, in orthodox statistics
parameter estimation appears very different from hypothesis testing, both mathematically
and conceptually, largely because it has no satisfactory way to deal with compound hypothe-
ses or prior information. We shall see some specific consequences of this in Chapter 17. Of
course, parameters need not be one-dimensional; but let us consider first some simple cases
where they are.

6.9 Estimation with a binomial sampling distribution

We have already seen an example of a binomial estimation problem in Chapter 4, but we
did not note its generality. There are hundreds of real situations in which each time a simple

3 Thus for generations the charge on the electron and the velocity of light have been denoted by e, ¢, respectively. No scientist or
engineer could bring himself to represent them by Greek letters, even when they are the parameters being estimated.
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measurement or observation is made, there are only two possible results. The coin will
show either heads or tails, the battery will or will not start the car, the baby will be a boy
or a girl, the check will or will not arrive in the mail today, the student will pass or flunk
the examination, etc. As we noted in Chapter 3, the first comprehensive sampling theory
analysis of such an experiment was by James Bernoulli (1713) in terms of drawing balls
from an urn, so such experiments are commonly called Bernoulli trials.

Traditionally, for any such binary experiment, we call one of the results, arbitrarily, a
‘success’ and the other a ‘failure’. Generally, our data will be a record of the number of
successes and the number of failures;* the order in which they occur may or may not be
meaningful, and, if it is meaningful, it may or may not be known, and, if it is known, it
may or may not be relevant to the question we are asking. Presumably, the conditions of the
experiment will tell us whether the order is meaningful or known; and we expect probability
theory to tell us whether it is relevant.

For example, if we toss ten coins simultaneously, then we have performed ten Bernoulli
trials, but it is not meaningful to speak of their ‘order’. If we toss one coin 100 times
and record each result, then the order of the results is meaningful and known; but in try-
ing to judge whether the coin is ‘honest’, common sense probably tells us that the or-
der is not relevant. If we are observing patient recoveries from a disease and trying to
judge whether resistance to the disease was improved by a new medicine introduced a
month ago, this is much like drawing from an urn whose contents may have changed. In-
tuition then tells us that the order in which recoveries and nonrecoveries occur is not only
highly relevant, it is the crucial information without which no inference about a change is
possible.’

To set up the simple general binomial sampling problem, define

1 if the ith trial yields success
X = ) (6.66)

0 otherwise.
Then our data are D = {x, ..., x,,}. The prior information / specifies that there is a pa-
rameter 6 such that at each trial we have, independently of anything we know about other
trials, the probability 6 for a success, therefore the probability (1 — 0) for a failure. As
discussed before, by ‘independent’ we mean logical independence. There may or may not
be causal independence, depending on further details of / that do not matter at the moment.
The sampling distribution is then (mathematically, this is our definition of the model to be
studied):

pDIOD) =[] p(xilo01) =071 — 0", (6.67)

i=1

4 However, there are important problems involving censored data, to be considered later, in which only the successes can be
recorded (or only the failures), and one does not know how many trials were performed. For example, a highway safety engineer
knows from the public record how many lives were lost in spite of his efforts, but not how many were saved because of them.

3 Of course, the final arbiter of relevance is not our intuition, but the equations of probability theory. But, as we shall see later,
judging this can be a tricky business. Whether a given piece of information is or is not relevant depends not only on what question
we are asking, but also on the totality of all of our other information.
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in which r is the number of successes observed, (n — r) the number of failures. Then, with
any prior probability density function p(6|/), we have immediately the posterior pdf

_ p@DpDIAD)
POIPD = g b@ DD D)

where A is a normalizing constant. With a uniform prior for 6,

= Ap@|DH"(1 —6)"", (6.68)

p@|I) =1, 0<6<1, (6.69)

the normalization is determined by an Eulerian integral,

1 (n — 7r)!
At = [ dger(—gyr = D! (6.70)
A n+ 1!
and the normalized pdf is
!
p@D1) = D g gy, 6.71)
rl(n —r)!

identical to Bayes’ original result, noted in Chapter 4, Eq. (4.67). Its moments are

1
(™) = E@™|DI) = A/ dg o7+ (1 — gy = n+ D! (r+m)!
0 n+m+D!  r!

(6.72)
D +2)(r+m)
m+2)n+3)---n+m+1)°
leading to the predictive probability for success at the next trial of
1

1
p=(0) = / 40 0p@|DI) = 1 (6.73)

0 n-—+ 2

in which we see Laplace’s rule of succession in its original derivation. Likewise, the (mean)
=+ (standard deviation) estimate of 0 is

p(l —p)
(B)est = (0) £/ (62) —(0)° = p* BT (6.74)

Indeed, the continuous results (6.73) and (6.74) must be derivable from the discrete ones
(6.29) and (6.35) by passage to the limit N — oo; but since the latter equations are inde-
pendent of N, the limit has no effect.

In this limit the concave pre-prior distribution (6.49) would go into an improper prior
for 0:

A de
ﬁ b
R(N — R) 61 —6)

(6.75)

for which some sums or integrals would diverge; but that is not the strictly correct method of
calculation. For example, to calculate the posterior expectation of any function f(R/N) in
the limit of arbitrarily large N, we should take the limit of the ratio ( f(R/N)) = Num/Den,
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where

Num_Z J(R/N) p(D|NRI),
(6.76)

N-1 1
Den = ; RV Ty PPINRD.
and, under very general conditions, this limit is well-behaved, leading to useful results. The
limiting improper pre-prior (6.75) was advocated by Haldane (1932) and Jeffreys (1939),
in the innocent days before the marginalization paradox, when nobody worried about such
fine points. We were almost always lucky in that our integrals converged in the limit, so
we used them directly, thus actually calculating the ratio of the limits rather than the limit
of the ratio; but nevertheless getting the right answers. With this fine point now clarified,
all this and its obvious generalizations seem perfectly straightforward; however, note the
following point, important for a current controversy.

6.9.1 Digression on optional stopping

We did not include 7 in the conditioning statements in p(D|61) because, in the problem
as defined, it is from the data D that we learn both » and r. But nothing prevents us from
considering a different problem in which we decide in advance how many trials we shall
make; then it is proper to add n to the prior information and write the sampling probability
as p(D|nB1T). Or, we might decide in advance to continue the Bernoulli trials until we have
achieved a certain number r of successes, or a certain log-odds u = log[r/(n — r)]; then it
would be proper to write the sampling probability as p(D|r61) or p(D|u61), and so on.
Does this matter for our conclusions about 67

In deductive logic (Boolean algebra) it is a triviality that AA = A; if you say: ‘A is
true’ twice, this is logically no different from saying it once. This property is retained in
probability theory as logic, since it was one of our basic desiderata that, in the context
of a given problem, propositions with the same truth value are always assigned the same
probability. In practice this means that there is no need to ensure that the different pieces
of information given to the robot are independent; our formalism has automatically the
property that redundant information is not counted twice.

Thus, in our present problem, the data, as defined, tell us n. Then, since p(n|n6l) =1,
the product rule may be written

p(nr order|n61) = p(r order|n6I)p(n|n6l) = p(r order|nf1). (6.77)

When something is known already from the prior information, then, whether the data do or
do not tell us the same thing cannot matter; the likelihood function is the same. Likewise,
write the product rule as

p@n|DI) = p@|nDI)p(n|DI) = p(n|6DI)p(0|DI), (6.78)
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or, since p(n|0DI) = p(n|DI) =1,
p@|nDI) = p@@|DI). (6.79)

In this argument we could replace n by any other quantity (such as r, or (n — r), or u =
log r/(n — r)) that was known from the data; if any part of the data happens to be included
also in the prior information, then that part is redundant and it cannot affect our final
conclusions.

Even so, some statisticians (for example, Armitage, 1960) who look only at sampling
distributions, claim that the stopping rule does affect our inference. Apparently, they believe
that if a statistic such as r is not known in advance, then parts of the sample space referring
to false values of r remain relevant to our inferences, even after the true value of » becomes
known from the data D, although they would not be relevant (they would not even be in
the sample space) if the true value were known before seeing the data. Of course, that
violates the principle AA = A of elementary logic; it is astonishing that such a thing could
be controversial in the 20th century.

It is evident that this same comment applies with equal force to any function f(D) of
the data, whether or not we are using it as an estimator. That is, whether f was or was not
known in advance can have a major effect on our sample space and sampling distributions;
but as redundant information it cannot have any effect on any rational inferences from the
data. Furthermore, inference must depend on the data set that was observed, not on data
sets that might have been observed but were not — because merely noting the possibility of
unobserved data sets gives us no information that was not already in the prior information.
Although this conclusion might have seemed obvious from the start, it is not recognized
in orthodox statisticians because they do not think in terms of information. We shall see in
Chapter 8 not only some irrational conclusions, but some absolutely spooky consequences
(psychokinesis, black magic) this has had, and, in later applications, how much real damage
this has caused.

What if a part of the data set was actually generated by the phenomenon being studied, but
for whatever reason we failed to observe it? This is a major difficulty for orthodox statistics,
because then the sampling distributions for our estimators are wrong, and the problem must
be reconsidered from the start. But for us it is only a minor detail, easily taken into account.
We show next that probability theory as logic tells us uniquely how to deal with true but
unobserved data; they must be relevant in the sense that our conclusions must depend on
whether they were or were not observed; so they have a mathematical status somewhat like
that of a set of nuisance parameters.

6.10 Compound estimation problems

We now consider in some depth a class of problems more complicated in structure, where
more than one process is occurring but not all the results are observable. We want to
make inferences not only about parameters in the model, but about the unobserved data.
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The mathematics to be developed next is applicable to a large number of quite different real
problems. To form an idea of the scope of the theory, consider the following scenarios.

(A) In the general population, there is a frequency p at which any given person will contract a certain
disease within the next year; and then another frequency 6 that anyone with the disease will die of
it within a year. From the observed variations {cy, c;, . . .} of deaths from the disease in successive
years (which is a matter of public record), estimate how the incidence of the disease {rn;, ny, ...}
is changing in the general population (which is not a matter of public record).

(B) Each week, a large number of mosquitos, N, is bred in a stagnant pond near this campus, and we
set up a trap on the campus to catch some of them. Each mosquito lives less than a week, during
which there is a frequency p of flying onto the campus, and, once on the campus, a frequency
0 of being caught in our trap. We count the numbers {cy, ¢,, ...} caught each week. From these
data and whatever prior information we have, what can we say about the numbers {rn;, ny, ...}
on the campus each week, and what can we say about N?

(C) We have a radioactive source (say sodium 22 (*Na), for example) which is emitting particles
of some sort (say, positrons). There is a rate p, in particles per second, at which a radioactive
nucleus sends particles through our counter; and each particle passing through produces counts
at the rate 6. From measuring the number {c;, ¢, ...} of counts in different seconds, what can
we say about the numbers {n, n,, ...} actually passing through the counter in each second, and
what can we say about the strength of the source?

The common feature in these problems is that we have two ‘binary games’ played in
succession, and we can observe only the outcome of the last one. From this, we are to make
the best inferences we can about the original cause and the intermediate conditions. This
could be described also as the problem of trying to recover, in one special case, censored
data.

We want to show particularly how drastically these problems are changed by various
changes in the prior information. For example, our estimates of the variation in incidence
of a disease are greatly affected, not only by the data, but by our prior information about
the process by which one contracts that disease.®

In our estimates we will want to (1) state the ‘best’ estimate possible on the data and prior
information; and (2) make a statement about the accuracy of the estimate, giving again our
versions of ‘point estimation’ and ‘interval estimation’ about which Fisher commented. We
shall use the language of the radioactive source scenario, but it will be clear enough that the
same arguments and the same calculations apply in many others.

6.11 A simple Bayesian estimate: quantitative prior information

Firstly, we discuss the parameter ¢, which a scientist would call the ‘efficiency’ of the
counter. By this we mean that, if ¢ is known, then each particle passing through the counter
has independently the probability ¢ of making a count. Again we emphasize that this is not

6 Of course, in this first venture into the following kind of analysis, we shall not take into account all the factors that operate in
the real world, so some of our conclusions may be changed in a more sophisticated analysis. However, nobody would see how
to do that unless he had first studied this simple introductory example.
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mere causal independence (which surely always holds, as any physicist would assure us);
we mean logical independence, i.e., if ¢ is known, then knowing anything about the number
of counts produced by other particles would tell us nothing more about the probability for
the next particle making a count.”

We have already stressed the distinction between logical and causal dependence many
times; and now we have another case where failure to understand it could lead to serious
errors. The point is that causal influences operate in the same way independently of your
state of knowledge or mine; thus, if ¢ is not known, then everybody still believes that
successive counts are causally independent. But they are no longer logically independent;
for then knowing the number of counts produced by other particles tells us something about
¢, and therefore modifies our probability that the next particle will produce a count. The
situation is much like that of sampling with replacement, discussed in Chapter 3, where
each ball drawn tells us something more about the contents of the urn.

From the independence, the probability that n particles will produce exactly ¢ counts
in any specified order is ¢“(1 — ¢)"~¢, and there are (Z) possible sequences producing ¢
counts, so the probability of getting ¢ counts regardless of order is the binomial distribution

b(c|n, ¢) = <Z>¢"(1 -, O<c=n. (6.80)

From the standpoint of logical presentation in the real world, however, we have to carry
out a kind of bootstrap operation with regard to the quantity ¢; for how could it be known?
Intuitively, you may have no difficulty in seeing the procedure you would use to determine
¢ from measurements with the counter. But, logically, we need to have the calculation about
to be given before we can justify that procedure. So, for the time being, we’ll just have to
suppose that ¢ is a number given to us by our teacher in assigning us this problem, and have
faith that, in the end, we shall understand how our teacher determined it.

Now let us introduce a quantity r which is the probability at which in any one second
that any particular nucleus will emit a particle that passes through the counter. We assume
the number of nuclei N to be so large and the half-life so long that we need not consider
N as a variable for this problem. So there are N nuclei, each of which has independently
the probability r of sending a particle through our counter in any one second. The quantity
r is also, for present purposes, just a number given to us in the statement of the problem,
because we have not yet seen, in terms of probability theory, the line of reasoning by which
we could convert measurements into a numerical value of r (but again, you see intuitively,
without any hesitation, that r is a way of describing the half-life of the source).

Suppose we were given N and r; what is the probability, on this evidence, that in any
one second exactly n particles will pass through the counter? That is the same binomial

7 In practice, there is a question of resolving time; if the particles come too close together we may not be able to see the counts as
separate, because the counter experiences a ‘dead time’ after a count, during which it is unable to respond to another particle. We
have disregarded those difficulties for this problem and imagined that we have infinitely good resolving time (or, what amounts to
the same thing, that the counting rate is so low that there is negligible probability for missing a count). After we have developed
the theory, the reader will be asked (Exercise 6.5) to generalize it to take these factors into account.
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distribution problem, so the answer is

N N
b(n|N,r) = (n>r”(1 — )", (6.81)

But in this case there’s a good approximation to the binomial distribution, because the
number N is enormously large and r is enormously small. In the limit N — oo, r — 0 in
such a way that Nr — s = const., what happens to (6.81)? To find this, write r = s/N,
and pass to the limit N — oo. Then

N!
B SR V75 VO 1)...(N—n+1)(i)"
(N —n)! N 6.
1 2 n—1 (6.82)
—s"(1-=)(1==)... (1= ,
N N N
which goes into s” in the limit. Likewise,
v (S _

(1— )N = (1 N) — exp{—s), (6.83)

and so the binomial distribution (6.81) goes over into the simpler Poisson distribution:

n

p(nINr) = p(nls) = exp{—s}%, (6.84)

and it will be handy for us to take this limit. The number s is essentially what the experimenter
calls his ‘source strength’, the expectation of the number of particles per second.

Now we have enough ‘formalism’ to start solving useful problems. Suppose we are not
given the number of particles # in the counter, but only the source strength s. What is the
probability, on this evidence, that we shall see exactly ¢ counts in any one second? Using
our method of resolving the proposition c into a set of mutually exclusive alternatives, then
applying the sum rule and the product rule:

o0
p(clps) =Y plenlps) =Y plcings)p(nlps) = Y plclgn)p(nls),  (6.85)
n=0 n n

since p(clngs) = p(c|pn); i.e. if we knew the actual number n of particles in the counter,
it would not matter what s was. This is perhaps made clearer by the diagram in Figure 6.1,
rather like the logic flow diagrams of Figure 4.3. In this case, we think of the diagram
as indicating not only the logical connections, but also the causal ones; s is the physical
cause which partially determines n; and then » in turn is the physical cause which partially
determines c. To put it another way, s can influence ¢ only through its intermediate influence
on n. We saw the same logical situation in the Chapter 5 horse racing example.

(==

Fig. 6.1. The causal influences.
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Since we have worked out both p(c|¢n) and p(n|s), we need only substitute them into
(6.85); after some algebra we have

pelps) =Y [n—!df(l - ¢>)"—‘} [eXp{_S}sn} _ SITSONSON 6 g6

—0)! !
—|cln—o) n! c!

This is again a Poisson distribution with expectation

o]

(c) =) _cpclgs) = s¢. (6.87)

c=0

Our result is hardly surprising. We have a Poisson distribution with a mean value which
is the product of the source strength times the efficiency of the counter. Without going
through the analysis, that is just the estimate of ¢ that we would make intuitively, although
it is unlikely that anyone could have guessed from intuition that the distribution still has the
Poissonian form.

In practice, it is ¢ that is known, and » that is unknown. If we knew the source strength s
and also the number of counts ¢, what would be the probability, on that evidence, that there
were exactly n particles passing through the counter during that second? This is a problem
which arises all the time in physics laboratories, because we may be using the counter as
a ‘monitor’, and have it set up so that the particles, after going through the counter, then
initiate some other reaction which is the one we’re really studying. It is important to get the
best possible estimates of 7, because that is one of the numbers we need in calculating the
cross-section of this other reaction. Bayes’ theorem gives

plcings) _ pnls)p(cing)
plclgs) plclgs)

p(n|pcs) = p(nls) (6.88)
and all these terms have been found above, so we just have to substitute (6.80) and (6.84)—
(6.86) into (6.88). Some terms cancel, and we are left with:

exp{—s( — P)}[s(1 — PI"™

o (6.89)

p(njgcs) =

It is interesting that we still have a Poisson distribution, now with parameter s(1 — ¢), but
shifted upward by c; because, of course, n could not be less than c. The expectation over
this distribution is

(n) =Y np(nlges) = c +s(1 - ¢). (6.90)

So, now what is the best guess the robot can make as to the number of particles responsible
for those ¢ counts? Since this is the first time we have faced this issue in a serious way, let
us take time for some discussion.
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6.11.1 From posterior distribution function to estimate

Given the posterior pdf for some general parameter o, continuous or discrete, what ‘best’
estimate of « should the robot make, and what accuracy should it claim? There is no one
‘right” answer; the problem is really one of decision theory which asks, ‘What should we
do?’ This involves value judgments and therefore goes beyond the principles of inference,
which ask only ‘What do we know?’” We shall return to this in Chapters 13 and 14, but for
now we give a preliminary discussion adequate for the simple problems being considered.

Laplace (1774) already encountered this problem. The unknown true value of a parameter
is o, and given some data D and prior information / we are to make an estimate «*(D, I)
which depends on them in some way. In the jargon of the trade, «* is called an ‘estimator’,
and nothing prevents us from considering any function of (D, I') whatsoever as a potential
estimator. But which estimator is best? Our estimate will have an error e = (¢* — «), and
Laplace gave as a criterion that we should make that estimate which minimizes the expected
magnitude |e|. He called this the ‘most advantageous’ method of estimation.

Laplace’s criterion was generally rejected for 150 years in favor of the least squares
method of Gauss and Legendre; we seek the estimate that minimizes the expected square
of the error. In these early works it is not always clear whether this means expected over the
sampling pdf for o™ or over the posterior pdf for «c; the distinction was not always recognized,
and the confusion was encouraged by the fact that in some cases considerations of symmetry
lead us to the same final conclusion from either. Some of the bad consequences of using
the former (sampling distribution) are noted in Chapter 13. It is clear today that the former
ignores all prior information about «, while the latter takes it into account and is therefore
what we want; taking expectations over the posterior pdf for «, the expected squared error
of the estimate is

(@ — ™)) = (@®) — 20" (@) +

6.91
= (" — (@)* + ({&?) — (@)?). ©9D

The choice
of = {a) = /da ap(a|DI), (6.92)

that is, the posterior mean value, therefore always minimizes the expected square of the
error, over the posterior pdf for ¢, and the minimum achievable value is the variance of the
posterior pdf. The second term is the expected square of the deviation from the mean:

var(e) = (o — (@) = ({&?) — (@)%, (6.93)

often miscalled the variance of «; of course, it is really the variance of the probability
distribution that the robot assigns for «. In any event, the robot can do nothing to minimize
it. But the first term can be removed entirely by taking as the estimate just the mean value
a* = (a), which is the optimal estimator by the mean square error criterion.

Evidently, this result holds generally whatever the form of the posterior distribution

p(a|DI); provided only that («) and («?) exist, the mean square error criterion always
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leads to taking the mean value (&) (i.e. the ‘center of gravity’ of the posterior distribution)
as the ‘best’ guess. The posterior (mean =+ standard deviation) then recommends itself to
us as providing a more or less reasonable statement of what we know and how accurately
we know it; and it is almost always the easiest to calculate. Furthermore, if the posterior
pdf is sharp and symmetrical, this cannot be very different pragmatically from any other
reasonable estimate. So, in practice, we use this more than any other. In the urn inversion
problems, we simply adopted this procedure without comment.

But this may not be what we really want. We should be aware that there are valid arguments
against the posterior mean, and cases where a different rule would better achieve what we
want. The squared error criterion says that an error twice as great is considered four times
as serious. Therefore, the mean value estimate, in effect, concentrates its attention most
strongly on avoiding the very large (but also very improbable) errors, at the cost of possibly
not doing as well as it might with the far more likely small errors.

Because of this, the posterior mean value estimate is quite sensitive to what happens far
out in the tails of the pdf. If the tails are very unsymmetrical, our estimate could be pulled
far away from the central region where practically all the probability lies and common
sense tells us the parameter is most likely to be. In a similar way, a single very rich man
in a poor village would pull the average wealth of the population far away from anything
representative of the real wealth of the people. If we knew this was happening, then that
average would be a quite irrational estimate of the wealth of any particular person met on
the street.

This concentration on minimizing the large errors leads to another property that we might
consider undesirable. Of course, by ‘large errors’ we mean errors that are large on the scale
of the parameter «. If we redefined our parameter as some nonlinear function A = A(«) (for
example, A = &>, or A = log(«r)), an error that is large on the scale of & might seem small
on the scale of A, and vice versa. But then the posterior mean estimate

A= () = fdup(MDl): /da AMa)p(e| DI) (6.94)

would not in general satisfy .* = A(a*). Minimizing the mean square error in « is not the
same thing as minimizing the mean square error in A().

Thus, the posterior mean value estimates lack a certain consistency under parameter
changes. When we change the definition of a parameter, if we continue to use the mean
value estimate, then we have changed the criterion of what we mean by a ‘good’ estimate.

Now let us examine Laplace’s original criterion. If we choose an estimator a*(D, I) by
the criterion that it minimizes the expected absolute error

E={(a"—al)= /a do (@™ —ot)f(ot)—i—/oodoz (@ —at) f(a), (6.95)

—00
we require

+

dE o o0
—_— = / do f(a) —/ do f(e) =0, (6.96)

da™t _
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or P(a > a™|DI) = 1/2; Laplace’s ‘most advantageous’ estimator is the median of the
posterior pdf.

But what happens now on a change of parameters A = A(«)? Suppose that X is strictly a
monotonic increasing function of « (so that « is in turn a single-valued function of A and the
transformation is reversible). Then it is clear from the above equation that the consistency
is restored: AT = A(a™).

More generally, all the percentiles have this invariance property: for example, if «35 is
the 35 percentile value of «:

o35
/ da f(x) = 0.35, (6.97)
—00
then we have at once

Thus if we choose as our point estimate and accuracy claim the median and interquartile
span over the posterior pdf, these statements will have an invariant meaning, independent
of how we have defined our parameters. Note that this remains true even when () and (%)
diverge, so the mean square estimator does not exist.

Furthermore, it is clear from their derivation from variational arguments, that the median
estimator considers an error twice as great to be only twice as serious, so it is less sensitive
to what happens far out in the tails of the posterior pdf than is the mean value. In current
technical jargon, one says that the median is more robust with respect to tail variations.
Indeed, it is obvious that the median is entirely independent of all variations that do not
move any probability from one side of the median to the other; and an analogous property
holds for any percentile. One very rich man in a poor village has no effect on the median
wealth of the population.

Robustness, in the general sense that the conclusions are insensitive to small changes in
the sampling distribution or other conditions, is often held to be a desirable property of an
inference procedure, and some authors criticize Bayesian methods because they suppose
that they lack robustness. However, robustness in the usual sense of the word can always
be achieved merely by throwing away cogent information! It is hard to believe that anyone
could really want this if he were aware of it; but since those with only orthodox training
do not think in terms of information content, they do not realize when they are wasting
information. Evidently, the issue requires a much more careful discussion, to which we
return later (Chapter 20) in connection with model comparison.®

In at least some problems, then, Laplace’s ‘most advantageous’ estimates have indeed
two significant advantages over the more conventional (mean =+ standard deviation). But

8 To anticipate our final conclusion: robustness with respect to sampling distributions is desirable only when we are not sure of
the correctness of our model. But then a full Bayesian analysis will take into account all the models considered possible and
their prior probabilities. The result automatically achieves the robustness previously sought in intuitive ad hoc devices; and
some of those devices, such as the ‘jackknife’ and the ‘redescending psi function’ are derived from first principles, as first-order
approximations to the Bayesian result. The Bayesian analysis of such problems gives us for the first time a clear statement of
the circumstances in which robustness is desirable; and then, because Bayesian analysis never throws away information, it gives
us more powerful algorithms for achieving robustness.
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before the days of computers they were prohibitively difficult to calculate numerically, so
the least squares philosophy prevailed as a matter of practical expedience.

Today, the computation problem is relatively trivial, and we can have whatever we want.
It is easy to write computer programs which give us the option of displaying either the first
and second moments or the quartiles (x;s, x50, x75), and only the force of long habit makes
us continue to cling to the former.”

Still another principle for estimation is to take the peak &; or, as it is called, the ‘mode’
of the posterior pdf. If the prior pdf is a constant (or is at least constant in a neighborhood
of this peak and not sufficiently greater elsewhere), the result is identical to the ‘maximum
likelihood’ estimate (MLE) &’ of orthodox statistics. It is usually attributed to R. A. Fisher,
who coined that name in the 1920s, although Laplace and Gauss used the method routinely
100 years earlier without feeling any need to give it a special name other than ‘most probable
value’. As explained in Chapter 16, Fisher’s ideology would not permit him to call it that.
The merits and demerits of the MLE are discussed further in Chapter 13; for the present, we
are not concerned with philosophical arguments, but wish only to compare the pragmatic
results of MLE and other procedures.'® This leads to some surprises, as we see next.

We will now return to our original problem of counting particles. At this point, a statistician
of the ‘orthodox’ school of thought pays a visit to our laboratory. We describe the properties
of the counter to him, and invite him to give us his best estimate as to the number of
particles. He will, of course, use maximum likelihood because his textbooks have told him
that (Cramér, 1946, p. 498): ‘From a theoretical point of view, the most important general
method of estimation so far known is the method of maximum likelihood.” His likelihood
function is, in our notation, p(c|¢n) inits dependence on n. The value of n which maximizes
it is found, within one unit, from setting

pclpn) _n(l—¢) _

= 1, (6.99)
plclg,n—1) n—c
or
IMLE = — (6.100)
(m)MLE = e .

You may find the difference between the two estimates (6.90) and (6.100) rather startling,
particularly if we put in some numbers. Suppose our counter has an efficiency of 10%;
in other words, ¢ = 0.1, and the source strength is s = 100 particles per second, so that
the expected counting rate according to (6.87) is (c¢) = s¢p = 10 counts per second. But in
this particular second, we got 15 counts. What should we conclude about the number of
particles?

° In spite of all these considerations, the neat analytical results found in our posterior moments from urn and binomial models,
contrasted with the messy appearance of calculations with percentiles, show that moments have some kind of theoretical
significance that percentiles lack. This appears more clearly in Chapter 7.

10" One evident pragmatic result is that the MLE fails altogether when the likelihood function has a flat top; then nothing in the data
can give us a reason for preferring any point in that flat top over any other. But this is just the case we have in the ‘generalized
inverse’ problems of current importance in applications; only prior information can resolve the ambiguity.
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Probably the first answer one would give without thinking is that, if the counter has an
efficiency of 10%, then in some sense each count must have been due to about ten particles;
so, if there were 15 counts, there must have been about 150 particles. That is, as a matter of
fact, exactly what the maximum likelihood estimate (6.100) would be in this case. But what
does the robot tell us? Well, it says the best estimate by the mean square error criterion is
only

(n) =154100(1 — 0.1) = 15+ 90 = 105. (6.101)
More generally, we could write (6.90) this way:
(n) =s+(c—(c)), (6.102)

so if you see k more counts than you ‘should have’ in one second, according to the robot
that is evidence for only k more particles, not 10k.

This example turned out to be quite surprising to some experimental physicists engaged
in work along these lines. Let’s see if we can reconcile it with our common sense. If we
have an average number of counts of 10 per second with this counter, then we would guess,
by rules well known, that a fluctuation in counting rate of something like the square root of
this, £3, would not be at all surprising, even if the number of incoming particles per second
stayed strictly constant. On the other hand, if the average rate of flow of particlesis s = 100
per second, the fluctuation in this rate which would not be surprising is £+/100 = %10.
But this corresponds to only +1 in the number of counts.

This shows that we cannot use a counter to measure fluctuations in the rate of arrival of
particles, unless the counter has a very high efficiency. If the efficiency is high, then we know
that practically every count corresponds to one particle, and we are reliably measuring those
fluctuations. If the efficiency is low and we know that there is a definite, fixed source strength,
then fluctuations in counting rate are much more likely to be due to things happening in the
counter than to actual changes in the rate of arrival of particles.

The same mathematical result, in the disease scenario, means that if a disease is mild
and unlikely to cause death, then variations in the observed number of deaths are not reli-
able indicators of variations in the incidence of the disease. If our prior information tells
us that there is a constantly operating basic cause of the disease (such as a contaminated
water supply), then a large change in the number of deaths from one year to the next is
not evidence of a large change in the number of people having the disease. But if practi-
cally everyone who contracts the disease dies immediately, then of course the number of
deaths tells us very reliably what the incidence of the disease was, whatever the means of
contracting it.

What caused the difference between the Bayes and maximum likelihood solutions? The
difference is due to the fact that we had prior information contained in this source strength s.
The maximum likelihood estimate simply maximized the probability for getting ¢ counts,
given n particles, and that yields 150. In Bayes’ solution, we will multiply this by a prior
probability p(n|s), which represents our knowledge of the antecedent situation, before
maximizing, and we’ll get an entirely different value for the estimate. As we saw in the
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inversion of urn distributions, simple prior information can make a big change in the
conclusions that we draw from a data set.

Exercise 6.5. Generalize the above calculation to take the dead-time effect into ac-
count; that is, if we know that two or more particles incident on the counter within a
short time interval At can produce at most only one count, how is our estimate of n
changed? These effects are important in many practical situations, and there is a vo-
luminous literature on the application of probability theory to them (see Bortkiewicz,
1898, 1913, and Takacs, 1958).

Now let’s extend this problem a little. We are now going to use Bayes’ theorem in four
problems where there is no quantitative prior information, but only one qualitative fact, and
again see the effect that prior information has on our conclusions.

6.12 Effects of qualitative prior information

The situation is depicted in Figure 6.2. Two robots, which we shall humanize by naming
them Mr A and Mr B, have different prior information about the source of the particles.
The source is hidden in another room which Mr A and Mr B are not allowed to enter.
Mr A has no knowledge at all about the source of particles; for all he knows, it might be an
accelerating machine which is being turned on and off in an arbitrary way, or the other room
might be full of little men who run back and forth, holding first one radioactive source, then
another, up to the exit window. Mr B has one additional qualitative fact: he knows that the
source is a radioactive sample of long lifetime, in a fixed position. But he does not know

'R6

n2 C2

(a) (b)

Fig. 6.2. (a) The structure of Mr A’s problem; different intervals are logically independent. (b) Mr
B’s logical situation; knowledge of the existence of s makes 7, relevant to .
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anything about its source strength (except, of course, that it is not infinite because, after all,
the laboratory is not being vaporized by its presence; Mr A is also given assurance that he
will not be vaporized during the experiment). They both know that the counter efficiency
is 10%: ¢ = 0.1. Again, we want them to estimate the number of particles passing through
the counter from knowledge of the number of counts. We denote their prior information by
14, I, respectively.

We commence the experiment. During the first second, ¢; = 10 counts are registered.
What can Mr A and Mr B say about the number | of particles? Bayes’ theorem for Mr A
reads

pleilgnila) — p(nilla)pleilgnila)

pilgcila) = p(nilla) = (6.103)
plcildla) pleilpla)
The denominator is just a normalizing constant, and could also be written
pletlpla) = plerlpniIa)plni|14). (6.104)

n

But now we seem to be stuck, for whatis p(n|14)? The only information about n; contained
in I, is that n; is not large enough to vaporize the laboratory. How can we assign prior
probabilities on this kind of evidence? This has been a point of controversy for a long time,
for in any theory which regards probability as a real physical phenomenon, Mr A has no
basis at all for determining the ‘true’ prior probabilities p(n;|14).

6.13 Choice of a prior

Now, of course, Mr A is programmed to recognize that there is no such thing as an
‘objectively true’ probability. As the notation p(n;|l4) indicates, the purpose of assign-
ing a prior is to describe his own state of knowledge /4, and on this he is the final authority.
So he does not need to argue the philosophy of it with anyone. We consider in Chapters 11
and 12 some of the general formal principles available to him for translating verbal prior
information into prior probability assignments, but in the present discussion we wish only
to demonstrate some pragmatic facts, by a prior that represents reasonably the information
that n; is not infinite, and that for small n| there is no prior information that would justify
any great variations in p(n;|l4). For example, if as a function of n; the prior p(n;|14) ex-
hibited features such as oscillations or sudden jumps, that would imply some very detailed
prior information about n; that Mr A does not have.

Mr A’s prior should, therefore, avoid all such structure; but this is hardly a formal
principle, and so the result is not unique. But it is one of the points to be made from
this example, noted by H. Jeffreys (1939), that it does not need to be unique because, in
a sense, ‘almost any’ prior which is smooth in the region of high likelihood will lead to
substantially the same final conclusions.'!

! We have seen already that, in some circumstances, a prior can make a very large difference in the conclusions; but to do this it
necessarily modulates the likelihood function in the region of its peak, not its tails.
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So Mr A assigns a uniform prior probability out to some large but finite number N,

I/N if0<n <N

ni|lly) = 6.105
p(nills) { 0 N <n.. ( )

which seems to represent his state of knowledge tolerably well. The finite upper bound N is
an admittedly ad hoc way of representing the fact that the laboratory is not being vaporized.
How large could it be? If N were as large as 10°°, then not only the laboratory, but our entire
galaxy, would be vaporized by the energy in the beam (indeed, the total number of atoms in
our galaxy is of the order of 10%°). So Mr A surely knows that N is very much less than that.
Of course, if his final conclusions depend strongly on N, then Mr A will need to analyze
his exact prior information and think more carefully about the value of N and whether the
abrupt drop in p(n;|l4) at n; = N should be smoothed out. Such careful thinking would
not be wrong, but it turns out to be unnecessary, for it will soon be evident that details of
p(ny|1,) for large n; are irrelevant to Mr A’s conclusions.

6.14 On with the calculation!
Nicely enough, the 1/N cancels out of (6.103) and (6.104), and we are left with

Ap(cilgn;) if0<n; <N

ny|gpcila) = 6.106
p(nileciia) { 0 N <n. ( )

where A is a normalization factor:

N-1
AT =) pledlgm). (6.107)

n1=0

We have noted, in (6.100), that, as a function of ny, p(ci|¢n;) attains its maximum at
ny = ¢1/¢ (=100, in this problem). For n1¢ > c1, p(ci|¢n,) falls off like ni' (1 — ¢)" ~
n{' exp{—n¢}. Therefore, the sum (6.107) converges so rapidly thatif N is as large as a few
hundred, there is no appreciable difference between the exact normalization factor (6.107)
and the sum to infinity.

In view of this, we may as well take advantage of a simplification; after applying Bayes’
theorem, pass to the limit N — oo. But let us be clear about the rationale of this; we pass
to the limit, not because we believe that N is infinite; we know that it is not. We pass to the
limit rather because we know that this will simplify the calculation without affecting the
final result; after this passage to the limit, all our calculations pertaining to this model can
be performed exactly with the aid of the general summation formula

> (m +a)m”x’" _ (xi)n L x<n 6i08)
m dx (1 _ x)(l+l ? ’ '

m=0
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Thus, writing m = n — ¢, we replace (6.107) by

—INOO _L'OO m+c _ m __ pC 1 _l
A _}“Z;)p(cnd)m)—qs n;( N )(1 ¢ =¢ {[1_(1_¢)](C+1)}—¢.
(6.109)

Exercise 6.6. To better appreciate the quality of this approximation, denote the
‘missing’ terms in (6.107) by

oo

S(N)= " pleilgn) (6.110)

n1=N
and show that the fractional discrepancy between (6.107) and (6.109) is about

exp{—=No}(N¢)“

9
Cl!

8 = S(N)/S(0) ~ ifNg > 1. (6.111)

From this, show that in the present case (¢ = 0.1, ¢; = 10), unless the prior information
can justify an upper limit N less than about 270, the exact value of N — or indeed, all
details of p(n|l4) for n; > 270 — can make less than one part in 10* difference in
Mr A’s conclusions. But it is hard to see how anyone could have any serious use for
more than three figure accuracy in the final results; and so this discrepancy would have
no effect at all on that final result. What happens forn; > 340 can affect the conclusions
less than one part in 106, and for n; > 400 it is less than one part in 108.

This is typical of the way prior range matters in real problems, and it makes ferocious
arguments over this seem rather silly. It is a valid question of principle, but its pragmatic
consequences are not just negligibly small, but (usually) strictly nil because we are cal-
culating only to a finite number of decimal places. Yet some writers have claimed that a
fundamental qualitative change in the character of the problem occurs between N = 10'°
and N = oco. The reader may be amused to estimate how much difference this makes in the
final numerical results. To how many decimal places would we need to calculate before it
made any difference at all?

Of course, if the prior information should start encroaching on the region n; < 270, it
would then make a difference in the conclusions; but in that case the prior information was
indeed cogent for the question being asked, and this is as it should be. Being thus reassured
and using the approximation (6.109), we obtain the result

ni c1+1 ny—c
p(nilgcila) = ¢p(cilgny) = (C1)¢ A =)y (6.112)

So, for Mr A, the most probable value of n; is the same as the maximum likelihood estimate

(in)a = % = 100, 6.113)
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while the posterior mean value estimate is calculated as follows:

]

(mya—cr =Y (m —c)pnlpeils)
e (6.114)
= ¢ (1= @)er + 1) Z (m _”C‘l - 1)(1 —pynal,
From (6.108) the sum is equal to
mi: <m +;1 + 1)(1 —p)" = ¢21+c] , (6.115)
and we get
(i’ll)A=Cl+(01+1)1;¢ . +;_¢ — 109. (6.116)

Now, how about the other robot, Mr B? Does his extra knowledge help him here? He
knows that there is some definite fixed source strength s. And, because the laboratory is
not being vaporized, he knows that there is some upper limit Sy. Suppose that he assigns a
uniform prior probability density for 0 < s < Sy. Then he will obtain

S() l’l]!
(6.117)

Now, if n; is appreciably less than Sy, the upper limit of integration can for all practical
purposes be taken as infinity, and the integral is just unity. So, we have

o0 1 [ 1[5 s™exp{—s)
p(n|01p) = ds p(ni|s)p(s|01p) = — p(nis)ds = N ds ————.
0 0 0 Jo

1
pn101g) = p(s|01p) = 5 = const., n; < So. (6.118)
0

In putting this into Bayes’ theorem with ¢; = 10, the significant range of values of n; will
be of the order of 100, and unless the prior information indicates a value of Sy lower than
about 300, we will have the same situation as before; Mr B’s extra knowledge didn’t help
him at all, and he comes out with the same posterior distribution and the same estimates:

p(nilcilp) = p(nilgcily) = gp(cilgny). (6.119)

6.15 The Jeffreys prior

Harold Jeffreys (1939, Chap. 3) proposed a different way of handling this problem. He
suggests that the proper way to express ‘complete ignorance’ of a continuous variable
known to be positive is to assign uniform prior probability to its logarithm; i.e. the prior
probability density is

p(s|;) o I 0 < s < 00). (6.120)
S
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Of course, we cannot normalize this, but that does not stop us from using it. In many
cases, including the present one, it can be used directly because all the integrals involved
converge. In almost all cases we can approach this prior as the limit of a sequence of
proper (normalizable) priors, with mathematically well-behaved results. If even that does
not yield a proper posterior distribution, then the robot is warning us that the data are too
uninformative about either very large s or very small s to justify any definite conclusions,
and we need to obtain more evidence before any useful inferences are possible.

Jeffreys justified (6.120) on the grounds of invariance under certain changes of parame-
ters; i.e. instead of using the parameter s, what prevents us from using ¢ = s>, or u = s°?
Evidently, to assign a uniform prior probability density to s is not at all the same thing as
assigning a uniform prior probability to #; but if we use the Jeffreys prior, we are saying the
same thing whether we use s or any power s™ as the parameter.

There is the germ of an important principle here, but it was only recently that the situation
has been fairly well understood. When we take up the theory of transformation groups
in Chapter 12, we will see that the real justification of Jeffreys’ rule cannot lie merely
in the fact that the parameter is positive, but that our desideratum of consistency, in the
sense that equivalent states of knowledge should be represented by equivalent probability
assignments, uniquely determines the Jeffreys rule in the case when s is a ‘scale parameter’.
Then, marginalization theory will reinforce this by deriving it Uniquely — without appealing
to any principles beyond the basic product and sum rules of probability theory — as the only
prior for a scale parameter that is completely uninformative about other parameters that
may be in the model.

These arguments and others equally cogent all lead to the same conclusion: the Jeffreys
prior is the only correct way to express complete ignorance of a scale parameter. The
question then reduces to whether s can properly be regarded as a scale parameter in this
problem. However, this line of thought has taken us beyond the present topic; in the spirit
of our current problem, we shall just put (6.120) to the test and see what results it gives.
The calculations are all very easy, and we find these results:

1 1 c
p(ni|ly) = p pleilly) = o p(nilgeily) = n—lp(01|¢n1)- (6.121)
1 1 1

This leads to the most probable and mean value estimates:

a-l+¢ _
¢

The amusing thing emerges that Jeffreys’ prior probability rule just lowers the most probable
and posterior mean value estimates by nine each, bringing the mean value right back to the
maximum likelihood estimate!

This comparison is valuable in showing us how little difference there is numerically
between the consequences of different prior probability assignments which are not sharply
peaked, and helps to put arguments about them into proper perspective. We made a rather
drastic change in the prior probabilities, in a problem where there was really very little

(A1), = 91, (n1), = % = 100. (6.122)
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information contained in the meager data, and it still made less than 10% difference in
the result. This is, as we shall see, small compared with the probable error in the estimate
which was inevitable in any event. In a more realistic problem where we have more data,
the difference would be even smaller.

A useful rule of thumb, illustrated by the comparison of (6.113), (6.116) and (6.122), is
that changing the prior probability p(«|/) for a parameter by one power of « has in general
about the same effect on our final conclusions as does having one more data point. This is
because the likelihood function generally has a relative width 1/,/7, and one more power of
« merely adds an extra small slope in the neighborhood of the maximum, thus shifting the
maximum slightly. Generally, if we have effectively n independent observations, then the
fractional error in an estimate that was inevitable in any event is 1//n, approximately,!?
while the fractional change in the estimate due to one more power of « in the prior is
about 1/n.

In the present case, with ten counts, thus ten independent observations, changing from a
uniform to Jeffreys prior made just under 10% difference. If we had 100 counts, the error
which is inevitable in any event would be about 10%, while the difference from the two
priors would be less than 1%.

So, from a pragmatic standpoint, arguments about which prior probabilities correctly
express a state of ‘complete ignorance’, like those over prior ranges, usually amount to
quibbling over pretty small peanuts.!* From the standpoint of principle, however, they are
important and need to be thought about a great deal, as we shall do in Chapter 12 after
becoming familiar with the numerical situation. While the Jeffreys prior is the theoretically
correct one, it is in practice a small refinement that makes a difference only in the very
small sample case. In the past, these issues were argued back and forth endlessly on a foggy
philosophical level, without taking any note of the pragmatic facts of actual performance;
that is what we are trying to correct here.

6.16 The point of it all

Now we are ready for the interesting part of this problem. For during the next second, we
see ¢; = 16 counts. What can Mr A and Mr B now say about the numbers n, n, of particles
responsible for ¢, ¢;? Well, Mr A has no reason to expect any relationship between what
happened in the two time intervals, and so to him the increase in counting rate is evidence
only of an increase in the number of incident particles. His calculation for the second time
interval is the same as before, and he will give us the most probable value,

(ix)a = % — 160, (6.123)

12 However, as we shall see later, there are two special cases where the 1/4/n rule fails: if we are trying to estimate the location
of a discontinuity in an otherwise continuous probability distribution, and if different data values are strongly correlated.

13 This is most definitely not true if the prior probabilities are to describe a definite piece of prior knowledge, as the next example
shows.
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and his mean value estimate,

(n2)a = er —9 +(; —¢ _ 169. (6.124)

Knowledge of ¢, doesn’t help him to make any improved estimate of n;, which stays the
same as before.

Mr B is in an entirely different position than Mr Aj; his extra qualitative information
suddenly becomes very important. For knowledge of ¢, enables him to improve his previous
estimate of n;. Bayes’ theorem now gives

p(calgpniciIp) — p(nilper] )P(Cz|¢n113)
plealpeils) DB g ls)

Again, the denominator is a normalizing constant, which we can find by summing the
numerator over n;. We see that the significant thing is p(c|¢n;1p). Using our method of
resolving ¢, into mutually exclusive alternatives, this is

p(nilgcaciip) = p(nilpcilp) (6.125)

p(calpniIp) =/ ds p(cas|pn 1p)
0
=/ ds p(calsen 1) p(s|pn Ip) (6.126)
0

= / ds p(ca|psIp)p(s|pniIp).
0

We have already found p(c,|¢sIp) in (6.86), and we need only

ny|gsl .
p(slgnilp) = p(slc/ﬂB)M = p(ni|¢s), ifn; < So, (6.127)
p(nilelp)
where we have used (6.118). We have found p(n;|s) in (6.84), so we have
exp{—s@}(sd)? | [ exp{—s}s"' | (ni+c ¢
! n! N &) (1 + gyntetl”
(6.128)

plealonIp) = /0 ds [

Substituting (6.119) and (6.128) into (6.125) and carrying out an easy summation to get the
denominator, the result is (not a binomial distribution):

_(mta 20 Tt g\
p(nilpcacilp) = <c1 +62> <m) <m> . (6.129)

Note that we could have derived this equally well by direct application of the resolution
method:

o0
p(nilpcaciip) =/ ds p(nis|¢caciip)
OOO
=/ ds p(nil|gscoci 1) p(s|pcaciip) (6.130)
0

Z/ ds p(ni|gscilp)p(s|pcaciip).
0
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We have already found p(n;|¢sc;Ip) in (6.89), and it is easily shown that p(s|¢dcrciIp)
p(calodsip)p(ci|@sip), which is therefore given by the Poisson distribution (6.86). This, of
course, leads to the same rather complicated result (6.129); thus providing another — and
rather severe — test of the consistency of our rules.

To find Mr B’s new most probable value of n;, we set

pnilgcrcilg) nmi+cel—¢

= =1, (6.131)
pny — llgcacilg) m—cl+¢
or
=L h ey = _ata a-a 1y (6.132)
g = P 2 —C % - 29 = . .
His new posterior mean value is also readily calculated, and is equal to
o+ 1-— 1- ci+e+1— cp—c
myp= 270 ol e Al SENEVY )
¢ 2¢ 2¢ 2
(6.133)

Both estimates are considerably raised, and the difference between most probable and mean
value is only half what it was before, suggesting a narrower posterior distribution, as we
shall confirm presently. If we want Mr B’s estimates for n,, then from symmetry we just
interchange the subscripts 1 and 2 in the above equations. This gives for his most probable
and mean value estimates, respectively,

(i)p = 133, (n2)p = 137.5. (6.134)

Now, can we understand what is happening here? Intuitively, the reason why Mr B’s extra
qualitative prior information makes a difference is that knowledge of both c¢; and ¢, enables
him to make a better estimate of the source strength s, which in turn is relevant for estimating
ny. The situation is indicated more clearly by the diagrams in Figure 6.2. By hypothesis, to
Mr A each sequence of events n; — ¢; is logically independent of the others, so knowledge
of one doesn’t help him in reasoning about any other. In each case he must reason from c;
directly to n;, and no other route is available. But to Mr B, there are two routes available: he
canreason directly from c| to n; as Mr A does, as described by p(n|¢ci14) = p(ni|¢ciip);
but, because of his knowledge that there is a fixed source strength s ‘presiding over’ both
and n,, he can also reason along the route ¢c; — n, — s — nj. If this were the only route
available to him (i.e. if he didn’t know ¢ ), he would obtain the distribution

P! (ny + ¢2)!
(1 + @)t nyI(1 + gy

and, comparing the above relations, we see that Mr B’s final distribution (6.129) is, except
for normalization, just the product of the ones found by reasoning along his two routes:

pnilgcicalp) = (const.) x p(ni|eciIp)p(ni|dcalp) (6.136)

in consequence of the fact that p(cic2|¢pny) = p(cil¢ny)p(ca|pni). The information (6.135)
about n; obtained by reasoning along the new route ¢c; — n, — s — n; thus introduces

p(nylgcalp) = / ds p(ni|s)p(slcalp) = , (6.135)
0
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a ‘correction factor’ in the distribution obtained from the direct route ¢; — n1, enabling
Mr B to improve his estimates.

This suggests that, if Mr B could obtain the number of counts in a great many different
seconds, (c3, ¢4, - . ., i), he would be able to do better and better; and perhaps in the limit
m — oo his estimate of n; might be as good as the one we found when the source strength
was known exactly. We will check this surmise presently by working out the degree of
reliability of these estimates, and by generalizing these distributions to arbitrary m, from
which we can obtain the asymptotic forms.

6.17 Interval estimation

There is still an essential feature missing in the comparison of Mr A and Mr B in our
particle counter problem. We would like to have some measure of the degree of reliability
which they attach to their estimates, especially in view of the fact that their estimates are
so different. Clearly, the best way of doing this would be to draw the entire probability
distributions

p(nilgcacils)  and  p(nildcarciip) (6.137)

and from this make statements of the form, ‘90% of the posterior probability is concentrated
in the interval o < n; < B’. But, for present purposes, we will be content to give the
standard deviations (i.e., square root of the variance as defined in Eq. (6.93)) of the various
distributions we have found. An inequality due to Tchebycheff then asserts that, if o is the
standard deviation of any probability distribution over 7, then the amount P of probability
concentrated between the limits (n,) & to satisfies'*

1
P>1- a2 (6.139)
This tells us nothing when ¢ < 1, but it tells us more and more as ¢ increases beyond unity.
For example, in any probability distribution with finite (n) and (n?), at least 3/4 of the

probability is contained in the interval (n) & 20, and at least 8/9 is in (n) + 30.

6.18 Calculation of variance

The variances o of all the distributions we have found above are readily calculated. In
fact, calculation of any moment of these distributions is easily performed by the general
formula (6.108). For Mr A and Mr B, and the Jeffreys prior probability distribution, we

14 Proof: Let p(x) be a probability density over (—oo < x < 00), a any real number, and y = x — (x). Then
o0
(1= P)=d’p(y| > a) = az/ dx px) < dx y?p(x) < / dxy?p@x) = o>, (6.138)
|yl=a lyl=a —00

Writing @ = to, this is £2(1 — P) < 1, the same as Eq. (6.139). This proof includes the discrete cases, since then p(x) is a sum
of delta-functions. A large collection of useful Tchebycheff-type inequalities is given by I. R. Savage (1961).



6 Elementary parameter estimation 187

Table 6.1. The effect of prior information on estimates of n; and n.

Problem 1 Problem 2
ni n ny

A most probable 100 100 160

mean =+ s.d. 109 +£31 109 £31 169 £39
B most probable 100 127 133

mean =+ s.d. 109 +31 131.5+£25.9 137.5+£25.9
Jeffreys most probable 91 121.5 127.5

mean =+ s.d. 100+ 30 127+£25.4 133+£25.4

find the variances

(1 + D0 = ¢)

var(ni|gcila) = pe ) (6.140)
2

var(m | peser I) = A2 le)(l ") (6.141)

varto g 1) = L=, (6142

and the variances for n, are found from symmetry.

This has been a rather long discussion, so let’s summarize all our results so farin Table 6.1.
We give, for problem 1 (c¢; = 10) and problem 2 (¢; = 10, ¢; = 16), the most probable
values of the number of particles found by Mr A and Mr B, and also the (mean value) £+
(standard deviation) estimates. From Table 6.1 we see that Mr B’s extra information not
only has led him to change his estimates considerably from those of Mr A, but it has enabled
him to make an appreciable decrease in his probable error. Even purely qualitative prior
information which has nothing to do with frequencies can greatly alter the conclusions we
draw from a given data set. Now, in virtually every real problem of scientific inference, we
do have qualitative prior information of more or less the kind supposed here. Therefore,
any method of inference which fails to take prior information into account is capable of
misleading us, in a potentially dangerous way. The fact that it yields a reasonable result in
one problem is no guarantee that it will do so in the next.

It is also of interest to ask how good Mr B’s estimate of n; would be if he knew only ¢;;
and therefore had to use the distribution (6.135) representing reasoning along the route ¢, —
ny — s — ny of Figure 6.2. From (6.135) we find the most probable, and the (mean) +
(standard deviation) estimates

Ay = % = 160, (6.143)
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«/—
mean =+ s.d. = 2 +1 + 2+ D@+ 1)

¢ ¢
In this case, he would obtain a slightly poorer estimate (i.e. a larger probable error) than
Mr A even if the counts ¢; = ¢, were the same, because the variance (6.140) for the direct
route contains a factor (1 — ¢), which gets replaced by (1 + ¢) if we have to reason over
the indirect route. Thus, if the counter has low efficiency, the two routes give nearly equal
reliability for equal counting rates; but if it has high efficiency, ¢ =~ 1, then the direct route
c1 — n is far more reliable. Our common sense will tell us that this is just as it should be.

= 170 £ 43.3. (6.144)

6.19 Generalization and asymptotic forms

We conjectured above that Mr B might be helped a good deal more in his estimate of n;
by acquiring still more data {c3, c4, ..., c;n}. Let’s investigate that further. The standard
deviation of the distribution (6.89) in which the source strength was known exactly is
only /s(I — ¢) = 10.8 for s = 130; and from Table 6.1 Mr B’s standard deviation for his
estimate of n; is now about 2.5 times this value. What would happen if we gave him more
and more data from other time intervals, such that his estimate of s approached 130? To
answer this, note that, if 1 < k < m, we have:

o0
p(l’lk|¢C1"'CmIB):/ dSp(nks|¢cl-~-chB)
0 (6.145)

=/ ds p(nglescidp)p(sigcy - - - culp),
0

in which we have put p(ni|¢sc; - - - ¢ Ig) = p(ni|psciIp) because, from Figure 6.2, if s
is known, then all the ¢; with i # k are irrelevant for inferences about ;. The second factor
in the integrand of (6.145) can be evaluated by Bayes’ theorem:

plci---cnlesip)
p(slpcr -+ culp) = p(slplp) (e cnlblp) (6.146)

= (const.) X p(s|@Ip)p(ci|psip)--- p(cu|psip).
Using (6.86) and normalizing, this reduces to

(mg)*!

p(slgcy -+ -cpulp) = s exp{—mso}, (6.147)

where ¢ = ¢| + - - - + ¢, 1s the total number of counts in the m seconds. The mode, mean

and variance of the distribution (6.147) are, respectively,

1 1

5= =Tl e = — = L 6
me m2p?r  m¢

So it turns out, as we might have expected, that as m — oo, the distribution p(s|c; - - - cy)

becomes sharper and sharper, the most probable and mean value estimates of s get closer




6 Elementary parameter estimation 189

and closer together, and it appears that in the limit we would have just a delta-function:

pslocy - cmlp) = 8(s — 57, (6.149)
where
§ = Lim Stet Ao (6.150)
m—00 m¢

But the limiting form (6.149) was found a bit abruptly, as was James Bernoulli’s first limit
theorem. We might like to see in more detail how the limit is approached, in analogy to
the de Moivre—Laplace limit theorem for the binomial (5.10), or the limit (4.72) of the beta
distribution.

For example, expanding the logarithm of (6.147) about its peak § = ¢/m¢, and retaining
only through the quadratic terms, we find for the asymptotic formula a Gaussian distribution:

c(s — §)? }

o (6.151)

P(S|¢C1 e CmIB) — AeXP {_
which is actually valid for all s, in the sense that the difference between the left-hand side
and right-hand side is small for all s (although their ratio is not close to unity for all s). This
leads to the estimate, as ¢ — o0,

()est =8 (1 + %) : (6.152)
C

Quite generally, posterior distributions go into a Gaussian form as the data increase, because
any function with a single rounded maximum, raised to a higher and higher power, goes into
a Gaussian function. In the next chapter we shall explore the basis of Gaussian distributions
in some depth.

So, in the limit, Mr B does indeed approach exact knowledge of the source strength.
Returning to (6.145), both factors in the integrand are now known from (6.89) and (6.147),
and so

o expi=s(d — @) — 1" (mg)“*!

(ng — cp)! c!

s¢ exp{—mse},
(6.153)

plngler -+~ cnlp) =/ d
0

or
(ng —cx + ) (mp) (1 — gy
(g — c)le! (1 +mep — pyn—cctetl’

which is the promised generalization of (6.135). In the limit m — oo, ¢ — o0, (c/m¢p) —
s’ = const., this goes into the Poisson distribution
exp{—s'(l — ¢)}

p(niler -+ culp) > ——————[s'(1 — )" 7%, (6.155)
(ng — ¢!

p(gler -+ - cpulp) = (6.154)

which is identical to (6.89). We therefore confirm that, given enough additional data, Mr B’s
standard deviation can be reduced from 26 to 10.8, compared with Mr A’s value of 31. For
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finite m, the mean value estimate of n; from (6.154) is
(ni) = cr + (s)(1 — 9), (6.156)

where (s) = (c + 1)/m¢ is the mean value estimate of s from (6.148). Equation (6.156) is
to be compared with (6.90). Likewise, the most probable value of n;, according to (6.154), is

e = +5(1 — ), (6.157)

where § is given by (6.148).

Note that Mr B’s revised estimates in problem 2 still lie within the range of reasonable
error assigned by Mr A. It would be rather disconcerting if this were not the case, as it
would then appear that probability theory is giving Mr A an over-optimistic picture of
the reliability of his estimates. There is, however, no theorem which guarantees this; for
example, if the counting rate had jumped to ¢, = 80, then Mr B’s revised estimate of n;
would be far outside Mr A’s limits of reasonable error. But, in this case, Mr B’s common
sense would lead him to doubt the reliability of his prior information /g; we would have
another example like that in Chapter 4, of a problem where one of those ‘something else’
alternative hypotheses down at —100 db, which we don’t even bother to formulate until
they are needed, is resurrected by very unexpected new evidence.

Exercise 6.7. The above results were found using the language of the particle counter
scenario. Summarize the final conclusions in the language of the disease incidence
scenario, as one or two paragraphs of advice for a medical researcher who is trying to
judge whether public health measures are reducing the incidence of a disease in the
general population, but has data only on the number of deaths from it. This should, of
course, include something about judging under what conditions our model corresponds
well to the real world; and what to do if it does not.

Now we turn to a different kind of problem to see some new features that can appear when
we use a sampling distribution that is continuous except at isolated points of discontinuity.

6.20 Rectangular sampling distribution

The following ‘taxicab problem’ has been part of the orally transmitted folklore of this field
for several decades, but orthodoxy has no way of dealing with it, and we have never seen it
mentioned in the orthodox literature. You are traveling on a night train; on awakening from
sleep, you notice that the train is stopped at some unknown town, and all you can see is a
taxicab with the number 27 on it. What is then your guess as to the number N of taxicabs
in the town, which would in turn give a clue as to the size of the town? Almost everybody
answers intuitively that there seems to be something about the choice Ney = 2 x 27 = 54
that recommends itself; but few can offer a convincing rationale for this. The obvious
‘model’ that forms in our minds is that there will be N taxicabs, numbered, respectively,
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(1,..., N), and, given N, the one we see is equally likely to be any of them. Given that
model, we would then know deductively that N > 27; but, from that point on, our reasoning
depends on our statistical indoctrination.

Here we study a continuous version of the same problem, in which more than one taxi
may be in view, leaving it as an exercise for the reader to write down the parallel solution
to the above taxicab problem, and then state the exact relationship between the continuous
and discrete problems. We consider a rectangular sampling distribution in [0, «], where
the width o of the distribution is the parameter to be estimated, and finally suggest further
exercises which will extend what we learn from it.

We have a data set D = {xy, ..., x,} of n observations thought of as ‘drawn from’ this
distribution, urn-wise; that is, each datum x; is assigned independently the pdf

fO0<x <a<oo

1

(07

p(xilal) = { ) (6.158)
0  otherwise.

Then our entire sampling distribution is

p(Dlal) =[] pxiled) = o7, 0=<{x,....x) <, (6.159)

where for brevity we suppose, in the rest of this section, that when the inequalities following
an equation are not all satisfied, the left-hand side is zero. It might seem at first glance that
this situation is too trivial to be worth analyzing; yet, if one does not see in advance exactly
how every detail of the solution will work itself out, there is always something to be learned
from studying it. In probability theory, the most trivial looking problems reveal deep and
unexpected things.

The posterior pdf for « is, by Bayes’ theorem,

p(Dlel)
p(DID)’

where p(«|l) is our prior. Now it is evident that any Bayesian problem with a proper
(normalizable) prior and a bounded likelihood function must lead to a proper, well-behaved
posterior distribution, whatever the data—as long as the data do not themselves contradict any
of our other information. If any datum was found to be negative, x; < 0, the model (6.159)
would be known deductively to be wrong (put better, the data contradict the prior information
I that led us to choose that model). Then the robot crashes, both (6.159) and (6.160)
vanishing identically. But any data set for which the inequalities in (6.159) are satisfied is
a possible one according to the model. Must it then yield a reasonable posterior pdf?

Not necessarily! The data could be compatible with the model, but still incompatible
with the other prior information. Consider a proper rectangular prior

p(@|DI) = p(a|l) (6.160)

pla|l) = (e — ago) ', ag < a < aj, (6.161)

where oo, o¢) are fixed numbers satisfying 0 < gy < @) < 00, given to us in the statement
of the problem. If any datum were found to exceed the upper prior bound: x; > «y, then the
data and the prior information would again be logically contradictory.
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But this is just what we anticipated already in Chapters 1 and 2; we are trying to reason
from two pieces of information D, I, each of which may be actually a logical conjunction
of many different propositions. If there is a contradiction hidden anywhere in the totality
of this, there can be no solution (in a set theory context, the set of possibilities that we
have prescribed is the empty set) and the robot crashes, in one way or another. So in the
following we suppose that the data are consistent with all the prior information — including
the prior information that led us to choose this model.'> Then the above rules should yield
the correct and exact answer to the question we have posed.

The denominator of (6.160) is

p(D|I):/da(a1 —ogo) a7, (6.162)
R

where the region R of integration must satisfy two conditions:

< <
RE{“"O—“—“‘ } (6.163)

Xmax =@ < 0

and xp,x = max{xy, ..., x,} is the greatest datum observed. If xy,,x < @go, then in (6.163)

we need only the former condition; the numerical values of the data x; are entirely irrelevant

(although the number 7 of observations remains relevant). If ogg < xpmax, then we need only

the latter inequality; the prior lower bound & has been superseded by the data, and is
irrelevant to the problem from this point on.

Substituting (6.159), (6.161) and (6.162) into (6.160), the factor (1 — «gp) cancels out,
and if n > 1 our general solution reduces to

palpn = S

Gy  — o

, o <a<a, n>1, (6.164)

where o = max(ag, Xmax)-

6.21 Small samples

Small values of n often present special situations that might be overlooked in a general
derivation. In orthodox statistics, as we shall see in Chapter 17, they can lead to weird
pathological results (like an estimator for a parameter which lies outside the parameter
space, and so is known deductively to be impossible). In any other area of mathematics,
when a contradiction like this appears, one concludes at once that an error has been made.
But curiously, in the literature of orthodox statistics, such pathologies are never interpreted
as revealing an error in the orthodox reasoning. Instead they are simply passed over; one
proclaims his concern only with large n. But small n proves to be very interesting for us, just

15 Of course, in the real world we seldom have prior information that would justify such sharp bounds on x and «, and so such
sharp contradictions would not arise; but that signifies only that we are studying an ideal limiting case. There is nothing strange
about this; in elementary geometry, our attention is directed first to such things as perfect triangles and circles, although no such
things exist in the real world. There, also, we are really studying ideal limiting cases of reality; but what we learn from that study
enables us to deal successfully with thousands of real situations that arise in such diverse fields as architecture, engineering,
astronomy, geodesy, stereochemistry, and the artist’s rules of perspective. It is the same here.
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because of the fact that Bayesian analysis has no pathological, exceptional cases. As long
as we avoid outright logical contradictions in the statement of a problem and use proper
priors, the solutions do not break down but continue to make good sense.

It is very instructive to see how Bayesian analysis always manages to accomplish this,
which also makes us aware of a subtle point in practical calculation. Thus, in the present
case, if n = 1, then (6.164) appears indeterminate, reducing to (0/0). But if we repeat the
derivation from the start for the case n = 1, the properly normalized posterior pdf for « is
found to be, instead of (6.164),

a~!

log(ary /eg)’
The case n = 0 can hardly be of any use; nevertheless, Bayes’ theorem still gives the
obviously right answer. For then D = ‘no data at all’, and p(D|al) = p(D|I) = 1; that
is, if we take no data, we shall have no data, whatever the value of «. Then the posterior
distribution (6.160) reduces, as common sense demands, to the prior distribution

pla|DI) = a) <o <a, n=1. (6.165)

p(a|DI) = p(a|l), ) <a <o, n=0. (6.166)

6.22 Mathematical trickery

Now we see a subtle point: the last two results are contained already in (6.164) without
any need to go back and repeat the derivation from the start. We need to understand the
distinction between the real world problem and the abstract mathematics. Although in the
real problem n is by definition a non-negative integer, the mathematical expression (6.164)
is well-defined and meaningful when »n is any complex number. Furthermore, as long as
o) < 00, it is an entire function of n (that is, bounded and analytic everywhere except
the point at infinity). Now in a purely mathematical derivation we are free to make use of
whatever analytical properties our functions have, whether or not they would make sense
in the real problem. Therefore, since (6.164) can have no singularity at any finite point, we
may evaluate it at n = 1 by taking the limit as n — 1. But

n—1 _ n—1
al —al T exp(—(n— Dlog(ay)) — exp(—(n — D)log(ar)
n—1

_ (6.167)
[1—(n—1)log(ap) +---1—[1 —(n —1)log(er;) + - -]
1

log(a1 /o)’
leading to (6.165). Likewise, putting n = 0 into (6.164), it reduces to (6.166), because

now we have necessarily oy = ago. Even in extreme, degenerate cases, Bayesian analysis
continues to yield the correct results.'® And it is evident that all moments and percentiles of
16 Under the influence of early orthodox teaching, the writer became fully convinced of this only after many years of experimen-

tation with hundreds of such cases, and his total failure to produce any pathology as long as the Chapter 2 rules were followed
strictly.
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the posterior distribution are also entire functions of n, so they may be calculated once and
for all for all n, taking limiting values whenever the general expression reduces to (0/0) or
(00/00); this will always yield the same result that we obtain by going back to the beginning
and repeating the calculation for that particular n value.!”

If o) < o0, the posterior distribution is confined to a finite interval, and so it has neces-
sarily moments of all orders. In fact,

(@™ = dao™™ = T Tp— (6.168)
n—m—1 aO"—al n

1—n 1—n

n—1 /“1 n—1 atm" —atm"
Qo —O Vo

0

and when n — 1 or m — n — 1, we are to take the limit of this expression in the manner
of (6.167), yielding the more explicit forms:

o — ot
_ 170 ifn=1
m log(ar; /)
(&™) = (6.169)
(n — 1)log(o /o) .
— = ifm=n-—1.
@y  — a4

In the above results, the posterior distribution is confined to a finite region (ap < o < )
and there can be no singular result.

Exercise 6.8. Complete this example, finding explicit values for the estimates of & and
their accuracy. Discuss how these results correspond or fail to correspond to common
sense judgments.

Finally, we leave it as an exercise for the reader to consider what happens as oy — 00
and we pass to an infinite domain.

Exercise 6.9. When oy — 00, some moments must cease to exist, sSo some inferences
must cease to be possible; others remain possible. Examine the above equations to
find under what conditions a posterior (mean *+ standard deviation) or (median =+
interquartile span) remains possible, considering in particular the case of small n. State
how the results correspond to common sense.

17 Recognizing this, we see that, whenever a mathematical expression is an analytic function of some parameter, we can exploit
that fact as a tool for calculation with it, whatever meaning it might have in the original problem. For example, the numbers 2
and 7 often appear, and it is often in an expression Q(2) or Q(rr) which is an analytic function of the symbol 2’ or ‘m’. Then,
if it is helpful, we are free to replace 2’ or ‘7’ by ‘x’ and evaluate quantities involving Q by such operations as differentiating
with respect to x, or complex integration in the x plane, etc., setting x = 2 or x = 7 at the end; and this is perfectly rigorous.
Once we have distilled the real problem into one of abstract mathematics, our symbols mean whatever we say they mean; the
writer learned this trick from Professor W. W. Hansen of Stanford University, who would throw a class into an uproar when he
evaluated an integral, correctly, by differentiating another integral with respect to 7.
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6.23 Comments

The calculations which we have done here with ease — in particular, (6.129) and (6.152) —
cannot be done with any version of probability theory which does not permit the use of the
prior and posterior probabilities needed, and consequently does not allow us to integrate
out a nuisance parameter with respect to a prior. It appears to us that Mr B’s results are
beyond the reach of orthodox methods. Yet at every stage, probability theory as logic has
followed the procedures that are determined uniquely by the basic product and sum rules of
probability theory; and it has yielded well-behaved, reasonable, and useful results. In some
cases, the prior information was absolutely essential, even though it was only qualitative.
Later we shall see even more striking examples of this.

It should not be supposed that this recognition of the need to use prior information is a new
discovery. It was emphasized very strongly by Bertrand (1889); he gave several examples,
of which we quote the last (he wrote in very short paragraphs):

The inhabitants of St. Malo [a small French town on the English channel] are convinced; for a
century, in their village, the number of deaths at the time of high tide has been greater than at low
tide. We admit the fact.

On the coast of the English channel there have been more shipwrecks when the wind was from the
northwest than for any other direction. The number of instances being supposed the same and equally
reliably reported, still one will not draw the same conclusions.

While we would be led to accept as a certainty the influence of the wind on shipwrecks, common
sense demands more evidence before considering it even plausible that the tide influences the last
hour of the Malouins.

The problems, again, are identical; the impossibility of accepting the same conclusions shows the
necessity of taking into account the prior probability for the cause.

Clearly, Bertrand cannot be counted among those who advocate R. A. Fisher’s maxim: ‘Let
the data speak for themselves!” which has so dominated statistics in this century. The data
cannot speak for themselves; and they never have, in any real problem of inference.

For example, Fisher advocated the method of maximum likelihood for estimating a
parameter; in a sense, this is the value that is indicated most strongly by the data alone.
But that takes note of only one of the factors that probability theory (and common sense)
requires. For, if we do not supplement the maximum likelihood method with some prior
information about which hypotheses we shall consider reasonable, then it will always lead
us inexorably to favor the ‘sure thing’ hypothesis Hs, according to which every tiny detail
of the data was inevitable; nothing else could possibly have happened. For the data always
have a much higher probability (namely p(D|Hg) = 1), on Hg than on any other hypothesis;
Hg is always the maximum likelihood solution over the class of all hypotheses. Only our
extremely low prior probability for Hs can justify our rejecting it.'®

18 Small children, when asked to account for some observed fact such as the exact shape of a puddle of spilled milk, have a
strong tendency to invent ‘sure thing’ hypotheses; they have not yet acquired the worldly experience that makes educated adults
consider them too unlikely to be considered seriously. But a scientist, who knows that the shape is determined by the laws of
hydrodynamics and has vast computing power available, is no more able than the child to predict that shape, because he lacks
the requisite prior information about the exact initial conditions.
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Orthodox practice deals with this in part by the device of specifying a model, which is,
of course, a means of incorporating some prior information about the phenomenon being
observed. But this is incomplete, defining only the parameter space within which we shall
seek that maximum; without a prior probability over that parameter space, we have no way
of incorporating further prior information about the likely values of the parameter, which
we almost always have and which is often highly cogent for any rational inference. For
example, although a parameter space may extend formally to infinity, in virtually every real
problem we know in advance that the parameter is enormously unlikely to be outside some
finite domain. This information may or may not be crucial, depending on what data set we
happen to get.

As the writer can testify from his student days, steadfast followers of Fisher often inter-
pret ‘Let the data speak for themselves’ as implying that it is reprehensible — a violation
of ‘scientific objectivity’ — to allow one’s self to be influenced at all by prior informa-
tion. It required a few years of experience to perceive, with Bertrand, what a disastrous
error this is in real problems. Fisher was able to manage without mentioning prior in-
formation only because, in the problems he chose to work on, he had no very important
prior information anyway, and plenty of data. Had he worked on problems with cogent
prior information and sparse data, we think that his ideology would have changed rather
quickly.

Scientists in all fields see this readily enough — as long as they rely on their own common
sense instead of orthodox teaching. For example, Stephen J. Gould (1989) describes the
bewildering variety of soft-bodied animals that lived in early Cambrian times, preserved
perfectly in the famous Burgess shale of the Canadian Rockies. Two paleontologists ex-
amined the same fossil, named Aysheaia, and arrived at opposite conclusions regarding its
proper taxonomic classification. One who followed Fisher’s maxim would be obliged to
question the competence of one of them; but Gould does not make this error. He concludes
(p- 172), ‘We have a reasonably well-controlled psychological experiment here. The data
had not changed, so the reversal of opinion can only record a revised presupposition about
the most likely status of Burgess organisms.’

Prior information is essential also for a different reason, if we are trying to make inferences
concerning which mechanism is at work. Fisher would, presumably, insist as strongly as
any other scientist that a cause—effect relationship requires a physical mechanism to bring it
about. But as in St Malo, the data alone are silent on this; they do not speak for themselves. 19
Only prior information can tell us whether some hypothesis provides a possible mechanism
for the observed facts, consistent with the known laws of physics. If it does not, then the
fact that it accounts well for the data may give it a high likelihood, but cannot give it any
credence. A fantasy that invokes the labors of hordes of little invisible elves and pixies
running about to generate the data would have just as high a likelihood; but it would still
have no credence for a scientist.

19 Statisticians, even those who profess themselves disciples of Fisher, have been obliged to develop adages about this, such as
‘correlation does not imply causation’. or ‘a good fit is no substitute for a reason’. to discourage the kind of thinking that comes
automatically to small children, and to adults with untrained minds.
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It is not only orthodox statisticians who have denigrated prior information in the
20th century. The fantasy writer H. P. Lovecraft once defined ‘common sense’ as ‘merely
a stupid absence of imagination and mental flexibility’. Indeed, it is just the accumulation
of unchanging prior information about the world that gives the mature person the mental
stability that rejects arbitrary fantasies (although we may enjoy diversionary reading of
them).

Today, the question whether our present information does or does not provide credible
evidence for the existence of a causal effect is a major policy issue, arousing bitter polit-
ical, commercial, medical, and environmental contention, resounding in courtrooms and
legislative halls.?° Yet cogent prior information — without which the issue cannot possibly
be judged — plays little role in the testimony of ‘expert witnesses’ with orthodox statistical
training, because their standard procedures have no place to use it. We note that Bertrand’s
clear and correct insight into this appeared the year before Fisher was born; the progress of
scientific inference has not always been forward.

Thus, this chapter begins and ends with a glance back at Fisher, about whom the reader
may find more in Chapter 16.

20 For some frightening examples, see Gardner (1957, 1981). Deliberate suppression of inconvenient prior information is also the
main tool of the scientific charlatans.
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The central, Gaussian or normal distribution

My own impression . . . is that the mathematical results have outrun their
interpretation and that some simple explanation of the force and meaning
of the celebrated integral . . . will one day be found . . . which will at once
render useless all the works hitherto written.

Augustus de Morgan (1838)

Here, de Morgan was expressing his bewilderment at the ‘curiously ubiquitous’ success of
methods of inference based on the Gaussian, or normal, ‘error law’ (sampling distribution),
even in cases where the law is not at all plausible as a statement of the actual frequencies
of the errors. But the explanation was not forthcoming as quickly as he expected.

In the middle 1950s the writer heard an after-dinner speech by Professor Willy Feller,
in which he roundly denounced the practice of using Gaussian probability distributions
for errors, on the grounds that the frequency distributions of real errors are almost never
Gaussian. Yet in spite of Feller’s disapproval, we continued to use them, and their ubiquitous
success in parameter estimation continued. So, 145 years after de Morgan’s remark, the
situation was still unchanged, and the same surprise was expressed by George Barnard
(1983): ‘Why have we for so long managed with normality assumptions?’

Today we believe that we can, at last, explain (1) the inevitably ubiquitous use, and
(2) the ubiquitous success, of the Gaussian error law. Once seen, the explanation is indeed
trivially obvious; yet, to the best of our knowledge, it is not recognized in any of the previous
literature of the field, because of the universal tendency to think of probability distributions
in terms of frequencies. We cannot understand what is happening until we learn to think of
probability distributions in terms of their demonstrable information content instead of their
imagined (and, as we shall see, irrelevant) frequency connections.

A simple explanation of these properties — stripped of past irrelevancies — has been
achieved only very recently, and this development changed our plans for the present work.
We decided that it is so important that it should be inserted at this somewhat early point
in the narrative, even though we must then appeal to some results that are established
only later. In the present chapter, then, we survey the historical basis of Gaussian distribu-
tions and present a quick preliminary understanding of their functional role in inference.
This understanding will then guide us directly — without the usual false starts and blind

198
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alleys — to the computational procedures which yield the great majority of the useful appli-
cations of probability theory.

7.1 The gravitating phenomenon

We have noted an interesting phenomenon several times in previous chapters; in probability
theory, there seems to be a central, universal distribution

1 x?
ox) = Eexp{—?} 7.1

toward which all others gravitate under a very wide variety of different operations — and
which, once attained, remains stable under an even wider variety of operations. The famous
‘central limit theorem’ concerns one special case of this. In Chapter 4, we noted that
a binomial or beta sampling distribution goes asymptotically into a Gaussian when the
number of trials becomes large. In Chapter 6 we noted a virtually universal property, that
posterior distributions for parameters go into Gaussian when the number of data values
increases.

In physics, these gravitating and stability properties have made this distribution the uni-
versal basis of kinetic theory and statistical mechanics; in biology, it is the natural tool
for discussing population dynamics in ecology and evolution. We cannot doubt that it will
become equally fundamental in economics, where it already enjoys ubiquitous use, but
somewhat apologetically, as if there were some doubt about its justification. We hope to
assist this development by showing that its range of validity for such applications is far
wider than is usually supposed.

Figure 7.1 illustrates this distribution. Its general shape is presumably already well known
to the reader, although the numerical values attached to it may not be. The cumulative
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Fig. 7.1. The central, Gaussian or normal distribution: (t) = 1/4/2m exp(—t%/2).
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Gaussian, defined as

dD(X)E/X dt (1),

—00

0 X
- f dr (1), + / dr (1), (712)
- 0

= % (1 + erf(x)],

will be used later in this chapter for solving some problems. Numerical values for this
function are easily calculated using the error function, erf(x).

This distribution is called the Gaussian, or normal, distribution, for historical reasons
discussed below. Both names are inappropriate and misleading today; all the correct con-
notations would be conveyed if we called it, simply, the central distribution of probabil-
ity theory.! We consider first three derivations of it that were important historically and
conceptually, because they made us aware of three important properties of the Gaussian
distribution.

7.2 The Herschel-Maxwell derivation

One of the most interesting derivations, from the standpoint of economy of assumptions,
was given by the astronomer John Herschel (1850). He considered the two-dimensional
probability distribution for errors in measuring the position of a star. Let x be the er-
ror in the longitudinal (east—west) direction and y the error in the declination (north—
south) direction, and ask for the joint probability distribution p(x, y). Herschel made
two postulates (P1, P2) that seemed required intuitively by conditions of geometrical
homogeneity.

(P1) Knowledge of x tells us nothing about y

That is, probabilities of errors in orthogonal directions should be independent; so the unde-
termined distribution should have the functional form

px, y)dxdy = f(x)dx x f(y)dy. (7.3)

We can write the distribution equally well in polar coordinates r, 8 defined by x = r cos 6,
y =rsin6:

p(x, y)dxdy = g(r, 0)rdrdé. (7.4)

! Tt is general usage outside probability theory to denote any function of the general form exp{—ax?} as a Gaussian function, and
we shall follow this.
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(P2) This probability should be independent of the angle: g(r, 0) = g(r)
Then (7.3) and (7.4) yield the functional equation

F@ ) =g(Vx2+y?), (7.5)

and, setting y = 0, this reduces to g(x) = f(x)f(0), so (7.5) becomes the functional
equation

(7.6)

o[ 2997 10z [£00] [_fwxz - yz)} .

£(0) RO £(0)

But the general solution of this is obvious; a function of x plus a function of y is a function
only of x> + y?. The only possibility is that log[ f (x)/f(0)] = ax?. We have a normalizable
probability only if a is negative, and then normalization determines f(0); so the general
solution can only have the form

flx) = \/g exp{—ax’}, >0, (1.7)

with one undetermined parameter. The only two-dimensional probability density satisfying
Herschel’s invariance conditions is a circular symmetric Gaussian:

plx,y) = % exp {—a(x* + y)}. (7.8)

Ten years later, James Clerk Maxwell (1860) gave a three-dimensional version of this same
argument to find the probability distribution p(v,, vy, v:) o exp{—a(v; + v3 4 v2)} for
velocities of molecules in a gas, which has become well known to physicists as the ‘Maxwell-
ian velocity distribution law’ fundamental to kinetic theory and statistical mechanics.

The Herschel-Maxwell argument is particularly beautiful because two qualitative con-
ditions, incompatible in general, become compatible for just one quantitative distribution,
which they therefore uniquely determine. Einstein (1905a,b) used the same kind of argument
to deduce the Lorentz transformation law from his two qualitative postulates of relativity
theory.”

The Herschel-Maxwell derivation is economical also in that it does not actually make any
use of probability theory; only geometrical invariance properties which could be applied
equally well in other contexts. Gaussian functions are unique objects in their own right, for
purely mathematical reasons. But now we give a famous derivation that makes explicit use
of probabilistic intuition.

2 These are: (1) the laws of physics take the same form for all moving observers; and (2) the velocity of light has the same constant
numerical value for all such observers. These are also contradictory in general, but become compatible for one particular
quantitative law of transformation of space and time to a moving coordinate system.
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7.3 The Gauss derivation

We estimate a location parameter 6 from (n + 1) observations (xy, ..., X,) by maximum
likelihood. If the sampling distribution factors: p(xo, ..., x,|0) = f(x0]0) - - - f(x,0), the
likelihood equation is

; % log £ (x;]0) = 0, (7.9)
or, writing
log f(x]0) = g(60 — x) = g(u), (7.10)
the maximum likelihood estimate @ will satisfy
Y g0 —x)=0. (7.11)

Now, intuition may suggest to us that the estimate ought to be also the arithmetic mean of
the observations:
1 n

0=x= . 7.12
X n+1;x (7.12)

but(7.11) and (7.12) are in general incompatible ((7.12) is not aroot of (7.11)). Nevertheless,
consider a possible sample, in which only one observation xy is nonzero: if in (7.12) we put

xo =@+ Du, X1=xp=---=x, =0, (—o00 < u < 00), (7.13)

then § =u, 6 — xo = —nu, whereupon eqn. (7.11) becomes g'(—nu)+ ng'(u) =0,
n=1,2,3,.... The case n =1 tells us that g’(u) must be an antisymmetric function:
g'(—u) = —g'(u), so this reduces to

g (nu) =ng'(u), (—o<u<o0), n=1,273,.... (7.14)

Evidently, the only possibility is a linear function:

1
g'(u) = au, g(u) = Eauz +b. (7.15)

Converting back by (7.10), a normalizable distribution again requires that a be negative,
and normalization then determines the constant . The sampling distribution must have
the form

F(x]0) = /iexp{—la(x—e)z} 0 < a < 00). (7.16)
2 2

Since (7.16) was derived assuming the special sample (7.13), we have shown thus far only
that (7.16) is a necessary condition for the equality of maximum likelihood estimate and
sample mean. Conversely, if (7.16) is satisfied, then the likelihood equation (7.9) always
has the unique solution (7.12); and so (7.16) is the necessary and sufficient condition for
this agreement. The only freedom is the unspecified scale parameter c.
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7.4 Historical importance of Gauss’s result

This derivation was given by Gauss (1809), as little more than a passing remark in a work
concerned with astronomy. It might have gone unnoticed but for the fact that Laplace saw its
merit and the following year published a large work calling attention to it and demonstrating
the many useful properties of (7.16) as a sampling distribution. Ever since, it has been called
the ‘Gaussian distribution’.

Why was the Gauss derivation so sensational in effect? Because it put an end to a long —
and, it seems to us today, scandalous — psychological hang up suffered by some of the
greatest mathematicians of the time. The distribution (7.16) had been found in a more or
less accidental way already by de Moivre (1733), who did not appreciate its significance
and made no use of it. Throughout the 18th century, it would have been of great value
to astronomers faced constantly with the problem of making the best estimates from dis-
crepant observations; yet the greatest minds failed to see it. Worse, even the qualitative fact
underlying data analysis — cancellation of errors by averaging of data — was not perceived
by so great a mathematician as Leonhard Euler.

Euler (1749), trying to resolve the ‘Great Inequality of Jupiter and Saturn’, found himself
with what was at the time a monstrous problem (described briefly in our closing Comments,
Section 7.27). To determine how the longitudes of Jupiter and Saturn had varied over long
times, he made 75 observations over a 164 year period (1582-1745), and eight orbital
parameters to estimate from them.

Today, a desk-top microcomputer could solve this problem by an algorithm to be given
in Chapter 19, and print out the best estimates of the eight parameters and their accuracies,
in about one minute (the main computational job is the inversion of an (8 x 8) matrix).
Euler failed to solve it, but not because of the magnitude of this computation; he failed
even to comprehend the principle needed to solve it. Instead of seeing that by combining
many observations their errors tend to cancel, he thought that this would only ‘multiply the
errors’ and make things worse. In other words, Euler concentrated his attention entirely on
the worst possible thing that could happen, as if it were certain to happen — which makes
him perhaps the first really devout believer in Murphy’s Law.?

Yet, practical people, with experience in actual data taking, had long perceived that this
worst possible thing does not happen. On the contrary, averaging our observations has
the great advantage that the errors tend to cancel each other.* Hipparchus, in the second
century BC, estimated the precession of the equinoxes by averaging measurements on several
stars. In the late 16th century, taking the average of several observations was the routine
procedure of Tycho Brahe. Long before it had any formal theoretical justification from
mathematicians, intuition had told observational astronomers that this averaging of data
was the right thing to do.

Some 30 years after Euler’s effort, another competent mathematician, Daniel Bernoulli
(1777), still could not comprehend the procedure. Bernoulli supposes that an archer is

3 “If anything can go wrong, it will go wrong.’
# If positive and negative errors are equally likely, then the probability that ten errors all have the same sign is (0.5)° ~ 0.002.
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shooting at a vertical line drawn on a target, and asks how many shots land in various
vertical bands on either side of it:

Now is it not self-evident that the hits must be assumed to be thicker and more numerous on any given
band the nearer this is to the mark? If all the places on the vertical plane, whatever their distance from
the mark, were equally liable to be hit, the most skillful shot would have no advantage over a blind
man. That, however, is the tacit assertion of those who use the common rule (the arithmetic mean) in
estimating the value of various discrepant observations, when they treat them all indiscriminately. In
this way, therefore, the degree of probability of any given deviation could be determined to some extent
a posteriori, since there is no doubt that, for a large number of shots, the probability is proportional
to the number of shots which hit a band situated at a given distance from the mark.

We see that Daniel Bernoulli (1777), like his uncle James Bernoulli (1713), saw clearly
the distinction between probability and frequency. In this respect, his understanding ex-
ceeded that of John Venn 100 years later, and Jerzy Neyman 200 years later. Yet he fails
completely to understand the basis for taking the arithmetic mean of the observations
as an estimate of the true ‘mark’. He takes it for granted (although a short calculation,
which he was easily capable of doing, would have taught him otherwise) that, if the ob-
servations are given equal weight in calculating the average, then one must be assigning
equal probability to all errors, however great. Presumably, others made intuitive guesses
like this, unchecked by calculation, making this part of the folklore of the time. Then
one can appreciate how astonishing it was when Gauss, 32 years later, proved that the
condition

(maximum likelihood estimate) = (arithmetic mean) (7.17)

uniquely determines the Gaussian error law, not the uniform one.

In the meantime, Laplace (1783) had investigated this law as a limiting form of the
binomial distribution, derived its main properties, and suggested that it was so important
that it ought to be tabulated; yet, lacking the above property demonstrated by Gauss, he still
failed to see that it was the natural error law (the Herschel derivation was still 77 years in the
future). Laplace persisted in trying to use the form f(x) o exp{—a|x|}, which caused no end
of analytical difficulties. But he did understand the qualitative principle that combination
of observations improves the accuracy of estimates, and this was enough to enable him to
solve, in 1787, the problem of Jupiter and Saturn, on which the greatest minds had been
struggling since before he was born.

Twenty-two years later, when Laplace saw the Gauss derivation, he understood it all in a
flash — doubtless mentally kicked himself for not seeing it before — and hastened (Laplace,
1810, 1812) to give the central limit theorem and the full solution to the general problem
of reduction of observations, which is still how we analyze it today. Not until the time
of Einstein did such a simple mathematical argument again have such a great effect on
scientific practice.
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7.5 The Landon derivation

A derivation of the Gaussian distribution that gives us a very lively picture of the process by
which a Gaussian frequency distribution is built up in Nature was given in 1941 by Vernon
D. Landon, an electrical engineer studying properties of noise in communication circuits.
We give a generalization of his argument, in our current terminology and notation.

The argument was suggested by the empirical observation that the variability of the
electrical noise voltage v(¢) observed in a circuit at time ¢ seems always to have the same
general properties, even though it occurs at many different levels (say, mean square values)
corresponding to different temperatures, amplifications, impedance levels, and even differ-
ent kinds of sources — natural, astrophysical, or man-made by many different devices such
as vacuum tubes, neon signs, capacitors, resistors made of many different materials, etc.
Previously, engineers had tried to characterize the noise generated by different sources in
terms of some ‘statistic’ such as the ratio of peak to RMS (root mean square) value, which
it was thought might identify its origin. Landon recognized that these attempts had failed,
and that the samples of electrical noise produced by widely different sources . .. cannot be
distinguished one from the other by any known test’.>

Landon reasoned that if this frequency distribution of noise voltage is so universal, then
it must be better determined theoretically than empirically. To account for this universality
but for magnitude, he visualized not a single distribution for the voltage at any given time,
but a hierarchy of distributions p(v|o’) characterized by a single scale parameter o2, which
we shall take to be the expected square of the noise voltage. The stability seems to imply
that, if the noise level o' is increased by adding a small increment of voltage, the probability
distribution still has the same functional form, but is only moved up the hierarchy to the
new value of . He discovered that for only one functional form of p(v|o) will this be true.

Suppose the noise voltage v is assigned the probability distribution p(v|o). Then it
is incremented by a small extra contribution €, becoming v’ = v + €, where € is small
compared with o, and has a probability distribution g(€)de, independent of p(v|o). Given
a specific €, the probability for the new noise voltage to have the value v’ would be just the
previous probability that v should have the value (v — €). Thus, by the product and sum
rules of probability theory, the new probability distribution is the convolution

f)= /dé p(v' — €lo)g(e). (7.18)

Expanding this in powers of the small quantity € and dropping the prime, we have

0 102
f(v)=p(v|o>—$/d €qe)+ 5 ”(' )/deeq<e>+ (7.19)

3 This universal, stable type of noise was called ‘grass’ because that is what it looks like on an oscilloscope. To the ear, it sounds
like a smooth hissing without any discernible pitch; today this is familiar to everyone because it is what we hear when a television
receiver is tuned to an unused channel. Then the automatic gain control turns the gain up to the maximum, and both the hissing
sound and the flickering ‘snow’ on the screen are the greatly amplified noise generated by random thermal motion of electrons
in the antenna according to the Nyquist law noted below.
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or, now writing for brevity p = p(v|o),

op 1 , 3%p

fw)=p- (6)5 + 5(6 )m

This shows the general form of the expansion; but now we assume that the increment is
as likely to be positive as negative:® (¢) = 0. At the same time, the expectation of v? is
increased to o> + (€2), so Landon’s invariance property requires that f(v) should be equal

also to

(7.20)

a
f)=p+ (62>—a L. (7.21)
o
Comparing (7.20) and (7.21), we have the condition for this invariance:
ap 13%p
—_— = 7.22
dc2 2 9v? (7.22)

But this is a well-known differential equation (the ‘diffusion equation’), whose solution
with the obvious initial condition p(vio = 0) = §(v) is

202

Wlo) = — ex { ”2} (7.23)
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the standard Gaussian distribution. By minor changes in the wording, the above math-
ematical argument can be interpreted either as calculating a probability distribution, or
as estimating a frequency distribution; in 1941 nobody except Harold Jeftreys and John
Maynard Keynes took note of such distinctions. As we shall see, this is, in spirit, an incre-
mental version of the central limit theorem; instead of adding up all the small contributions at
once, it takes them into account one at a time, requiring that at each step the new probability
distribution has the same functional form (to second order in €).

This is just the process by which noise is produced in Nature — by addition of many
small increments, one at a time (for example, collisions of individual electrons with atoms,
each collision radiating another tiny pulse of electromagnetic waves, whose sum is the
observed noise). Once a Gaussian form is attained, it is preserved; this process can be
stopped at any point, and the resulting final distribution still has the Gaussian form. What
is at first surprising is that this stable form is independent of the distributions g(¢) of the
small increments; that is why the noise from different sources could not be distinguished
by any test known in 1941.7

Today we can go further and recognize that the reason for this independence was that only
the second moment {€2) of the increments mattered for the updated point distribution (that

6 If the small increments all had a systematic component in the same direction, one would build up a large ‘DC’ noise voltage,
which is manifestly not the present situation. But the resulting solution might have other applications; see Exercise 7.1.

7 Landon’s original derivation concerned only a special case of this, in which g(€) = [r+/a% — €2]7!, |¢| < a, corresponding to
an added sinusoid of amplitude @ and unknown phase. But the important thing was his idea of the derivation, which anyone
can generalize once it is grasped. In essence he had discovered independently, in the expansion (7.20), what is now called the
Fokker—Planck equation of statistical mechanics, a powerful method which we shall use later to show how a nonequilibrium
probability distribution relaxes into an equilibrium one. It is now known to have a deep meaning, in terms of continually
remaximized entropy.
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is, the probability distribution for the voltage at a given time that we were seeking). Even the
magnitude of the second moment did not matter for the functional form; it determined only
how far up the 0% hierarchy we moved. But if we ask a more detailed question, involving
time-dependent correlation functions, then noise samples from different sources are no
longer indistinguishable. The second-order correlations of the form (e(#)e(¢’)) are related
to the power spectrum of the noise through the Wiener—Khinchin theorem, which was just
in the process of being discovered in 1941; they give information about the duration in time
of the small increments. But if we go to fourth-order correlations (€(#))e(f;)e(t3)e(ts)) we
obtain still more detailed information, different for different sources, even though they all
have the same Gaussian point distribution and the same power spectrum.®

Exercise 7.1. The above derivation established the result to order (¢?). Now suppose
that we add n such small increments, bringing the variance up to > 4 n(€?). Show
that in the limit n — oo, (€2) — 0, n{e?) — const., the Gaussian distribution (7.23)
becomes exact (the higher terms in the expansion (7.19) become vanishingly small
compared with the terms in (€2)).

Exercise 7.2. Repeat the above derivation without assuming that (¢) = 0 in (7.20).
The resulting differential equation is a Fokker—Planck equation. Show that there is now
a superimposed steady drift, the solutions having the form exp{—(v — ao?)?/202}.
Suggest a possible useful application of this result.

Hint: o and v may be given other interpretations, such as time and distance.

7.6 Why the ubiquitous use of Gaussian distributions?

We started this chapter by noting the surprise of de Morgan and Barnard at the great and
ubiquitous success that is achieved in inference — particularly, in parameter estimation —
through the use of Gaussian sampling distributions, and the reluctance of Feller to believe
that such success was possible. It is surprising that to understand this mystery requires
almost no mathematics — only a conceptual reorientation toward the idea of probability
theory as logic.

Let us think in terms of the information that is conveyed by our equations. Whether
or not the long-run frequency distribution of errors is in fact Gaussian is almost never

8 Recognition of this invalidates many naive arguments by physicists who try to prove that ‘Maxwell demons’ are impossible by
assuming that thermal radiation has a universal character, making it impossible to distinguish the source of the radiation. But
only the second-order correlations are universal; a demon who perceives fourth-order correlations in thermal radiation is far
from blind about the details of his surroundings. Indeed, the famous Hanbury Brown—Twiss interferometer (1956), invokes just
such a fourth-order demon, in space instead of time and observing (€2(x})e?(x2)) to measure the angular diameters of stars.
Conventional arguments against Maxwell demons are logically flawed and prove nothing.
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known empirically; what the scientist knows about them (from past experience or from
theory) is almost always simply their general magnitude. For example, today most accurate
experiments in physics take data electronically, and a physicist usually knows the mean
square error of those measurements because it is related to the temperature by the well-
known Nyquist thermal fluctuation law.® But he seldom knows any other property of the
noise. If he assigns the first two moments of a noise probability distribution to agree with such
information, but has no further information and therefore imposes no further constraints,
then a Gaussian distribution fit to those moments will, according to the principle of maximum
entropy as discussed in Chapter 11, represent most honestly his state of knowledge about
the noise.

But we must stress a point of logic concerning this. It represents most honestly the
physicist’s state of knowledge about the particular samples of noise for which he had data.
This never includes the noise in the measurement which he is about to make! If we suppose
that knowledge about some past samples of noise applies also to the specific sample of noise
that we are about to encounter, then we are making an inductive inference that might or
might not be justified; and honesty requires that we recognize this. Then past noise samples
are relevant for predicting future noise only through those aspects that we believe should
be reproducible in the future.

In practice, common sense usually tells us that any observed fine details of past noise
are irrelevant for predicting fine details of future noise, but that coarser features, such as
past mean square values, may be expected reasonably to persist, and thus be relevant for
predicting future mean square values. Then our probability assignment for future noise
should make use only of those coarse features of past noise which we believe to have
this persistence. That is, it should have maximum entropy subject to the constraints of
the coarse features that we retain because we expect them to be reproducible. Probability
theory becomes a much more powerful reasoning tool when guided by a little common
sense judgment of this kind about the real world, as expressed in our choice of a model and
assignment of prior probabilities.

Thus we shall find in studying maximum entropy below that, when we use a Gaussian
sampling distribution for the noise, we are in effect telling the robot: ‘The only thing I know
about the noise is its first two moments, so please take that into account in assigning your
probability distribution, but be careful not to assume anything else about the noise.” We
shall see presently how well the robot obeys this instruction.'?

9 A circuit element of resistance R(w) ohms at angular frequency w develops across its terminals in a small frequency band
Aw =2m Af a fluctuating mean square open-circuit voltage V> = 4kT RAf, where f is the frequency in hertz (cycles per
second), k = 1.38 x 1072} joule/degree is Boltzmann’s constant, and 7 is the Kelvin temperature. Thus it can deliver to
another circuit element the maximum noise power P = V2/4R = kT Af. At room temperature, T = 300K, this is about
4 x 107" watt/megahertz bandwidth. Any signal of lower intensity than this will be lost in the thermal noise and cannot be
recovered, ordinarily, by any amount of amplification. But prior information about the kind of signal to be expected will still
enable a Bayesian computer program to extract weaker signals, as the work of Bretthorst (1988) demonstrates. We study this
in Part 2.

If we have further pieces of information about the noise, such as a fourth moment or an upper bound, the robot can take these
into account also by assigning generalized Gaussian — that is, general maximum entropy — noise probability distributions.
Examples of the use of fourth-moment constraints in economics and physical chemistry are given by Gray and Gubbins (1984)
and Zellner (1988).

=]



7 The central, Gaussian or normal distribution 209

This does not mean that the full frequency distribution of the past noise is to be ig-
nored if it happens to be known. Probability theory as logic does not conflict with con-
ventional orthodox theory if we actually have the information (that is, perfect knowledge
of limiting frequencies, and no other information) that orthodox theory presupposes; but
it continues to operate using whatever information we have. In the vast majority of real
problems we lack this frequency information but have other information (such as mean
square value, digitizing interval, power spectrum of the noise); and a correct probability
analysis readily takes this into account, by using the technical apparatus that orthodoxy
lacks.

Exercise 7.3. Suppose that the long-run frequency distribution of the noise has been
found empirically to be the function f (e) (never mind how one could actually obtain that
information), and that we have no other information about the noise. Show, by reasoning
like that leading to (4.55) and using Laplace’s Rule of Succession (6.73), that, in the
limit of a very large amount of frequency data, our probability distribution for the noise
becomes numerically equal to the observed frequency distribution: p(e|l) — f(e).
This is what Daniel Bernoulli conjectured in Section 7.4. But state very carefully the
exact conditions for this to be true.

In other fields, such as analysis of economic data, knowledge of the noise may be more
crude, consisting of its approximate general magnitude and nothing else. But for reasons
noted below (the central limit theorem), we still have good reasons to expect a Gaussian
functional form; so a Gaussian distribution fit to that magnitude is still a good representation
of one’s state of knowledge. If even that knowledge is lacking, we still have good reason
to expect the Gaussian functional form, so a sampling distribution with o an undetermined
nuisance parameter to be estimated from the data is an appropriate and useful starting
point. Indeed, as Bretthorst (1988) demonstrates, this is often the safest procedure, even
in a physics experiment, because the noise may not be the theoretically well understood
Nyquist noise. No source has ever been found which generates noise below the Nyquist
value — and from the second law of thermodynamics we do not expect to find such a source,
because the Nyquist law is only the low-frequency limit of the Planck black-body radiation
law — but a defective apparatus may generate noise far above the Nyquist value. One can
still conduct the experiment with such an apparatus, taking into account the greater noise
magnitude; but, of course, a wise experimenter who knows that this is happening will try
to improve his apparatus before proceeding.

We shall find, in the central limit theorem, still another strong justification for using
Gaussian error distributions. But if the Gaussian law is nearly always a good representation
of our state of knowledge about the errors in our specific data set, it follows that inferences
made from it are nearly always the best ones that could have been made from the information
that we actually have.
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Now, as we note presently, the data give us a great deal of information about the noise,
not usually recognized. But Bayes’ theorem automatically takes into account whatever
can be inferred about the noise from the data; to the best of our knowledge, this has not
been recognized in the previous literature. Therefore Bayesian inferences using a Gaussian
sampling distribution could be improved upon only by one who had additional information
about the actual errors in his specific data set, beyond its first two moments and beyond what
is known from the data.

For this reason, whether our inferences are successful or not, unless such extra information
is at hand, there is no justification for adopting a different error law; and, indeed, no
principle to tell us which different one to adopt. This explains the ubiquitous use. Since the
time of Gauss and Laplace, the great majority of all inference procedures with continuous
probability distributions have been conducted — necessarily and properly — with Gaussian
sampling distributions. Those who disapproved of this, whatever the grounds for their
objection, have been unable to offer any alternative that was not subject to a worse objection;
so0, already in the time of de Morgan, some 25 years after the work of Laplace, use of the
Gaussian rule had become ubiquitous by default, and this continues today.

Recognition of this considerably simplifies our expositions of Bayesian inference; 95%
of our analysis can be conducted with a Gaussian sampling distribution, and only in special
circumstances (unusual prior information such as that the errors are pure digitizing errors or
that there is an upper bound to the possible error magnitude) is there any reason for adopting
a different one. But even in those special circumstances, the Gaussian analysis usually leads
to final conclusions so near to the exact ones that the difference is hardly worth the extra
effort.

Itis now clear that the most ubiquitous reason for using the Gaussian sampling distribution
is not that the error frequencies are known to be — or assumed to be — Gaussian, but rather
because those frequencies are unknown. One sees what a totally different outlook this is
than that of Feller and Barnard; ‘normality’ was not an assumption of physical fact at all.
It was a valid description of our state of knowledge. In most cases, had we done anything
different, we would be making an unjustified, gratuitous assumption (violating one of our
Chapter 1 desiderata of rationality). But this still does not explain why the procedure is so
successful.

7.7 Why the ubiquitous success?

By ‘ubiquitous success’ we mean that, for nearly two centuries, the Gaussian sampling
distribution has continued to be, in almost all problems, much easier to use and to yield
better results (more accurate parameter estimates) than any alternative sampling distribution
that anyone has been able to suggest. To explain this requires that analysis that de Morgan
predicted would one day be found. But why did it require so long to find that analysis?

As a start toward answering this, note that we are going to use some function of the data
as our estimate; then, whether our present inference — here and now — is or is not successful,
depends entirely on what that function is, and on the actual errors that are present in the
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one specific data set that we are analyzing. Therefore to explain its success requires that we
examine that specific data set. The frequency distribution of errors in other data sets that we
might have got but did not — and which we are therefore not analyzing — is irrelevant, unless
(a) it is actually known, not merely imagined; (b) it tells us something about the errors in
our specific data set that we would not know otherwise.

We have never seen a real problem in which these conditions were met; those who em-
phasized frequencies most strongly merely assumed them without pointing to any actual
measurement. They persisted in trying to justify the Gaussian distribution in terms of as-
sumed frequencies in imaginary data sets that have never been observed; thus they continued
to dwell on fantasies instead of the information that was actually relevant to the inference;
and so we understand why they were unable to find any explanation of the success of that
distribution.

Thus, Feller, thinking exclusively in terms of sampling distributions for estimators,
thought that, unless our sampling distribution for the e; correctly represented the actual
frequencies of errors, our estimates would be in some way unsatisfactory; in exactly what
way seems never to have been stated by Feller or anyone else. Now there is a closely related
truth here: If our estimator is a given, fixed function of the data, then the actual variability
of the estimate in the long-run over all possible data sets, is indeed determined by the actual
long-run frequency distribution of the errors, if such a thing exists.

But does it follow that our assigned sampling distribution must be equal to that frequency
distribution in order to get satisfactory estimates? To the best of our knowledge, orthodoxy
has never attempted to give any such demonstration, or even recognized the need for it. But
this makes us aware of another, equally serious, difficulty.

7.8 What estimator should we use?

In estimating a parameter u from data D, the orthodoxian would almost surely use the
maximum likelihood estimator; that is, the value of u for which p(D]|u) is a maximum.
If the prior information is unimportant (that is, if the prior probability density p(u|I) is
essentially constant over the region of high likelihood), the Bayesian might do this also.
But is there any proof that the maximum likelihood estimator yields the most accurate
estimates? Might not the estimates of i be made still better in the long-run (i.e., more
closely concentrated about the true value pg) by a different choice of estimator? This
question also remains open; there are two big gaps in the logic here.

More fundamental than the logical gaps is the conceptual disorientation; the scenario
envisaged by Feller is not the real problem facing a scientist. As John Maynard Keynes
(1921) emphasized long ago, his job is not to fantasize about an imaginary ‘long-run’
which will never be realized, but to estimate the parameters in the one real case before him,
from the one real data set that he actually has.!!

1" Curiously, in that same after-dinner speech, Feller also railed against those who fail to distinguish between the long-run and the
individual case, yet it appears to us that it was Feller who failed to make that distinction properly. He would judge the merit of
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To raise these issues is not mere nitpicking; let us show that in general there actually is
a better estimator, by the long-run sampling theory criterion, than the maximum likelihood
estimator. As we have just seen, Gauss proved that the condition

(maximum likelihood estimator) = (arithmetic mean of the observations) (7.24)

uniquely determines the Gaussian sampling distribution. Therefore, if our sampling distri-
bution is not Gaussian, these two estimators are different. Then, which is better?

Almost all sampling distributions used are of the ‘independent, identically distributed’
(iid) form:

pex - xlpd) =[] fGi — . (7.25)

i=1

Bayesian analysis has the theoretical principles needed to determine the optimal estimate
for each data set whatever the sampling distribution; it will lead us to make the posterior
mean estimate as the one that minimizes the expected square of the error, the posterior
median as the one that minimizes the absolute error, etc. If the sampling distribution is
not Gaussian, the estimator proves typically to be a linear combination of the observations
(West = D_ w; y;, but with variable weighting coefficients w; depending on the data config-
uration (y; — y;), 1 <i, j < n. Thus the estimate is, in general, a nonlinear function of the
observations.'?

In contrast, consider a typical real problem from the orthodox viewpoint which has no
prior probabilities or loss functions. We are trying to estimate a location parameter (., and our
data D consist of n observations: D = {yy, ..., y,}. But they have errors that vary in a way
that is uncontrolled by the experimenter and unpredictable from his state of knowledge. '
In the following we denote the unknown true value by p, and use w as a general running
variable. Then our model is

an individual case inference by its imagined long-run properties. But it is not only possible, but common as soon as we depart
from Gaussian sampling distributions, that an estimator which is proved to be as good as can be obtained, as judged by its
long-run success over all data sets, may nevertheless be very poor for our particular data set and should not be used for it. Then
the sampling distribution for any particular estimator (i.e. any particular function f(y; - - - y,) of the data) becomes irrelevant
because with different data sets we shall use different estimators. Thus, to suppose that a procedure that works satisfactorily with
Gaussian distributions should be used also with others, can lead one to be badly mistaken in more than one way. This introduces
us to the phenomena of sufficiency and ancillarity, pointed out by R. A. Fisher in the 1930s and discussed in Chapter 8. But it
is now known that Bayes’ theorem automatically detects these situations and does the right thing here, choosing for each data
set the optimal estimator for that data set. In other words, the correct solution to the difficulties pointed out by Fisher is just to
return to the original Bayesian analysis of Laplace and Jeffreys, that Fisher thought to be wrong.

The reader may find it instructive to verify this in detail for the simple looking Cauchy sampling distribution

™)

1 1
D= —| —— 7.26
pOilnl) 7T|:]+(,Vi_l/t)2:| (7.26)

for which the nonlinear functions are surprisingly complicated.

This does not mean that they are ‘not determined by anything’ as is so often implied by those suffering from the mind projection
fallacy; it means only that they are not determined by any circumstances that the experimenter is controlling or observing.
Whether the determining factors could or could not be observed in principle is irrelevant to the present problem, which is to
reason as best we can in the state of knowledge that we have specified.

>
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yi = Mo + e, (1 <i<n), (7.27)

where e; is the actual error in the ith measurement. Now, if we assign an independent
Gaussian sampling distribution for the errors e; = y; — po:

n/2
p(Dlpoo 1) = (2mz> " exp {—2(27_2“0)2} , (7.28)
we have
X"j(yi — 1o)® = nl(o = 3 +5°1, (7.29)
i=1
where
iz%Zy,:uwa =y -y =7 (7.30)

are the only properties of the data that appear in the likelihood function. Thus the conse-
quence of assigning the Gaussian error distribution is that only the first two moments of
the data are going to be used for inferences about i (and about o, if it is unknown). They
are called the sufficient statistics. From (7.30) it follows that only the first two moments of
the noise values {eq, ..., e,},

1 - 1
—Z_E . p— z 7.31
e "2 e e e; ( )

can matter for the error in our estimate. We have, in a sense, the simplest possible connection
between the errors in our data and the error in our estimate.

If we estimate u by the arithmetic mean of the observations, the actual error we shall
make in the estimate is the average of the individual errors in our specific data set:'4

A=Y —po=¢. (7.32)

Note that e is not an average over any probability distribution; it is the average of the
actual errors, and this result holds however the actual errors e; are distributed. For example,
whether a histogram of the ¢; closely resembles the assigned Gaussian (7.28) or whether
all of the error happens to be in e; does not matter in the least; (7.32) remains correct.

7.9 Error cancellation

An important reason for the success of the Gaussian sampling distribution lies in its relation
to the aforementioned error cancellation phenomenon. Suppose we estimate u by some
linear combination of the data values:

n
(et = E Wi Vi, (7.33)

i=l
14 Of course, probability theory tells us that this is the best estimate we can make if, as supposed, the only information we have

about y comes from this one data set. If we have other information (previous data sets, other prior information) we should take
it into account; but then we are considering a different problem.
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where the weighting coefficients w; are real numbers satisfying Y w; =1, w; >0, 1 <
i < n. Then with the model (7.27), the square of the error we shall make in our estimate is

2
Ahqwm—uW=(me)=§:WWMp (7.34)

i,j=1

and the expectation of this over whatever sampling distribution we have assigned is

(A%) =) wiw;(ee;). (7.35)
i,j

But if we have assigned identical and independent probabilities to each e; separately, as is
almost always supposed, then (e;e;) = 028,-_,-, and so

(A?) = o2 Z w?. (7.36)

Now set w; = n~! + g;, where the {g;} are real numbers constrained only by > w; = 1, or
> gi = 0. The expected square of the error is then

1 2q; 1
2 2 l 2 2 2
(A*) =0 Ei (;+7+qi>—0 (;4—% qi>, (7.37)

from which it is evident that (A?) reaches its absolute minimum

o2

(A)min = — (7.38)
n

if and only if all ¢; = 0. We have the result that uniform weighting, w; = 1/n, leading to
the arithmetic mean of the observations as our estimate, achieves a smaller expected square
of the error than any other; in other words, it affords the maximum possible opportunity for
that error cancellation to take place. Note that the result is independent of what sampling
distribution p(e;|1) we use for the individual errors. But highly cogent prior information
about u (that is, the prior density p(u|l) varies greatly within the high likelihood region)
would lead us to modify this somewhat.

If we have no important prior information, use of the Gaussian sampling distribution
automatically leads us to estimate u by the arithmetic mean of the observations; and Gauss
proved that the Gaussian distribution is the only one which does this. Therefore, among
all sampling distributions which estimate p by the arithmetic mean of the observations,
the Gaussian distribution is uniquely determined as the one that gives maximum error
cancellation.

This finally makes it very clear why the Gaussian sampling distribution has enjoyed that
ubiquitous success over the years compared with others, fulfilling de Morgan’s prediction:

When we assign an independent Gaussian sampling distribution to additive noise, what we achieve is
not that the error frequencies are correctly represented, but that those frequencies are made irrelevant
to the inference, in two respects. (1) All other aspects of the noise beyond € and ¢2 contribute nothing
to the numerical value or the accuracy of our estimates. (2) Our estimate is more accurate than that
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from any other sampling distribution that estimates a location parameter by a linear combination of
the observations, because it has the maximum possible error cancellation.

Exercise 7.4. More generally, one could contemplate a sampling distribution
p(ei, ..., e,|I) which assigns different marginal distributions p(e;|I) to the different
e;, and allows arbitrary correlations between different e;. Then the covariance matrix
Cij = (ejej) is a general n x n positive definite matrix. In this case, prove that the
minimum (A?) is achieved by the weighting coefficients

w; :ZKU/ZKU, (7.39)
J i

where K = C~! is the inverse covariance matrix; and that the minimum achievable
(A?) is then

-1
(A2>min = (Z Kij) . (7.40)
ij

In the case Cj; = 025; ;» this reduces to the previous result (7.38).

In view of the discovery of de Groot and Goel (1980) that ‘Only normal distributions
have linear posterior expectations’, it may be that we are discussing an empty case. We
need the solution to another mathematical problem: ‘What is the most general sampling
distribution that estimates a location parameter by a linear function of the observations?’
The work of de Groot and Goel suggests, but in our view does not prove, that the answer
is again a Gaussian distribution. Note that we are considering two different problems here,
(7.38) is the ‘risk’, or expected, square of the error over the sampling distribution; while
de Groot and Goel were considering expectations over the posterior distribution.

7.10 The near irrelevance of sampling frequency distributions

Another way of looking at this is helpful. As we have seen before, in a repetitive situation the
probability of any event is usually the same as its expected frequency (using, of course, the
same basic probability distribution for both). Then, given a sampling distribution f(y|6), it
tells us that || r 4y f(¥10) is the expected frequency, before the data are known of the event
y € R.

But if, as always supposed in elementary parameter estimation, the parameters are held
fixed throughout the taking of a data set, then the variability of the data is also, necessarily,
the variability of the actual errors in that data set. If we have defined our model to have
the form y; = f(x;) + ¢;, in which the noise is additive, then the exact distribution of the
errors is known from the data to within a uniform translation: ¢; — e; = y; — y;. We know
from the data y that the exact error in the ith observation has the form e¢; = y; — ey, where
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eo is an unknown constant. Whether the frequency distribution of the errors does or does
not have the Gaussian functional form is known from the data. Then what use remains for
the sampling distribution, which in orthodox theory yields only the prior expectations of
the error frequencies? Whatever form of frequency distribution we might have expected
before seeing the data, is rendered irrelevant by the information in the data! What remains
significant for inference is the likelihood function — how the probability of the observed
data set varies with the parameters 6.

Although all these results are mathematically trivial, we stress their nontrivial conse-
quences by repeating them in different words. A Gaussian distribution has a far deeper
connection with the arithmetic mean than that shown by Gauss. If we assign the indepen-
dent Gaussian error distribution, then the error in our estimate is always the arithmetic mean
of the true errors in our data set; and whether the frequency distribution of those errors is
or is not Gaussian is totally irrelevant. Any error vector {ey, ..., e,} with the same first
moment ¢ will lead us to the same estimate of ©; and any error vector with the same first
two moments will lead us to the same estimates of both i and ¢ and the same accuracy
claims, whatever the frequency distributions of the individual errors. This is a large part of
the answer to de Morgan, Feller, and Barnard.

This makes it clear that what matters to us functionally — that is, what determines the
actual error of our estimate — is not whether the Gaussian error law correctly describes
the limiting frequency distribution of the errors; but rather whether that error law correctly
describes our prior information about the actual errors in our data set. If it does, then the
above calculations are the best we can do with the information we have; and there is nothing
more to be said.

The only case where we should — or indeed, could — do anything different is when we have
additional prior information about the errors beyond their first two moments. For example,
if we know that they are simple digitizing errors with digitizing interval §, then we know that
there is a rigid upper bound to the magnitude of any error: |e;| < §/2. Thenif § < o, use of
the appropriate truncated sampling distribution instead of the Gaussian (7.28) will almost
surely lead to more accurate estimates of w. This kind of prior information can be very
helpful (although it complicates the analytical solution, this is no deterrent to a computer),
and we consider a problem of this type in Section 7.17.

Closer to the present issue, in what sense and under what conditions does the Gaussian
error law ‘correctly describe’ our information about the errors?

7.11 The remarkable efficiency of information transfer

Again, we anticipate a few results from later chapters in order to obtain a quick, pre-
liminary view of what is happening, which will improve our judgment in setting up
real problems. The noise probability distribution p(e|ef) which has maximum entropy
H = — [ de p(e)log p(e) subject to the constraints of prescribed expectations

(e) = a, (e*) =’ + B2, (7.41)
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in which the brackets () now denote averages over the probability distribution p(e|af), is
the Gaussian

plelap) =

2
—u} . (7.42)

1
el

So a state of prior information which leads us to prescribe the expected first and second
moments of the noise — and nothing else — uniquely determines the Gaussian distribution.
Then it is eminently satisfactory that this leads to inferences that depend on the noise only
through the first and second moments of the actual errors. When we assign error probabilities
by the principle of maximum entropy, the only properties of the errors that are used in our
Bayesian inference are the properties about which we specified some prior information.
This is a very important second part of that answer.

In this example, we have stumbled for the first time onto a fundamental feature of prob-
ability theory as logic: if we assign probabilities to represent our information, then circum-
stances about which we have no information, are not used in our subsequent inferences. But
it is not only true of this example; we shall find when we study maximum entropy that it
is a general theorem that any sampling distribution assigned by maximum entropy leads to
Bayesian inferences that depend only on the information that we incorporated as constraints
in the entropy maximization.'?

Put differently, our rules for extended logic automatically use all the information that we
have, and avoid assuming information that we do not have. Indeed, our Chapter 1 desiderata
require this. In spite of its extremely simple formal structure in the product and sum rules,
probability theory as logic has a remarkable sophistication in applications. It perceives
instantly what generations of statisticians and probabilists failed to see; for a probability
calculation to have a useful and reliable function in the real world, it is by no means required
that the probabilities have any relation to frequencies.'®

Once this is pointed out, it seems obvious that circumstances about which we have no
information cannot be of any use to us in inference. Rules for inference which fail to
recognize this and try to introduce such quantities as error frequencies into the calculation
as ad hoc assumptions, even when we have no information about them, are claiming, in
effect, to get something for nothing (in fact, they are injecting arbitrary — and therefore
almost certainly false — information). Such devices may be usable in some small class of
problems; but they are guaranteed to yield wrong and/or misleading conclusions if applied
outside that class.

On the other hand, probability theory as logic is always safe and conservative, in the
following sense: it always spreads the probability out over the full range of conditions

15 Technically (Chapter 8), the class of sampling distributions which have sufficient statistics is precisely the class generated by the
maximum entropy principle; and the resulting sufficient statistics are precisely the constraints which determined that maximum
entropy distribution.

This is not to say that probabilities are forbidden to have any relation to frequencies; the point is rather that whether they do
or do not depends on the problem, and probability theory as logic works equally well in either case. We shall see, in the work
of Galton below, an example where a clear frequency connection is present, and analysis of the general conditions for this will
appear in Chapter 9.

1

>
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allowed by the information used; our basic desiderata require this. Thus it always yields the
conclusions that are justified by the information which was put into it. The robot can return
vague estimates if we give it vague or incomplete information; but then it warns us of that
fact by returning posterior distributions so wide that they still include the true value of the
parameter. It cannot actually mislead us — in the sense of assigning a high probability to a
false conclusion — unless we have given it false information.

For example, if we assign a sampling distribution which supposes the errors to be far
smaller than the actual errors, then we have put false information into the problem, and the
consequence will be, not necessarily bad estimates of parameters, but false claims about the
accuracy of those estimates and — often more serious — the robot can hallucinate, artifacts
of the noise being misinterpreted as real effects. As de Morgan (1872, p. 113) put it, this
is the error of ‘attributing to the motion of the moon in her orbit all the tremors which she
gets from a shaky telescope’.

Conversely, if we use a sampling distribution which supposes the errors to be much larger
than the actual errors, the result is not necessarily bad estimates, but overly conservative
accuracy claims for them and — often more serious — blunt perception, failing to recognize
effects that are real, by dismissing them as part of the noise. This would be the opposite
error of attributing to a shaky telescope the real and highly important deviation of the moon
from her expected orbit. If we use a sampling distribution that reflects the true average
errors and the true mean square errors, we have the maximum protection against both of
these extremes of misperception, steering the safest possible middle course between them.
These properties are demonstrated in detail later.

7.12 Other sampling distributions

Once we understand the reasons for the success of Gaussian inference, we can also see
very rare special circumstances where a different sampling distribution would better ex-
press our state of knowledge. For example, if we know that the errors are being generated
by the unavoidable and uncontrollable rotation of some small object, in such a way that
when it is at angle 0, the error is ¢ = « cos @ but the actual angle is unknown, a little
analysis shows that the prior probability assignment p(e|l) = (m+/a2? — e2)7!, €* < a2,
correctly describes our state of knowledge about the error. Therefore it should be used
instead of the Gaussian distribution; since it has a sharp upper bound, it may yield ap-
preciably better estimates than would the Gaussian — even if « is unknown and must
therefore be estimated from the data (or perhaps it is the parameter of interest to be
estimated).

Or, if the error is known to have the form e = « tan 6 but 6 is unknown, we find that the
prior probability is the Cauchy distribution p(e|l) = 7 ~'a/(a* + €*). Although this case
is rare, we shall find it an instructive exercise to analyze inference with a Cauchy sampling
distribution, because qualitatively different things can happen. Orthodoxy regards this as ‘a
pathological, exceptional case’ as one referee put it, but it causes no difficulty in Bayesian
analysis, which enables us to understand it.
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7.13 Nuisance parameters as safety devices

As an example of this principle, if we do not have actual knowledge about the magnitude o

of our errors, then it could be dangerous folly to assume some arbitrary value; the wisest

and safest procedure is to adopt a model which honestly acknowledges our ignorance by

allowing for various possible values of o ; we should assign a prior p(o|I) which indicates

the range of values that o might reasonably have, consistent with our prior information.

Then in the Bayesian analysis we shall find first the joint posterior pdf for both parameters:
p(Dlpol)

p(po|DI) = p(wll)W- (7.43)

But now notice how the product rule rearranges this:

p(DloDp(ulo DI)
p(uo|DI) = p(a|Dp(ulol) = p(uloDD)p(a|DI).  (7.44)
p(DIDp(ulol)
So, if we now integrate out ¢ as a nuisance parameter, we obtain the marginal posterior pdf

for p alone in the form:

p(u|DI) = /dU p(ulo DI)p(o|DI), (7.45)

a weighted average of the pdfs p(u|o DI) for all possible values of o, weighted according
to the marginal posterior pdf p(o|D1I) for o, which represents everything we know about .

Thus when we integrate out a nuisance parameter, we are not throwing away any infor-
mation relevant to the parameters we keep; on the contrary, probability theory automatically
estimates the nuisance parameter for us from all the available evidence, and takes that infor-
mation fully into account in the marginal posterior pdf for the interesting parameters (but
it does this in such a slick, efficient way that one may not realize that this is happening,
and think that he is losing something). In the limit where the data are able to determine the
true value o = oy very accurately, p(o|DI) — §(c — op) and p(u|DI) — p(ulogDI);
the theory yields, as it should, the same conclusions that we would have if the true value
were known from the start.

This is just one example illustrating that, as noted above, whatever question we ask,
probability theory as logic automatically takes into account all the possibilities allowed
by our model and our information. Then, of course, the onus is on us to choose a model
wisely so that the robot is given the freedom to estimate for itself, from the totality of its
information, any parameter that we do not know. If we fail to recognize the existence of
a parameter which is uninteresting but nevertheless affects our data — and so leave it out
of the model — then the robot is crippled and cannot return the optimal inferences to us.
The marginalization paradox, discussed in Chapter 15, and the data pooling paradox of
Chapter 8, exhibit some of the things that can happen then; the robot’s conclusions are still
the best ones that could have been made from the information we gave it, but they are not
the ones that simple common sense would make, using extra information that we failed to
give 1t.
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In practice, we find that recognition of a relevant, but unknown and uninteresting, param-
eter by including it in the model and then integrating it out again as a nuisance parameter,
can greatly improve our ability to extract the information we want from our data — often by
orders of magnitude. By this means we are forewarning the robot about a possible disturbing
complication, putting it on the lookout for it; and the rules of probability theory then lead
the robot to make the optimal allowance for it.

This point is extremely important in some current problems of estimating environmental
hazards or the safety of new machines, drugs or food additives, where inattention to all of the
relevant prior information that scientists have about the phenomenon — and therefore failure
to include that information in the model and prior probabilities — can cause the danger to be
grossly overestimated or underestimated. For example, from knowledge of the engineering
design of a machine, one knows a great deal about its possible failure modes and their
consequences, that could not be obtained from any feasible amount of reliability testing by
‘random experiments’. Likewise, from knowledge of the chemical nature of a food additive,
one knows a great deal about its physiological effects that could not be obtained from any
feasible amount of mere toxicity tests.

Of course, this is not to say that reliability tests and toxicity tests should not be carried
out; the point is rather that random experiments are very inefficient ways of obtaining
information (we learn, so to speak, only like the square root of the number of trials), and
rational conclusions cannot be drawn from them unless the equally cogent — often far
more cogent — prior information is also taken into account. We saw some examples of this
phenomenon in Chapter 6, (6.123)—(6.144). The real function of the random experiment
is to guard against completely unexpected bad effects, about which our prior information
gave us no warning.

7.14 More general properties

Although the Gauss derivation was of the greatest historical importance, it does not satisfy us
today because it depends on intuition; why must the ‘best’ estimate of a location parameter
be a linear function of the observations? Evidently, in view of the Gauss derivation, if our
assigned sampling distribution is not Gaussian, the best estimate of the location parameter
will not be the sample mean. It could have a wide variety of other functional forms; then,
under what circumstances, is Laplace’s prescription the one to use?

We have just seen the cogent pragmatic advantages of using a Gaussian sampling distribu-
tion. Today, anticipating a little from later chapters, we would say that its unique theoretical
position derives not from the Gauss argument, but rather from four mathematical stability
properties, which have fundamentally nothing to do with probability theory or inference,
and a fifth, which has everything to do with them, but was not discovered until the mid-20th
century:

(A) Any smooth function with a single rounded maximum, if raised to higher and higher powers,
goes into a Gaussian function. We saw this in Chapter 6.
(B) The product of two Gaussian functions is another Gaussian function.
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(C) The convolution of two Gaussian functions is another Gaussian function.

(D) The Fourier transform of a Gaussian function is another Gaussian function.

(E) A Gaussian probability distribution has higher entropy than any other with the same variance;
therefore any operation on a probability distribution which discards information, but conserves
variance, leads us inexorably closer to a Gaussian. The central limit theorem, derived below, is
the best known example of this, in which the operation being performed is convolution.

Properties (A) and (E) explain why a Gaussian form is approached more and more closely
by various operations; properties (B), (C) and (D) explain why that form, once attained, is
preserved.

7.15 Convolution of Gaussians

The convolution property (C) is shown as follows. Expanding now the notation!” of (7.1)

1 — 1 — )2
plx — ulo) = —¢ (x . M) =\ 272 P {—%} = ,/%ew [—%(x - u)z}
(7.46)

in which we introduce the ‘weight’ w = 1/0% for convenience, the product of two such
functions is

1 1 x— 1\ —x—m\?
o(x — ulo)e(y —x — palog) = ————expy—= Ly 4 (2 2 ,
2ro107 2 o o

(7.47)

but we bring out the dependence on x by rearranging the quadratic form:

2 2
x — —x — wiw
( Ml) * (y M) = (w1 + wy)(x — &) + ———(y — 1 — p2)’,
o (op) wi + wy
(7.48)

where ¥ = (w1 + w2y — wauz)/(w; + wy). The product is still a Gaussian with respect
to x; on integrating out x we have the convolution law:

/ dx 9(x — 1o)p(y — x — alon) = 9(y — elo), (7.49)

o0

where ;= g + o, 0% = 012 + 022. Two Gaussians convolve to make another Gaussian,
the means p and variances o2 being additive. Presently we shall see some important appli-
cations that require only the single convolution formula (7.49). Now we turn to the famous
theorem, which results from repeated convolutions.

17 This notation is not quite inconsistent, since ¢( ) and ¢( | ) are different functional symbols.
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7.16 The central limit theorem

The question whether non-Gaussian distributions also have parameters additive under con-
volution leads us to the notion of cumulants discussed in Appendix C. The reader who has
not yet studied this should do so now.

Editor’s Exercise 7.5. Jaynes never actually derived the central limit theorem in this
section; rather he is deriving the only known exception to the central limit theorem. In
Appendix C he comes close to deriving the central limit theorem. Defining

s@ = [ foeplion, (1.50)
and a repeated convolution gives
1 oo
m) = fofxf xen f= o [ a0y ewi-io). (s

2
a 2C2 + . )} , (7.52)

where the cumulants, C,,, are defined in Appendix C. If cumulants higher than C, are

[¢(c)]" = exp {n <C0 +aC; —

ignored, one obtains

1 [* ) nola? |
h,,(y)ksg doexp {ina(x) — 5 —iayy,

1 o nolo? .
= — f do exp {— } exp {—ix(n{x) — y)}, (7.53)
21 J_ o 2
1

(y = n{x)x)?
= exp | — ,
V2mno? 2no?
and this completes the derivation of the central limit theory. What are the conditions un-
der which this is a good approximation? Is this derivation valid when one is computing
the ratios of probabilities?

If the functions f;(x) to which we apply that theory are probability distributions, then they
are necessarily non-negative and normalized: f;(x) > 0, f dx fi(x) = 1. Then the zeroth
moments are all Z; = 1, and the Fourier transforms

Fila) = /00 dx fi(x)exp{ioex} (7.54)

o]
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are absolutely convergent for real . Note that all this remains true if the f; are discontinuous,
or contain delta-functions; therefore the following derivation will apply equally well to the
continuous or discrete case or any mixture of them.'®

Consider two variables to which are assigned probability distributions conditional on
some information I:

filx) = p(all),  falx2) = pea|l). (7.55)

‘We want the probability distribution f(y) forthe sum y = x; + x,. Evidently, the cuamulative
probability density for y is

o0 y—Xxi
PG < yII) = / dr, fi(r) / dxs folxa), (7.56)

where we integrated over the region R defined by (x; + x, < y). Then the probability
density for y is

d
f= |:_d P(y < yll)] = /dxl S oy — x1), (7.57)
y y=y’

just the convolution, denoted by f(y) = f; * f> in Appendix C. Then the probability density
for the variable z = y + x3 is

o) = f dy FOV sz — ) = fus fos fo (7.58)

and so on by induction: the probability density for the sum y = x; + - - - + x,, of n variables
is the multiple convolution &, (y) = fi % - - - % f,.

In Appendix C we found that convolution in the x space corresponds to simple multipli-
cation in the Fourier transform space: introducing the characteristic function for fi(x)

oo

dx fi(x)expliax} (7.59)

o () = (expliax}) = /
and the inverse Fourier transform

1 oo
Jielx) = 2—/ da ¢ (o) exp{—iex}, (7.60)
T J_

oo

we find that the probability density for the sum of n variables x; is

1
ha(q) = E/da @1(c) - - - gn(a) exp{—iaq}, (7.61)

or, if the probability distributions f;(x) are all the same,

1
(@)= 5. / dot [p(c)]" exp{—iaq). (7.62)

18 At this point, the reader who has been taught to distrust or disbelieve in delta-functions must unlearn that by reading Appendix B
on the concept of a ‘function’. This is explained also by Lighthill (1957) and Dyson (1958). Without the free use of delta-
functions and other generalized functions, real applications of Fourier analysis are in an almost helpless, crippled condition
compared with what can be done by using them.
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The probability density for the arithmetic mean X = ¢/n is evidently, from (7.62),

p(x) =nh,(nx) = % / do [p(a) exp{—iax}]". (7.63)

It is easy to prove that there is only one probability distribution with this property. If the
probability distribution p(x|I) for a single observation x has the characteristic function

o) = /dx p(x|I)exp{iex}, (7.64)

then the one for the average of n observations, X = n-! > x;, has a characteristic function
of the form ¢"(n~'a). The necessary and sufficient condition that x and X have the same
probability distribution is therefore that ¢(«) satisfy the functional equation ¢"(n™'a) =
@(ar). Now, substituting o’ = n~'a, and recognizing that one dummy argument is as good
as another, one obtains

nlog p(a) = log p(na), —00 < @ < 00, n=123.... (7.65)
Evidently, this requires a linear relation on the positive real line:
logp(e) = Ca, 0<a< oo, (7.66)

where C is some complex number. Writing C = —k + i6, the most general solution satis-
fying the reality condition ¢(—a) = ¢* () is

¢(a) = exp{ied — k|a|}, —00 < 0 < 00, 0 <k < oo, (7.67)
which yields
1 [ . 1 k
pix|I) = 7 N do exp{—k|a|} exp{ia(@ — x)} = p m , (7.68)

the Cauchy distribution with median 6, quartiles 6 &= k. Now we turn to some important
applications of the above mathematical results.

7.17 Accuracy of computations

As a useful application of the central limit theorem, consider a computer programmer
deciding on the accuracy to be used in a program. This is always a matter of compromise
between misleading, inaccurate results on the one hand, and wasting computation facilities
with more accuracy than needed on the other.

Of course, it is better to err on the side of a little more accuracy than really needed. Never-
theless, it is foolish (and very common) to tie up a large facility with a huge computation to
double precision (16 decimal places) or even higher, when the user has no use for anything
like that accuracy in the final result. The computation might have been done in less time but
with the same result on a desktop microcomputer, had it been programmed for an accuracy
that is reasonable for the problem.
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Programmers can speed up and simplify their creations by heeding what the central limit
theorem tells us. In probability calculations we seldom have any serious need for more than
three-figure accuracy in our final results, so we shall be well on the safe side if we strive to
get four-figure accuracy reliably in our computations.

As a simple example, suppose we are computing the sum

N
S = Zan (7.69)
n=1

of N terms a,, each one positive and of order unity. To achieve a given accuracy in the sum,
what accuracy do we need in the individual terms?

Our computation program or lookup table necessarily gives each a,, digitized to some
smallest increment €, so this will be actually the true value plus some error e,. If we
have a, to six decimal digits, then € = 107°; if we have it to 16 binary digits, then
€ =271 =1/65536. The error in any one entry is in the range (—€/2 < e, < €/2), and
in adding N such terms the maximum possible error is Ne /2. Then it might be thought that
the programmer should ensure that this is acceptably small.

But if N is large, this maximum error is enormously unlikely; this is just the point that
Euler failed to see. The individual errors are almost certain to be positive and negative
roughly equally often, giving a high degree of mutual cancellation, so that the net error
should tend to grow only as v/N.

The central limit theorem tells us what is essentially a simple combinatorial fact, that
out of all conceivable error vectors {ey, ..., ey} that could be generated, the overwhelming
majority have about the same degree of cancellation, which is the reason for the VN rule.
If we consider each individual error equally likely to be anywhere in (—€/2, €/2), this
corresponds to a rectangular probability distribution on that interval, leading to an expected
square error per datum of

1 €/2 2

S a= S (7.70)
€ —€/2 12

Then by the central limit theorem the probability distribution for the sum S will tend to a
Gaussian with a variance Ne?/12, while S is approximately N. If N is large so that the
central limit theorem is accurate, then the probability that the magnitude of the net error
will exceed e+/N, which is /12 = 3.46 standard deviations, is about

2[1 — ©(3.46)] ~ 0.0006, (7.71)

where ®(x) is the cumulative normal distribution. One will almost never observe an error
that great. Since ©(2.58) = 0.995, there is about a 1% chance that the net error magnitude
will exceed 0.74e+/N = 2.58 standard deviations.

Therefore if we strive, not for certainty, but for 99% or greater probability, that our sum S
is correct to four figures, this indicates the value of € that can be tolerated in our algorithm
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or lookup table. We require 0.74e+/N < 107*N, or
€ <1.35x 107*V/N. (7.72)

The perhaps surprising result is that if we are adding N = 100 roughly equal terms, to
achieve a virtual certainty of four-figure accuracy in the sum we require only three-figure
accuracy in the individual terms! Under favorable conditions, the mutual cancellation phe-
nomenon can be effective far beyond Euler’s dreams. Thus we can get by with a consider-
ably shorter computation for the individual terms, or a smaller lookup table, than might be
supposed.

This simple calculation can be greatly generalized, as indicated by Exercise 7.5. But
we note an important proviso to be investigated in Exercise 7.6; this holds only when the
individual errors e, are logically independent. Given € in advance, if knowing e; then tells
us anything about any other e,, then there are correlations in our probability assignment
to errors, the central limit theorem no longer applies, and a different analysis is required.
Fortunately, this is almost never a serious limitation in practice because the individual
a, are determined by some continuously variable algorithm and differ among themselves
by amounts large compared with €, making it impossible to determine any e; given any
othere;.

Exercise 7.6. Suppose that we are to evaluate a Fourier series S(0) = Y a, sinnf.
Now the individual terms vary in magnitude and are themselves both positive and
negative. In order to achieve four-figure accuracy in S(6) with high probability, what
accuracy do we now require in the individual values of a, and sinnf?

Exercise 7.7. Show that if there is a positive correlation in the probabilities assigned
to the e;, then the error in the sum may be much greater than indicated by the central
limit theorem. Try to make a more sophisticated probability analysis taking correlations
into account, which would be helpful to a computer programmer who has some kind of
information about mutual properties of errors leading to such correlations, but is still
striving for the greatest efficiency for a given accuracy.

The literature of orthodox statistics contains some quite different recommendations than
ours concerning accuracy of numerical calculations. For example, the textbook of McClave
and Benson (1988, p. 99) considers calculation of a sample standard deviation s of n =
50 observations {xi, ..., x,} from that of s> = x2 — X2, McClave and Benson state that:
“You should retain twice as many decimal places in s> as you want in s. For example, if
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you want to calculate s to the nearest hundredth, you should calculate s to the nearest
ten-thousandth.” When we studied calculus (admittedly many years ago) it was generally
thought that small increments are related by 8(s2) = 2sés, or 8s/s = (1/2)8(s?)/s>. So, if
s? is calculated to four significant figures, this determines s not to two significant figures,
but to somewhat better than four. But, in any event, McClave and Benson’s practice of
inserting a gratuitous extra factor n/(n — 1) in the symbol which they denote by ‘s?’ makes
a joke of any pretense of four-figure accuracy in either when n = 100.

7.18 Galton’s discovery

The single convolution formula (7.49) led to one of the most important applications of
probability theory in biology. Although from our present standpoint (7.49) is only a straight-
forward integration formula, which we may write for present purposes in the form

/ dx p(xloDe(y — axl|oz) = ¢(y|o), (7.73)

o0

where we have made the scale changes x — ax, oy — aoj, and so now

o =,/a’o} + 03, (1.74)

it became in the hands of Francis Galton (1886) a major revelation about the mechanism of
biological variation and stability.'” We use the conventional language of that time, which
did not distinguish between the notions of probability and frequency, using the words
interchangeably. But this is not a serious matter because his data were, in fact, frequencies,
and, as we shall see in Chapter 9, strict application of probability theory as logic would then
lead to probability distributions that are substantially equal to the frequency distributions
(exactly equal in the limit where we have an arbitrarily large amount of frequency data
and no other relevant prior information). Consider, for example, the frequency distribution
of heights & of adult males in the population of England. Galton found that this could be
represented fairly well by a Gaussian

h—pup\ dh
oh —ploydh =9 | —— | — (7.75)
o o
with 4 = 68.1 inches, 0 = 2.6 inches. Then he investigated whether children of tall parents
tend to be tall, etc. To keep the number of variables equal to two, in spite of the fact that
each person has two parents, he determined that the average height of men was about 1.08
times that of women, and defined a person’s ‘midparent’ as an imaginary being of height

1
hmia = z(hfather + 1.08hmother)- (7.76)

19" A photograph of Galton, with more details of his work and a short biographical sketch, may be found in Stigler (1986¢c). His
autobiography (Galton, 1908) has additional details.
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He collected data on 928 adults born of 205 midparents and found, as expected, that children
of tall parents do indeed tend to be tall, etc., but that children of tall parents still show a
spread in heights, although less than the spread (d=0) of the entire population.

If the children of each selected group of parents still spread in height, why does the spread
in height of the entire population not increase continually from one generation to the next?
Because of the phenomenon of ‘reversion’; the children of tall parents tend to be taller than
the average person, but less tall than their parents. Likewise, children of short parents are
generally shorter than the average person, but taller than their parents. If the population as
a whole is to be stable, this ‘systematic’ tendency to revert back to the mean of the entire
population must exactly balance the ‘random’ tendency to spreading. Behind the smooth
facade of a constant overall distribution of heights, an intricate little time-dependent game
of selection, drift, and spreading is taking place constantly.

In fact, Galton (with some help from mathematicians) could predict the necessary rate
of reversion theoretically, and verify it from his data. If x = (h — ) is the deviation from
the mean height of the midparents, let the population as a whole have a height distribution
¢(x|o1), while the sub-population of midparents of height (x + ) tend to produce children
of height (y + w) with a frequency distribution ¢[(y — ax)|o>]. Then the height distribution
of the next generation will be given by (7.73). If the population as a whole is to be stable,
it is necessary that ¢ = o7, or the reversion rate must be

a==+]1—-——=%, (7.77)

which shows that a need not be positive; if tall parents tended to ‘compensate’ by producing
unusually short children, this would bring about an alternation from one generation to the
next, but there would still be equilibrium for the population as a whole.

We see that equilibrium is not possible if |a| > 1; the population would explode. Al-
though (7.73) is true for all a, equilibrium would then require 022 < 0. The boundary of
stability is reached at 0o = 0, |a| = 1; then each sub-population breeds true, and what-
ever initial distribution of heights happened to exist would be maintained thereafter. An
economist might call the condition a = 1 a ‘unit root’ situation; there is no reversion and no
spreading.?’

Of course, this analysis is in several obvious respects an oversimplified model of what
happens in actual human societies. But that involves only touching up of details; Galton’s
analysis was, historically, of the greatest importance in giving us a general understanding
of the kind of processes at work. For this, its freedom from nonessential details was a major
merit.

20 Tt is a currently popular theory among some economists that many economic processes, such as the stock market, are very
close to the unit root behavior, so that the effects of momentary external perturbations like wars and droughts tend to persist
instead of being corrected. There is no doubt that phenomena like this exist, at least in some cases; in the 1930s John Maynard
Keynes noted what he called ‘the stickiness of prices and wages’. For a discussion of this from a Bayesian viewpoint, see Sims
(1988).
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Exercise 7.8. Galton’s device of the midparent was only to reduce the computational
burden, which would otherwise have been prohibitive in the 1880s, by reducing the
problem to a two-variable one (midparent and children). But today computing power
is so plentiful and cheap that one can easily analyze the real four-variable problem, in
which the heights of father, mother, son, and daughter are all taken into account. Refor-
mulate Galton’s problem to take advantage of this; what hypotheses about spreading and
reversion might be considered and tested today? As a class project, one might collect
new data (perhaps on faster-breeding creatures like fruit-flies) and write the computer
program to analyze them and estimate the new spreading and reversion coefficients.
Would you expect a similar program to apply to plants? Some have objected that this
problem is too biological for a physics class, and too mathematical for a biology class;
we suggest that, in a course dedicated to scientific inference in general, the class should
include both physicists and biologists, working together.

Twenty years later this same phenomenon of selection, drift, and spreading underlying
equilibrium was perceived independently by Einstein (1905a,b) in physics. The steady
thermal Boltzmann distribution for molecules at temperature 7 to have energy E is
exp{—E/kT}. Being exponential in energies E = u + (mv?/2), where u(x) is potential
energy, this is Gaussian in particle velocities v. This generates a time-dependent drift in po-
sition; a particle which is at position x at time # = 0 has at time ¢ the conditional probability
to be at y of

Y
G-—xr } (7.78)

p(ylxt) oc exp {— D
from random drift alone, but this is countered by a steady drift effect of external forces
F = —Vu, corresponding to Galton’s reversion rate.

Although the details are quite different, Galton’s equation (7.77) is the logical equivalent
of Einstein’s relation D = AkT connecting diffusion coefficient D, representing random
spreading of particles, with the temperature 7" and the mobility A (velocity per unit force)
representing the systematic reversion rate counteracting the diffusion. Both express the
condition for equilibrium as a balance between a ‘random spreading’ tendency, and a
systematic counter-drift that holds it in check.

7.19 Population dynamics and Darwinian evolution

Galton’s type of analysis can explain much more than biological equilibrium. Suppose the
reversion rate does not satisfy (7.77). Then the height distribution in the population will not
be static, but will change slowly. Or, if short people tend to have fewer children than do tall
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people, then the average height of the population will drift slowly upward.?! Do we have
here the mechanism for Darwinian evolution? The question could hardly go unasked, since
Francis Galton was a cousin of Charles Darwin.

A new feature of probability theory has appeared here that is not evident in the works of
Laplace and Gauss. Being astronomers, their interests were in learning facts of astronomy,
and telescopes were only a tool toward that end. The vagaries of telescopes themselves
were for them only ‘errors of observation” whose effects were to be eliminated as much as
possible; and so the sampling distribution was called by them an ‘error law’.

But a telescope maker might see it differently. For him, the errors it produces are the
objects of interest to study, and a star is only a convenient fixed object on which to focus his
instrument for the purpose of determining those errors. Thus a given data set might serve
two entirely different purposes; one man’s ‘noise’ is another man’s ‘signal’.

But then, in any science, the ‘noise’ might prove to be not merely something to get
rid of, but the essential phenomenon of interest. It seems curious (at least, to a physicist)
that this was first seen clearly not in physics, but in biology. In the late 19th century
many biologists saw it as the major task confronting them to confirm Darwin’s theory by
exhibiting the detailed mechanism by which evolution takes place. For this purpose, the
journal Biometrika was founded by Karl Pearson and Walter Frank Raphael Weldon, in
1901. It started (Volume 1, page 1) with an editorial setting forth the journal’s program, in
which Weldon wrote:

The starting point of Darwin’s theory of evolution is precisely the existence of those differences
between individual members of a race or species which morphologists for the most part rightly
neglect. The first condition necessary, in order that a process of Natural Selection may begin among
a race, or species, is the existence of differences among its members; and the first step in an enquiry
into the possible effect of a selective process upon any character of a race must be an estimate of the
frequency with which individuals, exhibiting any degree of abnormality with respect to that character,
occur.

Weldon had here reached a very important level of understanding. Morphologists, thinking
rather like astronomers, considered individual variations as only ‘noise” whose effects must
be eliminated by averaging, in order to get at the significant ‘real” properties of the species as
a whole. Weldon, learning well from the example of Galton, saw it in just the opposite light;
those individual variations are the engine that drives the process of evolutionary change,
which will be reflected eventually in changes in the morphologists’ averages. Indeed, without
individual variations, the mechanism of natural selection has nothing to operate on. So, to
demonstrate the mechanism of evolution at its source, and not merely the final result, it is
the frequency distribution of individual variations that must be studied.

21 Tt is well known that, in developed nations, the average height of the population has, in fact, drifted upward by a substantial
amount in the past 200 years. This is commonly attributed to better nutrition in childhood; but it is worth noting that if tall
people tended to have more or longer-lived children than did short people for sociological reasons, the same average drift in
height would be observed, having nothing to do with nutrition. This would be true Darwinian evolution, powered by individual
variations. It appears to us that more research is needed to decide on the real cause of this upward drift.
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Of course, at that time scientists had no conception of the physical mechanism of muta-
tions induced by radioactivity (much less by errors in DNA replication), and they expected
that evolution would be found to take place gradually, via nearly continuous changes.??
Nevertheless, the program of studying the individual variations would be the correct one
to find the fundamental mechanism of evolution, whatever form it took. The scenario is
somewhat like the following.

7.20 Evolution of humming-birds and flowers

Consider a population of humming-birds in which the ‘noise’ consists of a distribution of
different beak lengths. The survival of birds is largely a matter of finding enough food; a
bird that finds itself with the mutation of an unusually long beak will be able to extract
nectar from deeper flowers. If such flowers are available it will be able to nourish itself and
its babies better than others because it has a food supply not available to other birds; so
the long-beak mutation will survive and become a greater portion of the bird population, in
more or less the way Darwin imagined.

But this influence works in two directions; a bird is inadvertently fertilizing flowers
by carrying a few grains of pollen from one to the next. A flower that happens to have
the mutation of being unusually deep will find itself sought out preferentially by long-
beaked birds because they need not compete with other birds for it. Therefore its pollen
will be carried systematically to other flowers of the same species and mutation where it
is effective, instead of being wasted on the wrong species. As the number of long-beaked
birds increases, deep flowers thus have an increasing survival advantage, ensuring that their
mutation is present in an increasing proportion of the flower population; this in turn gives
a still greater advantage to long-beaked birds, and so on. We have a positive feedback
situation.

Over millions of years, this back-and-forth reinforcement of mutations goes through
hundreds of cycles, resulting eventually in a symbiosis so specialized — a particular species
of bird and a particular species of flower that seem designed specifically for each other —
that it appears to be a miraculous proof of a guiding purpose in Nature, at least to those
who do not think as deeply as did Darwin and Galton.?? Yet short-beaked birds do not
die out, because birds patronizing deep flowers leave the shallow flowers for them. By
itself, the process would tend to an equilibrium distribution of populations of short- and
long-beaked birds, coupled to distributions of shallow and deep flowers. But if they breed

22 The necessity for evolution to be particulate (by discrete steps) was perceived later by several people, including Fisher (1930b).
Evolutionary theory taking this into account, and discarding the Lamarckian notion of inheritance of acquired characteristics,
is often called neo-Darwinism. However, the discrete steps are usually small, so Darwin’s notion of ‘gradualism’ remains quite
good pragmatically.

23 The unquestioned belief in such a purpose pervades even producers of biological research products who might be expected
to know better. In 1993 there appeared in biological trade journals a full-page ad with a large color photograph of a feeding
humming-bird and the text: ‘Specific purpose. The sharply curved bill of the white-tipped sickle-billed humming-bird is
specifically adapted to probe the delicate tubular flowers of heliconia plants for the nectar on which the creature survives.” Then
this is twisted somehow into a plug for a particular brand of DNA polymerase — said to be produced for an equally specific
purpose. This seems to us a dangerous line of argument; since the bird bills do not, in fact, have a specific purpose, what
becomes of the alleged purpose of the polymerase?
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independently, over long periods other mutations will take place independently in the two
types, and eventually they would be considered as belonging to two different species.

As noted, the role of ‘noise’ as the mechanism driving a slow change in a system was
perceived independently by Einstein (of course, he knew about Darwin’s theory, but we
think it highly unlikely that he would have known about the work of Galton or Weldon in
Switzerland in 1905). ‘Random’ thermal fluctuations caused by motion of individual atoms
are not merely ‘noise’ to be averaged out in our predictions of mass behavior; they are the
engine that drives irreversible processes in physics, and eventually brings about thermal
equilibrium. Today this is expressed very specifically in the many ‘fluctuation-dissipation
theorems’ of statistical mechanics, which we derive in generality from the maximum entropy
principle in Chapter 11. They generalize the results of Galton and Einstein. The aforemen-
tioned Nyquist fluctuation law was, historically, the first such theorem to be discovered in
physics.

The visions of Weldon and Einstein represented such a major advance in thinking that
today, some 100 years later, many have not yet comprehended them or appreciated their
significance in either biology or physics. We still have biologists>* who try to account for
evolution by a quite unnecessary appeal to the second law of thermodynamics, and physi-
cists® who try to account for the second law by appealing to quite unnecessary modifications
in the equations of motion. The operative mechanism of evolution is surely Darwin’s original
principle of natural selection, and any effects of the second law can only hinder it.

Natural selection is a process entirely different from the second law of thermodynamics.
The purposeful intervention of man can suspend or reverse natural selection — as we observe
in wars, medical practice, and dog breeding — but it can hardly affect the second law.
Furthermore, as Stephen J. Gould has emphasized, the second law always follows the same
course, but evolution in Nature does not. Whether a given mutation makes a creature better
adapted or less adapted to its environment depends on the environment. A mutation that
causes a creature to lose body heat more rapidly would be beneficial in Brazil but fatal
in Finland; and so the same actual sequence of mutations can result in entirely different

24 For example, see Weber, Depew and Smith (1988). Here the trouble is that the second law of thermodynamics goes in the wrong
direction; if the second law were the driving principle, evolution would proceed inexorably back to the primordial soup, which
has a much higher entropy than would any collection of living creatures that might be made from the same atoms. This is easily
seen as follows. What is the difference between a gram of living matter and a gram of primordial soup made of the same atoms?
Evidently, it is that the living matter is far from thermal equilibrium, and it is obeying thousands of additional constraints on
the possible reactions and spatial distribution of atoms (from cell walls, osmotic pressures, etc.) that the primordial soup is not
obeying. But removing a constraint always has the effect of making a larger phase space available, thus increasing the entropy.
The primordial soup represents the thermal equilibrium, resulting from removal of all the biological constraints; indeed, our
present chemical thermodynamics is based on (derivable from) the Gibbs principle that thermal equilibrium is the macrostate
of maximum entropy subject to only the physical constraints (energy, volume, mole numbers).

Several writers have thought that Liouville’s theorem (conservation of phase volume in classical mechanics or unitarity of time
development in quantum theory) is in conflict with the second law. On the contrary, in Jaynes (1963b, 1965) we demonstrate
that, far from being in conflict, the second law is an immediate elementary consequence of Liouville’s theorem, and in Jaynes
(1989) we give a simple application of this to biology: calculation of the maximum theoretical efficiency of a muscle.

This is not to say that natural selection is the only process at work; random drift is still an operative cause of evolution
with or without subsequent selection. Presumably, this is the reason for the fantastic color patterns of such birds as parrots,
which surely have no survival value; the black bird is even more successful at surviving. For an extensive discussion of the
evidence and later research efforts by many experts, see the massive three-volume work Evolution After Darwin (Tax, 1960)
produced to mark the centenary of the publication of Darwin’s Origin of Species, or the more informal work of Dawkins
(1987).
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creatures in different environments — each appearing to be adapting purposefully to its
surroundings.

7.21 Application to economics

The remarkable — almost exact — analogy between the processes that bring about equilibrium
in physics and in biology surely has other important implications, particularly for theories
of equilibrium and stability in economics, not yet exploited. It seems likely, for example,
that the ‘turbulence’ of individual variations in economic behavior is the engine that drives
macroeconomic change in the direction of the equilibrium envisaged by Adam Smith. The
existence of this turbulence was recognized by John Maynard Keynes (1936), who called
it ‘animal spirits’ which cause people to behave erratically; but he did not see in this the
actual cause that prevents stagnation and keeps the economy on the move.

In the next level of understanding we see that Adam Smith’s equilibrium is never actually
attained in the real world because of what a physicist would call ‘external perturbations’,
and what an economist would call ‘exogenous variables’ which vary on the same time
scale. That is, wars, droughts, taxes, tariffs, bank reserve requirements, discount rates and
other disturbances come and go on about the same time scale as would the approach to
equilibrium in a perfectly ‘calm’ society.

The effect of small disturbances may be far greater than one might expect merely from
the ‘unit root’ hypothesis noted above. If small individual decisions (like whether to buy
a new car or open a savings account instead) take place independently, their effects on the
macroeconomy should average out according to the /N rule, to show only small ripples
with no discernible periodicity. But seemingly slight influences (like a month of bad weather
or a 1% change in the interest rate) might persuade many to do this a little sooner or later than
they would otherwise. That is, a very slight influence may be able to pull many seemingly
independent agents into phase with each other so they generate large organized waves
instead of small ripples.

Such a phase-locked wave, once started, can itself become a major influence on other
individual decisions (of buyers, retailers, and manufacturers), and if these secondary in-
fluences are in the proper phase with the original ones, we could have a positive feedback
situation; the wave may grow and perpetuate itself by mutual reinforcement, as did the
humming-birds and flowers. Thus, one can see why a macroeconomy may be inherently
unstable for reasons that have nothing to do with capitalism or socialism. Classical equi-
librium theory may fail not just because there is no ‘restoring force’ to bring the system
back to equilibrium; relatively small fortuitous events may set up a big wave that goes in-
stead into an oscillating limit cycle — perhaps we are seeing this in business cycles. To stop
the oscillations and move back toward the equilibrium predicted by classical theory, the
macroeconomy would be dependent on the erratic behavior of individual people, spreading
the phases out again. Contrarians may be necessary for a stable economy!

As we see it, these are the basic reasons why economic data are very difficult to interpret;
even if relevant and believable data were easy to gather, the rules of the game and the
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conditions of play are changing constantly. But we think that important progress can still
be made by exploiting what is now known about entropy and probability theory as tools
of logic. In particular, the conditions for instability should be predictable from this kind of
analysis, just as they are in physics, meteorology, and engineering. A very wise government
might be able to make and enforce regulations that prevent phase locking — just as it now
prevents wild swings in the stock market by suspending trading. We are not about to run
out of important things to do in theoretical economics.

7.22 The great inequality of Jupiter and Saturn

An outstanding problem for 18th century science was noted by Edmund Halley in 1676.
Observation showed that the mean motion of Jupiter (30.35 deg/yr) was slowly accelerating,
that of Saturn (12.22 deg/yr) decelerating. But this was not just a curiosity for astronomers;
it meant that Jupiter was drifting closer to the Sun, Saturn farther away. If this trend were
to continue indefinitely, then eventually Jupiter would fall into the Sun, carrying with it the
Earth and all the other inner planets. This seemed to prophesy the end of the world — and
in a manner strikingly like the prophesies of the Bible.

Understandably, this situation was of more than ordinary interest, and to more people
than astronomers. Its resolution called forth some of the greatest mathematical efforts of
18th century savants, either to confirm the coming end; or preferably to show how the
Newtonian laws would eventually put a stop to the drift of Jupiter and save us.

Euler, Lagrange, and Lambert made heroic attacks on the problem without solving it. We
noted above how Euler was stopped by a mass of overdetermined equations; 75 simultaneous
but inconsistent equations for eight unknown orbital parameters. If the equations were all
consistent, he could choose any eight of them and solve (this would still involve inversion
of an 8 x 8 matrix), and the result would be the same whatever eight he chose. But the
observations all had unknown errors of measurement, and so there were

<785) ~ 1.69 x 10" (7.79)
possible choices; i.e. over 16 billion different sets of estimates for the parameters, with
apparently nothing to choose between them.?’ At this point, Euler managed to extract
reasonably good estimates of two of the unknowns (already an advance over previous
knowledge), and simply gave up on the others. For this work (Euler, 1749), he won the
French Academy of Sciences prize.

The problem was finally solved in 1787 by one who was born that same year. Laplace
(1749-1827) ‘saved the world’ by using probability theory to estimate the parameters
accurately enough to show that the drift of Jupiter was not secular after all; the observations

27 Qur algorithm for this in Chapter 19, Eqgs. (19.24) and (19.37), actually calculates a weighted average over all these billions of
estimates; but in a manner so efficient that one is unaware that all this is happening. What probability theory determines for
us — and what Euler and Daniel Bernoulli never comprehended — is the optimal weighting coefficients in this average, leading
to the greatest possible reliability for the estimate and the accuracy claims.
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at hand had covered only a fraction of a cycle of an oscillation with a period of about
880 years. This is caused by an ‘accidental’ near resonance in their orbital periods:

2 x (period of Saturn) ~ 5 x (period of Jupiter). (7.80)

Indeed, from the above mean motion data we have

360 _ oo, 5, 360
a2 T 0074 3035

In the time of Halley, their difference was only about 0.66% and decreasing.

So, long before it became a danger to us, Jupiter indeed reversed its drift — just as
Laplace had predicted — and it is returning to its old orbit. Presumably, Jupiter and Saturn
have repeated this seesaw game several million times since the solar system was formed.
The first half-cycle of this oscillation to be observed by man will be completed in about the
year 2012.

2 =59.32 yr. (7.81)

7.23 Resolution of distributions into Gaussians

The tendency of probability distributions to gravitate to the Gaussian form suggests that
we might view the appearance of a Gaussian, or ‘normal’, frequency distribution as loose
evidence (but far from proof) that some kind of equilibrium has been reached. This view is
also consistent with (but by no means required by) the results of Galton and Einstein. In the
first attempts to apply probability theory in the biological and social sciences (for example,
Quetelet, 1835, 1869), serious errors were made through supposing firstly that the appear-
ance of a normal distribution in data indicates that one is sampling from a homogeneous
population, and secondly that any departure from normality indicates an inhomogeneity
in need of explanation. By resolving a non-normal distribution into Gaussians, Quetelet
thought that one would be discovering the different sub-species, or varieties, that were
present in the population. If this were true reliably, we would indeed have a powerful tool
for research in many different fields. But later study showed that the situation is not that
simple.

We have just seen how one aspect of it was corrected finally by Galton (1886), in showing
that a normal frequency distribution by no means proves homogeneity; from (7.73), a
Gaussian of width o can arise inhomogeneously — and in many different ways — from
the overlapping of narrower Gaussian distributions of various widths oy, 0;. But those
subpopulations are in general merely mathematical artifacts like the sine waves in a Fourier
transform; they have no individual significance for the phenomenon unless one can show
that a particular set of subpopulations has a real existence and plays a real part in the
mechanism underlying stability and change. Galton was able to show this from his data by
measuring those widths.

The second assumption, that non-normal distributions can be resolved into Gaussian
subdistributions, turns out to be not actually wrong (except in a nitpicking mathematical
sense); but without extra prior information it is ambiguous in what it tells us about the
phenomenon.
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We have here an interesting problem, with many useful applications: is a non-Gaussian
distribution explainable as a mixture of Gaussian ones? Put mathematically, if an observed
data histogram is well described by a distribution g(y), can we find a mixing function
f(x) = 0 such that g(y) is seen as a mixture of Gaussians:

/dx p(y—xlo)f(x) =g(y), —00=<y=<oo. (7.82)

Neither Quetelet nor Galton was able to solve this problem, and today we understand why.
Mathematically, does this integral equation have solutions, or unique solutions? It appears
from (7.73) that we cannot expect unique solutions in general, for, in the case of Gaussian
g(y), many different mixtures (many different choices of a, o}, 0,) will all lead to the same
g(y). But perhaps if we specify the width o of the Gaussian kernel in (7.82) there is a unique
solution for f(x).

Solution of such integral equations is rather subtle mathematically. We give two argu-
ments: the first depends on the properties of Hermite polynomials and yields a class of exact
solutions; the second appeals to Fourier transforms and yields an understanding of the more
general situation.

7.24 Hermite polynomial solutions
The rescaled Hermite polynomials R, (x) may be defined by the displacement of a Gaussian

distribution ¢(x), which gives the generating function

p(x —a)

o) a"
PR exp{xa — a®/2} = ; Ry(x) (7.83)

or, solving for R,, we have the Rodriguez form

n

[exp{xa —az/Z}] (1) expla?/2 e explox?/2). (.84

R,(x) =
®) =3 40 dx"

The first few of these polynomials are: Ry = 1, Ry = x, Ry = x2—1,R3=x>=3x,R, =
x* — 6x? + 3. The conventional Hermite polynomials H, (x) differ only in scaling: H,(x) =
2"2Ry(xV/2).

Multiplying (7.83) by ¢(x)exp{xb — b?/2} and integrating out x, we have the orthogo-
nality relation

/ " RO R ()0() = 118, (785)

and in consequence these polynomials have the remarkable property that convolution with
a Gaussian function reduces simply to

/ dx (y — x)R,(x) = y". (7.86)
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Therefore, if g(y) is represented by a power series,
g =Y a" (7.87)
n
we have immediately a formal solution of (7.82):
X
=5 a,0"R, (_) 7.88
fo) Z an0" Ry (= (7.88)

Since the coefficient of x" in R,(x) is unity, the expansions (7.87) and (7.88) converge
equally well. So, if g(y) is any polynomial or entire function (i.e. one representable by a
power series (7.87) with infinite radius of convergence), the integral equation has the unique
solution (7.88).

We can see the solution (7.88) a little more explicitly if we invoke the expansion of R,,,
deducible from (7.83) by expanding exp{xa — a*/2} in a power series in x:

X M n! X \n-2m
R () = r;)(_l)mm ) - (7.89)
where M = (n — 1)/2 if n is odd, M = n/2 if n is even. Then, noting that
n! X \n—2m oy A2
(n —2m)! (;) =0 (7.90)

we have the formal expansion

o0 m, 2m 2m 2 12 4 14
_ (—D)"o™ d _ o-dg(x) o*d'g(x)
J@) =) e g8 = 80 — e T ‘

(7.91)

m=0

An analytic function is differentiable any number of times, and if g(x) is an entire function
this will converge to the unique solution. If g(x) is a very smooth function, it converges
very rapidly, so the first two or three terms of (7.91) are already a good approximation to the
solution. This gives us some insight into the workings of the integral equation; as ¢ — 0,
the solution (7.91) relaxes into f(x) — g(x), as it should. The first two terms of (7.91) are
what would be called, in image reconstruction, ‘edge detection’; for small o the solution
goes into this. The larger o, the more the higher-order derivatives matter; that is, the more
fine details of the structure of g(y) contribute to the solution. Intuitively, the broader the
Gaussian kernel, the more difficult it is to represent fine structure of g(y) in terms of that
kernel.

Evidently, we could continue this line of thought with much more analytical work, and
it might seem that the problem is all but solved; but now the subtlety starts. Solutions like
(7.88) and (7.91), although formally correct in a mathematical sense, ignore some facts of
the real world; is f(x) non-negative when g(y) is? Is the solution stable, a small change
in g(y) inducing only a small change in f(x)? What if g(x) is not an entire function but is
piecewise continuous; for example, rectangular?
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7.25 Fourier transform relations

For some insight into these questions, let us look at the integral equation from the Fourier
transform viewpoint. Taking the transform of (7.82) according to

Flh) = / Y i F(x)explikx}, (7.92)

(7.82) reduces to

2.2
exp {—kTJ} Fk) = Gk), (7.93)

which illustrates that the Fourier transform of a Gaussian function is another Gaussian
function, and shows us at once the difficulty of finding more general solutions than (7.88).
If g(y) is piecewise continuous, then, as k — 0o, from the Riemann-Lebesgue lemma G (k)
will fall off only as 1/k. Then F(k) must blow up violently, like exp{+k*c2/2}/k, and one
shudders to think what the function f(x) must look like (infinitely violent oscillations of
infinitely high frequency?) If g(y) is continuous, but has discontinuous first derivatives like
a triangular distribution, then G(k) falls off as k2, and we are in a situation about as bad.
Evidently, if g(y) has a discontinuity in any derivative, there is no solution f(x) that would
be acceptable in the physical problem. This is evident also from (7.91); the formal solution
would degenerate into infinitely high derivatives of a delta-function.

In order that we can interpret g(y) as a mixture of possible Gaussians, f(x) must be non-
negative. But we must allow the possibility that the f(x) sought is a sum of delta-functions;
indeed, to resolve g(y) into a discrete mixture of Gaussians g(y) = > a,;@(x — x;) was
the real goal of Quetelet and Galton. If this could be achieved uniquely, their interpretation
might be valid. Then F(k) does not fall off at all as k — £o00, so G(k) must fall off as
exp{—k?c%/2}. In short, in order to be resolvable into Gaussians of width o with positive
mixture function f(x), the function g(y) must itself be at least as smooth as a Gaussian of
width o. This is a formal difficulty.

There is a more serious practical difficulty. If g(y) is a function determined only empiri-
cally, we do not have it in the form of an analytic function; we have only a finite number of
approximate values g; at discrete points y;. We can find many analytic functions which ap-
pear to be good approximations to the empirical one. But because of the instability evident
in (7.88) and (7.91) they will lead to greatly different final results f(x). Without a stabil-
ity property and a criterion for choosing that smooth function, we really have no definite
solution in the sense of inversion of an integral equation.?®

In other words, finding the appropriate mixture f(x) to account for an empirically deter-
mined distribution g(y) is not a conventional mathematical problem of inversion; it is itself
a problem of inference, requiring the apparatus of probability theory. In this way, a problem
in probability theory can generate a hierarchy of subproblems, each involving probability
theory again but on a different level.

28 For other discussions of the problem, see Andrews and Mallows (1974) and Titterington, Smith and Makov (1985).
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7.26 There is hope after all

Following up the idea in Section 7.2.5, the original goal of Quetelet has now been very
nearly realized by analysis of the integral equation as a problem of Bayesian inference
instead of mathematical inversion; and useful examples of analysis of real data by this have
now been found. Sivia and Carlile (1992) report the successful resolution of noisy data into
as many as nine different Gaussian components, representing molecular excitation lines, by
a Bayesian computer program.?’

It is hardly surprising that Quetelet and Galton could not solve this problem in the 19th
century; but it is very surprising that today many scientists, engineers, and mathematicians
still fail to see the distinction between inversion and inference, and struggle with problems
like this that have no deductive solutions, only inferential ones. The problem is, however,
very common in current applications; it is known as a ‘generalized inverse’ problem, and
today we can give unique and useful inferential solutions to such problems by specifying the
(essential, but hitherto unmentioned) prior information to be used, converting an ill-posed
problem into a straightforward Bayesian exercise.

This suggests another interesting mathematical problem; for a given entire function g(y),
over whatrange of o is the solution (7.88) non-negative? There are some evident clues: when
o — 0, we have ¢(x — ylo) — §(x — y) and so, as noted above, f(x) — g(x); so, for o
sufficiently small, f(x) will be non-negative if g(y) is. But when o — oo the Gaussians
in (7.82) become very broad and smooth; so, if f(x) is non-negative, the integral in (7.82)
must be at least as broad. Thus, when g(y) has detailed structure on a scale smaller than o,
there can be no solution with non-negative f(x); and it is not obvious whether there can be
any solution at all.

Exercise 7.9. From the above arguments one would conjecture that there will be
some upper bound o, such that the solution f(x) is non-negative when and only
when 0 < 0 < oy It will be some functional o, [g(y)] of g(y). Prove or disprove
this conjecture; if it is true, give a verbal argument by which we could have seen this
without calculation; if it is false, give a specific counter-example showing why.

Hint. It appears that (7.91) might be useful in this endeavor.

29 We noted in Chapter 1 that most of the computer programs used in this field are only intuitive ad hoc devices that make no use
of the principles of probability theory; therefore in general they are usable in some restricted domain, but they fail to extract all
the relevant information from the data and are subject to both the errors of hallucination and blunt perception. One commercial
program for resolution into Gaussians or other functions simply reverts to empirical curve fitting. It is advertised (Scientific
Computing, July 1993, p. 15) with a provocative message, which depicts two scientists with the same data curve showing two
peaks; by hand drawing one could resolve it very crudely into two Gaussians. The ad proclaims: ‘Dr Smith found two peaks. . . .
Using [our program] Dr Jones found three peaks . ..". Guess who got the grant? We are encouraged to think that we can extract
money from the Government by first allowing the software company to extract $500 from us for this program, whose output
would indeed be tolerable for noiseless data. But it would surely degenerate quickly into dangerous, unstable nonsense as the
noise level increases. The problem is not, basically, one of inversion or curve fitting; it is a problem of inference. A Bayesian
inference program like those of Bretthorst (1988) will continue to return the best resolution possible from the data and the
model, without instability, whatever the noise level. If the noise level becomes so high as to make the data useless, the Bayesian
estimates just relax back into the prior estimates, as they should.
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This suggests that the original goal of Quetelet and Galton was ambiguous; any suffi-
ciently smooth non-Gaussian distribution may be generated by many different superposi-
tions of different Gaussians of different widths. Therefore a given set of subpopulations,
even if found mathematically, would have little biological significance unless there were
additional prior information pointing to Gaussians of that particular width ¢ as having a
‘real’ existence and playing some active role in the phenomena. Of course, this caveat ap-
plies equally to the aforementioned Bayesian solution; but Sivia and Carlile did have that
prior information.

7.27 Comments
7.27.1 Terminology again

As we are obliged to point out so often, this field seems to be cursed more than any other
with bad and misleading terminology which seems impossible to eradicate. The electrical
engineers have solved this problem very effectively; every few years, an official committee
issues a revised standard terminology, which is then enforced by editors of their journals
(witness the meek acceptance of the change from ‘megacycles’ to ‘megahertz’ which was
accomplished almost overnight a few years ago).

In probability theory there is no central authority with the power to bring about dozens
of needed reforms, and it would be self-defeating for any one author to try to do this by
himself; he would only turn away readers. But we can offer tentative suggestions in the
hope that others may see merit in them.

The literature gives conflicting evidence about the origin of the term ‘normal distribution’.
Karl Pearson (1920) claimed to have introduced it ‘many years ago’, in order to avoid an old
dispute over priority between Gauss and Legendre; but he gives no reference. Hilary Seal
(1967) attributes it instead to Galton; but again fails to give a reference, so it would require
a new historical study to decide this. However, the term had long been associated with the
general topic: given a linear model y = X8 + e, where the vector y and the matrix X are
known, the vector of parameters § and the noise vector e unknown, Gauss (1823) called
the system of equations X'XJ = X'y, which give the least squares parameter estimates
B, the ‘normal equations’, and the ellipsoid of constant probability density was called the
‘normal surface’. It appears that somehow the name was transferred from the equations to
the sampling distribution that leads to those equations.

Presumably, Gauss meant ‘normal’ in its mathematical sense of ‘perpendicular’, express-
ing the geometric meaning of those equations. The minimum distance from a point (the
estimate) to a plane (the constraint) is the length of the perpendicular. But, as Pearson
himself observes, the term ‘normal distribution’ is a bad one because the common col-
loquial meaning of ‘normal’ is standard or sane, implying a value judgment. This leads
many to think — consciously or subconsciously — that all other distributions are in some way
abnormal.

Actually, it is quite the other way; it is the so-called ‘normal’ distribution that is abnormal
in the sense that it has many unique properties not possessed by any other. Almost all of our
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experience in inference has been with this abnormal distribution, and much of the folklore
that we must counter here was acquired as a result. For decades, workers in statistical
inference have been misled, by that abnormal experience, into thinking that methods such
as confidence intervals, that happen to work satisfactorily with this distribution, should
work as well with others.

The alternative name ‘Gaussian distribution’ is equally bad for a different reason, although
there is no mystery about its origin. Stigler (1980) sees it as a general law of eponymy that no
discovery is named for its original discoverer. Our terminology is in excellent compliance
with this law, since the fundamental nature of this distribution and its main properties were
noted by Laplace when Gauss was six years old; and the distribution itself had been found by
de Moivre before Laplace was born. But, as we noted, the distribution became popularized
by the work of Gauss (1809), who gave a derivation of it that was simpler than previous
ones and seemed very compelling intuitively at the time. This is the derivation that we gave
above, Eq. (7.16), and which resulted in his name becoming attached to it.

The term ‘central distribution’ would avoid both of these objections while conveying
a correct impression; it is the final ‘stable’ or ‘equilibrium’ distribution toward which
all others gravitate under a wide variety of operations (large number limit, convolution,
stochastic transformation, etc.), and which, once attained, is maintained through an even
greater variety of transformations, some of which are still unknown to statisticians because
they have not yet come up in their problems.

For example, in the 1870s Ludwig Boltzmann gave a compelling, although heuristic, ar-
gument indicating that collisions in a gas tend to bring about a ‘Maxwellian’, or Gaussian,
frequency distribution for velocities. Then Kennard (1938, Chap. 3) showed that this dis-
tribution, once attained, is maintained automatically, without any help from collisions, as
the molecules move about, constantly changing their velocities, in any conservative force
field (that is, forces f(x) derivable from a potential ¢(x) by gradients: f(x) = —V@(x)).
Thus, this distribution has stability properties considerably beyond anything yet utilized by
statisticians, or yet demonstrated in the present work.

While venturing to use the term ‘central distribution’ in a cautious, tentative way, we
continue to use also the bad but traditional terms, preferring ‘Gaussian’ for two reasons.
Ancient questions of priority are no longer of interest; far more important today, ‘Gaussian’
does not imply any value judgment. Use of emotionally loaded terms appears to us a
major cause of the confusion in this field, causing workers to adhere to principles with
noble-sounding names like ‘unbiased’ or ‘admissible’ or ‘uniformly most powerful’, in
spite of the nonsensical results they can yield in practice. But also, we are writing for
an audience that includes both statisticians and scientists. Everybody understands what
‘Gaussian distribution’ means; but only statisticians are familiar with the term ‘normal
distribution’.

The fundamental Boltzmann distribution of statistical mechanics, exponential in energies,
is of course Gaussian or Maxwellian in particle velocities. The general central tendency
of probability distributions toward this final form is now seen as a consequence of their
maximum entropy properties (Chapter 11). If a probability distribution is subjected to some
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transformation that discards information but leaves certain quantities invariant, then, under
very general conditions, if the transformation is repeated, the distribution tends to the one
with maximum entropy, subject to the constraints of those conserved quantities.

This brings us to the term ‘central limit theorem’, which we have derived as a special case
of the phenomenon just noted — the behavior of probability distributions under repeated
convolutions, which conserve first and second moments. This name was introduced by
George Pélya (1920), with the intention that the adjective ‘central’ was to modify the
noun ‘theorem’; i.e. it is the limit theorem which is central to probability theory. Almost
universally, students today think that ‘central’ modifies ‘limit’, so that it is instead a theorem
about a ‘central limit’, whatever that means.>°

In view of the equilibrium phenomenon, it appears that Pélya’s choice of words was after
all fortunate in a way that he did not foresee. Our suggested terminology takes advantage of
this; looked at in this way, the terms ‘central distribution’ and ‘central limit theorem’ both
convey the right connotations to one hearing them for the first time. One can read ‘central
limit’ as meaning a limit toward a central distribution, and will be invoking just the right
intuitive picture.

30 The confusion does not occur in the original German, where Pélya’s words were: Uber den zentralen Grenzwertsatz der
Wahrscheinlichkeitsrechnung, an interesting example where the German habit of inventing compound words removes an
ambiguity in the literal English rendering.
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Sufficiency, ancillarity, and all that

In the preceding five chapters we have examined the use of probability theory in problems
that, although technically elementary, illustrated a fairly good sample of typical current
applications. Now we are in a position to look back over these examples and note some
interesting features that they have brought to light. It is useful to understand these features,
for tactical reasons. Many times in the past when one tried to conduct inference by applying
intuitive ad hoc devices instead of probability theory, they would not work acceptably
unless some special circumstances were present, and others absent. Thus they were of
major theoretical importance in orthodox statistics.

None of the material of the present chapter, however, is really needed in our applications;
for us, these are incidental details that take care of themselves as long as we obey the rules.
That is, if we merely apply the rules derived in Chapter 2, strictly and consistently in every
problem, they lead us to do the right thing and arrive at the optimal inferences for that
problem automatically, without our having to take any special note of these things. For
us, they have rather a ‘general cultural value’ in helping us to understand better the inner
workings of probability theory. One can see much more clearly why it is necessary to obey
the Chapter 2 rules, and the predictable consequences of failure to do so.

8.1 Sufficiency

In our examples of parameter estimation, probability theory sometimes does not seem to use
all the data that we offer it. In Chapter 6, when we estimated the parameter 6 of a binomial
distribution from data on n trials, the posterior pdf for 6 depended on the data only through
the number n of trials and the number r of successes; all information about the order in
which success and failure occurred was ignored.

With a rectangular sampling distribution in ¢ < x < B, the joint posterior pdf for o, B
used only the extreme data values (Xpin, Xmax) and ignored the intermediate data.

Likewise, in Chapter 7, with a Gaussian sampling distribution and a data set D =
{x1, ..., x,}, the posterior pdf for the parameters ;, o depended on the data only through
n and their first two moments (%, x2). The (n — 2) other properties of the data convey a
great deal of additional information of some kind; yet our use of probability theory ignored
them.

243
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Is probability theory failing to do all it could here? No, the proofs of Chapter 2 have
precluded that possibility; the rules being used are the only ones that can yield unique
answers while agreeing with the qualitative desiderata of rationality and consistency. It
seems, then, that the unused parts of the data must be irrelevant to the question we are
asking.! But can probability theory itself confirm this conjecture for us in a more direct way?

This introduces us to a quite subtle theoretical point about inference. Special cases of
the phenomenon were noted by Laplace (1812, 1824 edn, Supp. V). It was generalized and
given its present name 100 years later by Fisher (1922), and its significance for Bayesian
inference was noted by H. Jeffreys (1939). Additional understanding of its role in inference
was achieved only recently, in the resolution of the ‘marginalization paradox’ discussed in
Chapter 15.

If certain aspects of the data are not used when they are known, then presumably it would
not matter (we should come to the same final conclusion) if they were unknown. Thus, if
the posterior pdf for a parameter 6 is found to depend on the data D = {xy, ..., x,} only
through a function r(xy, ..., x,) (call it ‘property R’), then it seems plausible that given r
alone we should be able to draw the same inferences about 8. This would confirm that the
unused parts of the data were indeed irrelevant in the sense just conjectured.

With a sampling density function p(x; ...x,|6) and prior p(@|I) = f(0), the posterior
pdf using all the data is

f@pxi ... x,00)
Ao f(0)p(xi...x,10")
Note that we are not assuming independent or exchangeable sampling here; the sampling

pdf need not factor in the form p(x; ...x,|0) = I1; p(x;|0) and the marginal probabilities
p(xi|0) = ki(x;,0) and p(x;|0) = k;(x;,6) need not be the same function. Now carry

p@|DI) = h(0|D) = (8.1)

out a change of variables (xy, ..., x,) = (y1, ..., y,) in the sample space S,, such that
y1 =r(xy, ..., Xx,), and choose (ys, ..., y,) so that the Jacobian
oY1, ...y Vn
_ 00y 8.2)
0(X1, ...y Xn)

is bounded and nonvanishing everywhere on S,. Then the change of variables is a 1:1
mapping of S, onto §,, and the sampling density

81w wul) = 7 p(xr . x16) (8.3)
may be used just as well as p(x; ... x,|0) in the posterior pdf:

F@gyr, ..., yl6)
[do" FO)g(H, -, yul0)
since the Jacobian, being independent of 6, cancels out.

Then property R is the statement that for all 6 € Sy, (8.4) is independent of (y», ..., y,).
Writing this condition out as derivatives set to zero, we find that it defines a set of n — 1

h(|D) =

(8.4)

! Of course, when we say that some information is ‘irrelevant’ we mean only that we don’t need it for our present purpose; it
might be crucially important for some other purpose that we shall have tomorrow.
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simultaneous integral equations (actually, only orthogonality conditions) that the prior f(6)
must satisfy:

/ / / 0 € S

do' K;(0,0")f(0)=0 ] , (8.5)

S 2<i<n

where the ith kernel is
' 2g(y10") ~ 08(y10)

Ki0,0) = g(y16) 222 — g(y10) T (8.6)

ayi 3yi
and we used the abbreviation y = (yq,..., y,), etc. It is antisymmetric: K;(0,60") =

—K;(0',0).

8.2 Fisher sufficiency

If (8.5) holds only for some particular prior f(0), then K;(6,6") need not vanish; in its
dependence on 0’ it needs only to be orthogonal to that particular function. But if (8.5)
is to hold for all f(6), as Fisher (1922) required by implication — by failing to mention
f(0) — then K;(6, 6") must be orthogonal to a complete set of functions f(6’); thus zero
almost everywhere for (2 < i < n). Noting that the kernel may be written in the form

/
Ki(0,0') = (g’(yIQ)g(yI@/)ai log [M} ; (8.7)
Vi g(10)
this condition may be stated as: given any (6, 6’), then for all possible samples (that is, all
values of {yy, ..., y,;0;60’} for which g(y|0) g(y|0") # 0), the ratio [g(y|0")/g(y|0)] must
be independent of the components (ys, .. ., ¥,). Thus to achieve property R independently
of the prior, g(y|0) must have the functional form

g, ., yul0) = q(yi|Om(y2, ..., yn). (8.3)

Integrating (y», .. ., ¥,) out of (8.8), we see that the function denoted by g(y,|0) is, to within
a normalization constant, the marginal sampling pdf for y;.

Transforming back to the original variables, Fisher sufficiency requires that the sampling
pdf has the form

pxy1...x,10) = p(r|@)b(xy, ..., xn), (8.9)

where p(r|0) is the marginal sampling density for r(xy, ..., x,).

Equation (8.9) was given by Fisher (1922). If a sampling distribution factors in the manner
(8.8), (8.9), then the sampling pdf for (ys, ..., y,) is independent of 6. This being the case,
he felt intuitively that the values of (y, ..., ¥,) can convey no information about 6; full
information should be conveyed by the single quantity r, which he then termed a sufficient
statistic. But Fisher’s reasoning was only a conjecture referring to a sampling theory context.
We do not see how it could be proved in that limited context, which did not use the concepts
of prior and posterior probabilities.
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Probability theory as logic can demonstrate this property directly without any need for
conjecture. Indeed, using (8.9) in (8.1), the function b(x) cancels out, and we find immedi-
ately the relation

h(0|D) < f(0)p(r|0). (8.10)

Thus, if (8.10) holds, then r(x1, . .., x,,) is a sufficient statistic in the sense of Fisher, and in
Bayesian inference with the assumed model (8.1), knowledge of the single quantity » does
indeed tell us everything about 6 that is contained in the full data set (xy, ..., x,,); and this
will be true for all priors f(0).

The idea generalizes at once to more variables. Thus, if the sampling distribution factors in
the form g(yy, ..., yul0) = h(y1, y210) m(ys, . .., y,), we would say that y;(x1, ..., x,) and
ya(xy, ..., x,) are jointly sufficient statistics for € and, in this, 8 could be multidimensional.
If there are two parameters 6, 6, such that there is a coordinate system {y;} in which

g1y ..., Yul0162) = h(y110Dk(y2|02)m(ys, . .., yn), (8.11)

then y;(x1, ..., x,) is a sufficient statistic for 6;, and y, is a sufficient statistic for 6,; and
SO on.

8.2.1 Examples

Our discussion of the Gaussian distribution in Chapter 7 has already demonstrated that
it has sufficient statistics [Eqs. (7.25)—(7.30)]. If the data D = {y, ..., y,} consist of n
independent observations y;, then the sampling distribution with mean and variance ., o2
could be written as

n/2
p(DmoI):( ) exp |~ =37 + 571} (8.12)

2wo?
where y, 52 are the observed sample mean and variance, Eq. (7.29). Since these are the only
properties of the data that appear in the sampling distribution (8.12) — and therefore are the
only properties of the data that occur in the joint posterior distribution p(uo |DI) — they
are jointly sufficient statistics for estimation of w, o. The test for sufficiency via Bayes’
theorem is often easier to carry out than is the test for factorization (8.11), although of
course they amount to the same thing.

Let us examine sufficiency for the separate parameters. If ¢ is known, then we would
find the posterior distribution for u alone:

p(ulD)p(D|pol)

D= A ’
p(uloDI) [ du p(ulI)p(D|pI)

(8.13)

n

1
P(xl---onGI):ACXP{—; (Xi—M)z},

= 8.1)
A ns? { n - )2}
=Aexp]——=| xexp]——F —
P T 202 KRNI 22 T
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where
__1¢ —_1 2 2_T3 =
X=—-) x;, x2=-) x7, s =x2—X°, (8.15)
n i=1 n i
n _
P(ulo DI) o pulexp {—5G — w) (8.16)

are the sample mean, mean square, and variance, respectively. Since now the factor
exp{—ns?/25} appears in both numerator and denominator, it cancels out.
Likewise, if u is known, then the posterior pdf for o alone is found to be

—n n ) —= 2
p(|uDI) o p(a|Ho~" exp {—ﬁ(x CuF 4 u )}. (8.17)

Fisher sufficiency was of major importance in orthodox (non-Bayesian) statistics, because it
had so few criteria for choosing an estimator. It had, moreover, a fundamental status lacking
in other criteria because, for the first time, the notion of information appeared in orthodox
thinking. If a sufficient statistic for 6 exists, it is hard to justify using any other for inference
about 6. From a Bayesian standpoint one would be, deliberately, throwing away some of
the information in the data that is relevant to the problem.?

8.2.2 The Blackwell-Rao theorem

Arguments in terms of information content had almost no currency in orthodox theory, but a
theorem given by D. Blackwell and C. R. Rao in the 1940s did establish a kind of theoretical
justification for the use of sufficient statistics in orthodox terms. Letr(xy, . . ., x,,) be aFisher
sufficient statistic for 6, and let 8(xy, ..., x,) be any proposed estimator for 6. By (8.9) the
joint pdf for the data conditional on r:

p(xy...x,|r0) = b(x)p(r|x6) = b(x)5(r — r(x)) (8.18)
is independent of 6. Then the conditional expectation
Po(r) = (BIro) = E(B|ro) (8.19)

is also independent of 6, so By is a function only of the x;, and so is itself a conceivable
estimator for 6, which depends on the observations only through the sufficient statistic:
Bo = E(B|r). The theorem is then that the ‘quadratic risk’

R0, B) = E[(B — 6)*10] = /dxl coedx, [B(x1, -, X)) — 0T (8.20)
satisfies the inequality

R(®, Bo) = R(6, B), (8.21)

2 This rather vague statement becomes a definite theorem when we learn that, if we measure information in terms of entropy, then
zero information loss in going from the full data set D to a statistic r is equivalent to sufficiency of r. The beginnings of this
appeared long ago, in the Pitman—Koopman theorem (Koopman, 1936; Pitman, 1936); we give a modern version in Chapter 11.
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for all 6. If R(9, B) is bounded, there is equality if and only if 8y = B; that is, if 8 itself
depends on the data only through the sufficient statistic 7.

In other words, given any estimator § for 0, if a sufficient statistic r exists, then we
can find another estimator f, that achieves a lower or equal risk and depends only on .
Thus the best estimator we can find by the criterion of quadratic risk can always be chosen
so that it depends on the data only through r. A proof is given by de Groot (1975, 1986
edn, p. 373); the orthodox notion of risk is discussed further in Chapters 13 and 14. But
if a sufficient statistic does not exist, orthodox estimation theory is in real trouble because
it wastes information; no single estimator can take note of all the relevant information in
the data.

The Blackwell-Rao argument is not compelling to a Bayesian, because the criterion of risk
is a purely sampling theory notion that ignores prior information. But Bayesians have a far
better justification for using sufficient statistics; it is straightforward mathematics, evident
from (8.9) and (8.10) that, if a sufficient statistic exists, Bayes’ theorem will lead us to it
automatically, without our having to take any particular note of the idea. Indeed, far more is
true: from the proofs of Chapter 2, Bayes’ theorem will lead us to the optimal inferences,’
whether or not a sufficient statistic exists. So, in Bayesian inference, sufficiency is a valid
concept; but it is not a fundamental theoretical consideration, only a pleasant convenience
affecting the amount of computation but not the quality of the inference.

We have seen that sufficient statistics exist for the binomial, rectangular, and Gaussian
sampling distributions. But consider the Cauchy distribution

1 1

_ 22
RESEICE (622

pxy...x,|01) =
This does not factor in the manner (8.9), and so there is no sufficient statistic. With a Cauchy
sampling distribution, it appears that no part of the data is irrelevant; every scrap of it is
used in Bayesian inference, and it makes a difference in our inferences about 6 (that is, in
details of the posterior pdf for ). Then there can be no satisfactory orthodox estimator for
0; a single function conveys only one piece of information concerning the data, and misses
(n — 1) others, all of which are relevant and used by Bayesian methods.

8.3 Generalized sufficiency

What Fisher could not have realized, because of his failure to use priors, is that the proviso
Sfor all priors is essential here. Fisher sufficiency, Eq. (8.9), is the strong condition necessary
to achieve property R independently of the prior. But what was realized only recently is
that property R may hold under weaker conditions that depend on which prior we assign.
Thus, the notion of sufficiency, which originated in the Bayesian considerations of Laplace,
actually has a wider meaning in Bayesian inference than in sampling theory.

3 That is, optimal in the aforementioned sense that no other procedure can yield unique results while agreeing with our desiderata
of rationality.
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To see this, note that, since the integral equations (8.5) are linear, we may think in terms
of linear vector spaces. Let the class of all priors span a function space (Hilbert space) H of
functions on the parameter space Sy. If property R holds only for some subclass of priors
f(6) € H' that span a subspace H' C H, then in (8.5) it is required only that the projection
of K;(6,6") onto that subspace vanishes. Then K;(6, 6") may be an arbitrary function on
the complementary function space (H — H') of functions orthogonal to H’.

This new understanding is that, for some priors, it is possible to have ‘effective sufficient
statistics’, even though a sufficient statistic in the sense of Fisher does not exist. Given
any specified function r(xy, ..., x,) and sampling density p(x; ... x,|0), this determines a
kernel K; (0, 6") which we may construct by (8.6). If this kernel is incomplete (i.e. as (0, 0’, i)
vary over their range, the kernel, thought of as a set of functions of 6’ parameterized by
(6, 1), does not span the entire function space H), then the set of simultaneous integral
equations (8.5) has nonvanishing solutions f (). If there are non-negative solutions, they
will determine a subclass of priors f(8) for which r would play the role of a sufficient
statistic.

Then the possibility seems open that, for different priors, different functions r (xy, . . ., x,,)
of the data may take on the role of sufficient statistics. This means that use of a particular
prior may make certain particular aspects of the data irrelevant. Then a different prior may
make different aspects of the data irrelevant. One who is not prepared for this may think
that a contradiction or paradox has been found.

This phenomenon is mysterious only for those who think of probability in terms of
frequencies; as soon as we think of probability distributions as carriers of information
the reason for it suddenly seems trivial and obvious. It really amounts to no more than
the principle of Boolean algebra AA = A; redundant information is not counted twice. A
piece of information in the prior makes a difference in our conclusions only when it tells us
something that the data do not tell us. Conversely, a piece of information in the data makes a
difference in our conclusions only when it tells us something that the prior information does
not. Any information that is conveyed by both is redundant, and can be removed from either
one without affecting our conclusions. Thus in Bayesian inference a prior can make some
aspect of the data irrelevant simply by conveying some information that is also in the data.

But is this new freedom expressing trivialities, or potentially useful new capabilities for
Bayesian inference, which Fisher and Jeffreys never suspected? To show that we are not
just speculating about an empty case, note that we have already seen an extreme example
of this phenomenon, in the strange properties that use of the binomial monkey prior had in
urn sampling (Chapter 6); it made all of the data irrelevant, although with other priors all
of the data were relevant.

8.4 Sufficiency plus nuisance parameters

In Section 8.2, the parameter & might have been multidimensional, and the same general
arguments would go through in the same way. The question becomes much deeper if we
now suppose that there are two parameters 6, 1 in the problem, but we are not interested
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in 7, so for us the question of sufficiency concerns only the marginal posterior pdf for 6.
Factoring the prior p(6n|l) = f(6) g(n]6), we may write the desired posterior pdf as

[dn p@n)f(xi, ..., x,|0n) _ FO)F(x1,...,x,10)
[ [dodn p(On) f(xi,....x,10m)  [dO FOVF(x1, ..., x,00)

h@©|D) = (8.23)

where
F(xi,...,x00) = fdn PO f(xi, ..., x,10,n). (3.24)

Since this has the same mathematical form as (8.1), the steps (8.5)—(8.9) may be repeated
and the same result must follow; given any specified p(n|01) for which the integral (8.24)
converges, if we then find that the marginal distribution for 8 has property R for all priors

f(@), then F(xy,...,x,|0) must factorize in the form
F(xt,...,x,10) = F*(r|0)B(x1, ..., X,). (8.25)
But the situation is entirely different because F(xy, ..., x,|0) no longer has the meaning of

a sampling density, being a different function for different priors p(n|61). Now {F, F*, B}
are all functionals of p(n|01).* Thus the presence of nuisance parameters changes the
details, but the general phenomenon of sufficiency is retained.

8.5 The likelihood principle

In applying Bayes’ theorem, the posterior pdf for a parameter 8 is always a product of
a prior p(f|I) and a likelihood function L(8) o p(D|61); the only place where the data
appear is in the latter. Therefore it is manifest that

Within the context of the specified model, the likelihood function L(0) from data D
contains all the information about 6 that is contained in D.

For us, this is an immediate and mathematically trivial consequence of the product rule of
probability theory, and is no more to be questioned than the multiplication table. Put differ-
ently, two data sets D, D’ that lead to the same likelihood function to within normalization:
L(®) = aL'(9), where ‘a’ is a constant independent of 8, have just the same import for any
inferences about 6, whether it be point estimation, interval estimation, or hypothesis testing.
But for those who think of a probability distribution as a physical phenomenon arising from
‘randomness’ rather than a carrier of incomplete information, the above quoted statement —
since it involves only the sampling distribution — has a meaning independent of the product
rule and Bayes’ theorem. They call it the ‘likelihood principle’, and its status as a valid
principle of inference has been the subject of long controversy, still continuing today.

An elementary argument for the principle, given by George Barnard (1947), is that
irrelevant data ought to cancel out of our inferences. He stated it thus: Suppose that in

# In orthodox statistics, F*(r|@) would be interpreted as the sampling density to be expected in a compound experiment in which
6 is held fixed but 7 is varied at random from one trial to the next, according to the distribution p(n|01).



8 Sufficiency, ancillarity, and all that 251

addition to obtaining the data D we flip a coin and record the result Z = H or T. Then the
sampling probability for all our data becomes, as Barnard would have written it,

p(DZ16) = p(D|0)p(Z). (8.26)

Then he reasoned that, obviously, the result of a coin flip can tell us nothing more about
the parameter 6 beyond what the data D have to say; and so inference about 6 based on
DZ ought to be exactly the same as inference based on D alone. From this he drew the
conclusion that constant factors in the likelihood must be irrelevant to inferences; that is,
inferences about # may depend only on the ratios of likelihoods for different values:

Ly _ p(DZ|6,I) _ p(D|6i])
L, p(DZ|6:I)  p(D|61)

(8.27)

which are the same whether Z is or is not included. This is commonly held to be the first
statement of the likelihood principle by an orthodox statistician. It is just what we considered
obvious already back in Chapter 4, when we noted that a likelihood is not a probability
because its normalization is arbitrary. But not all orthodoxians found Barnard’s argument
convincing.

Alan Birnbaum (1962) gave the first attempted proof of the likelihood principle to be
generally accepted by orthodox statisticians. From the enthusiastic discussion following
his paper, we see that many regarded this as a major historical event in statistics. He again
appeals to coin tossing, but in a different way, through the principle of Fisher sufficiency
plus a ‘conditionality principle’ which appeared to him more primitive:

Conditionality principle

Suppose we can estimate 6 from either of two experiments, E; and E;. If we flip a coin
to decide which to do, then the information we get about 8 should depend only on the
experiment that was actually performed. That is, recognition of an experiment that might
have been performed, but was not, cannot tell us anything about 6.

But Birnbaum’s argument was not accepted by all orthodox statisticians, and Birnbaum
himself seems to have had later doubts. One can criticize the conditi